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PREFACE 

The  present  work  is  based  on  lectures  which  the  author  is 
accustomed  to  give  at  Yale  University  on  advanced  calculus  and 
the  theory  of  functions  of  real  variables.  It  falls  in  two  volumes, 
and  the  following  remarks  apply  only  to  the  first. 

The  student  of  mathematics,  on  entering  the  graduate  school  of 
American  universities,  often  has  no  inconsiderable  knowledge  of 
the  methods  and  processes  of  the  calculus.  He  knows  how  to 
differentiate  and  integrate  complicated  expressions^  to  evaluate 
indeterminate  forms,  to  find  maxima  and  minima,  to  differentiate 
a  definite  integral  with  respect  to  a  parameter,  etc.  But  no  em- 
phasis has  been  placed  on  the  conditions  under  which  these  pro- 
cesses are  valid.  Great  is  his  surprise  to  learn  that  they  do  not 
always  lead  to  correct  results.  Numerous  simple  examples,  how- 
ever, readily  convince  him  that  such  is  nevertheless  the  case. 

The  problem  therefore  arises  to  examine  more  carefully  the 
conditions  under  which  the  theorems  and  processes  of  the  calculus 
are  correct,  and  to  extend  as  far  as  possible  or  useful  the  limits  of 
their  applicability. 

In  doing  this  it  soon  becomes  manifest  that  the  style  of  reason- 
ing which  the  student  has  heretofore  employed  must  be  abandoned. 
Examples  of  curves  without  tangents,  of  curves  completely  filling 
areas,  and  other  strange  configurations  so  familiar  to  the  analyst 
of  to-day,  make  it  clear  that  the  rough  and  ready  reasoning  which 
rests  on  geometric  intuition  must  give  way  to  a  finer  and  more 
delicate  analysis.  It  is  necessary  for  him  to  learn  to  think  in  the 
€,  S  forms  of  Cauchy  and  Weierstrass. 

We  have  here  the  beginnings  of  the  theory  of  functions  of  real 
variables,  and  the  twofold  problem  just  sketched  characterizes 
sufficiently  well  the  subject-matter  and  form  of  treatment  of  the 
present  volume. 
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iv  PREFACE 

To  obtain  a  foundation,  the  author  has  begun  by  developing  the 
real  number  system  after  the  manner  of  Cantor  and  Dedekind, 
postulating  the  theory  of  positive  integers.  To  obtain  sufficient 
generality,  he  has  employed  from  the  start  the  more  simple  prop- 
erties of  point  aggregates.  No  attempt,  however,  has  been  made 
to  state  every  theorem  with  all  possible  generality.  The  author 
has  allowed  himself  a  wide  liberty  in  this  respect.  Some  theorems 
are  stated  under  very  broad  conditions,  while  others  are  enunciated 
under  extremely  narrow  ones.  Some  of  these  latter  will  be  taken 
up  later  on. 

Two  features  of  this  volume  may  be  mentioned  here.  In  the 
first  place,  the  Euclidean  form  of  exposition  has  been  adopted. 
Each  theorem  with  its  appropriate  conditions  is  stated  and  then 
proved.  Without  doubt  this  makes  the  book  less  attractive  to 
read,  but  on  the  other  hand  it  increases  its  usefulness  as  a  book  of 
reference.  One  is  thus  often  saved  the  labor  of  running  through 
a  complicated  piece  of  reasoning  to  pick  up  sundry  conditions 
which  have  been  introduced,  sometimes  without  any  explicit 
mention,  in  the  course  of  the  demonstration. 

Secondly,  numerous  examples  of  incorrect  forms  of  reasoning 
currently  found  in  standard  works  on  the  calculus  have  been 
scattered  through  the  earlier  part  of  the  volume.  It  is  the 
author's  experience  that  nothing  stimulates  the  student's  critical 
sense  so  powerfully  as  to  ask  him  to  detect  the  flaws  in  a  piece  of 
reasoning  which  at  an  earlier  stage  of  his  training  he  considered 
correct. 

A  few  new  terms  and  symbols  have  been  introduced,  but  only 
after  long  deliberation.  It  is  hoped  that  their  employment  suffi- 
ciently facilitates  the  reasoning,  and  the  enunciation  of  certain 
theorems,  to  justify  their  introduction.  It  may  be  well  to  note 
here  the  author's  use  of  the  word  "  any  "  in  the  sense  of  any  one 
at  pleasure,  and  not  in  the  sense  of  Bome  one.  The  words  "  each," 
"every,"  "some,"  "any,"  are  often  used  in  an  indiscriminate 
manner,  and  to  this  is  due  a  part  of  the  difficulty  the  beginner 
experiences  in  modern  rigorous  analysis. 

No  attempt  has  been  made  to  attribute  the  various  results  here 
given  to  their  respective  authors.  That  has  been  rendered  un- 
necessary by  the  very  full  bibliographies  of  the  EncyclopUdie  der 
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Mathemati9chen  Witsenschaften.  The  author  feels  it  his  pleasant 
duty,  however,  to  acknowledge  his  large  indebtedness  to  the  writ- 
ings of  Jordan,  Stolz,  and  Vallee-Poussin.  He  hopes,  however, 
that  it  will  be  found  that  he  has  not  used  them  servilely,  but  in  an 
individual  and  independent  manner. 

Finally,  he  wishes  to  express  his  hearty  thanks  to  his  friend 
Professor  M.  B.  Porter,  and  to  his  former  pupil  Dr.  E.  L.  Dodd, 
for  the  unflagging  interest  they  have  shown  during  the  composi- 
tion of  this  volume  and  for  their  many  and  valuable  suggestions. 

JAMES  PIERPONT. 
Nkw  Haybn,  CoNir.,  August,  1906. 


NOTB 

A  list  of  some  of  the  mathematical  terms  and  symbols  employed  in  this 
work  will  be  found  at  the  end  of  the  volume. 


CONTENTS 


CHAPTER  I 
RATIONAL  NUMBERS 

ABTICUES  PAOB 

1.    Historical  Introduction 1 

2-10.    Fractions 6 

20-^.    Negatiye  Numbers .        .12 

31-35.    Some  Properties  of  the  System  R 10 

36-30.     Some  Inequalities 22 

40-61.    Rational  Limits 24 


CHAPTER  II 

IRRATIONAL  NUMBERS 

62-63.     Insufficiency  of  J? 31 

64-80.    Cantor's  Theory 32 

81-86.     Some  Properties  of  91 62 

86-06.    Numerical  Values  and  Inequalities 64 

07-111.     Limits 61 

112-122.    The  Measurement  of  Rectilinear  Segments.    Distance     ...  72 

123-127.     Correspondence  between  9{  and  the  Points  of  a  Right  Line      .        .  78 

128-131.     Dedekind's  Partitions 82 

132-143.     Infinite  Limits 86 

144-146.    Different  Systems  for  Expressing  Numbers 01 


CHAPTER  m 
EXPONENTIALS  AND  LOGARITHMS 


146-160.     Rational  Exponents 05 

160-172.    Irrational  Exponents 101 

173-170.     Logarithms 100 

180-184.     Some  Theorems  on  Limits 112 

186.    Examples 117 

vii 


Vlll 


CONTENTS 


CHAPTER  IV 


THE  ELEMENTARY  FUNCTIONS.    NOTION  OF  A  FUNCTION  IN 

GENERAL 

FCKGTIOKS  OF  OnB  VaXIABLB 

ASnOLBl  PA«B 

186-108.    DefinitioiM 118 

lM-106.    Integral  Rational  Functions 121 

196.    Rational  Functions 128 

107-109.     Algebraic  Functions 128 

200-208.     Circular  Functions 125 

200-210.     Exponential  Functions 181 

211-216.     One-valued  Inverse  Functions 181 

216.     Logarithmic  Functions 184 

217*220.    Many-valued  Inverse  Functions 185 

221-224.    Inverse  Circular  Functions 187 

Functions  of  Sbvsral  Variablxs 

225-220.    Rational  and  Algebraic  Functions 180 

280-287.    Functions  of  Several  Variables  in  General 148 

288-280.    Composite  Functions 145 

240-241.    Limited  Functions 147 


CHAPTER  V 

FIRST  NOTIONS  CONCERNING  POINT  AGGREGATES 

242-253.  Preliminary  Definitions 148 

254-255.  Limiting  Pointo 157 

256-261.  Limiting  Points  connected  with  Certain  Functions  .        .  .158 

262-260.  Derivatives  of  Point  Aggregates 162 

270-272.  Various  Classes  of  Point  Aggregates 167 

CHAPTER  VI 
LIMITS  OF  FUNCTIONS 


Functions  of  One  Variablb 

278-277.    Definitions  and  Elementary  Theorems 171 

278-284.     Second  Definition  of  a  Limit 175 

285-294.     Graphical  Representation  of  Limits 180 

295-^305.     Examples  of  Limits  of  Functions 184 

806-312.     The  Limit  e  and  Related  Limits 100 


CONTENTS 


IX 


Asnous 

313-817. 

818-321. 

322-324. 

326-328. 

820-335. 


Functions  of  Sbvbral  Variablbs 

PAOS 

Definitions  and  Elementary  Theorems 193 

A  Method  for  Determining  the  Non-existence  of  a  Limit        .        .     196 

Iterated  Limits 198 

Uniform  Convetgenoe 199 

Remarks  on  Dirichlet's  Definition  of  a  Function      .        .        .        .202 
Upper  and  Lower  Limits 206 


CHAPTER  Vn 

CONTINUITY  AND  DISCONTINUITY  OF  FUNCTIONS 

339-342.    Definitions  and  Elementary  Theorems 208 

343-346.    Continuity  of  the  Elementary  Functions  ......  210 

.347.    Discontinuity 211 

348.  Finite  Discontinuities 212 

349.  Infinite  Discontinuities 212 

360-^68.    Some  Properties  of  Continuous  Functions        .        .        .        .        .  214 

369-361.    The  Branches  of  Many-valued  Functions 219 

362.    Notion  of  a  Curye 220 


CHAPTER   Vm 


DIFFERENTIA  TION 


363-364. 
366-366. 
367-371. 
372-389. 
390^-392. 
893-404. 
406-408. 
409-418. 


414-417. 
418-422. 
423^30. 
431-433. 
484-^436. 


Functions  op  Onb  Variablb 

Definitions 222 

Geometric  Interpretations 223 

Non-existence  of  the  Differential  Coefficient  .        .        .        .  226 

Fundamental  FormulsB  of  Differentiation 229 

Differentials  and  Infinitesimals         .        • 244 

The  Law  of  the  Mean 246 

Derivatives  of  Higher  Order 262 

Tbylor's  Development  in  Finite  Form 266 

Functions  of  Sbvbral  Variablbs 

Partial  Differentiation 269 

Change  in  the  Order  of  Differentiathig 262 

Totally  Differentiable  Functions 268 

Properties  of  Differentials 276 

Taylor's  Development  in  Finite  Form 279 


X  CONTENTS 

CHAPTER  IX 
IMPLICIT  FUNCTIONS 

▲BTIOUn  PAOB 

436.  Definitions 282 

437-438.  Existence  Theorems ;  one  independent  and  one  dependent  yariable  284 

430.  Extension  of  the  Domain  of  Existence 290 

440-443.  Existence  Theorems ;  several  Variables 291 


CHAPTER  X 

INDETERMINATE  FORMS 

444-449.    Application  of  Taylor's  Development  in  Finite  Form  .        .  298 

460-451.     The  Form  0/0 301 

462-463.    The  Form  «/ao 306 

464.     Other  Forms 307 

466-469.     Criticisms 308 

460-464.    Scales  of  Infinitesimals  and  Infinities 312 

466.    Order  of  Infinitesimals  and  Infinities 316 


CHAPTER  XI 
MAXIMA  AND  MINIMA 

One  Variable 

466-467.    Definitions.     Geometric  Orientation 317 

468-473.    Criteria  for  an  Extreme 318 

474-476.    Criticism 321 

Several  Varlables 

476-478.  Definite  and  Indefinite  Forms 322 

479-480.  Semidefinite  Forms 326 

481-483.  Criticism 327 

484-486.  Relative  Extremes 329 


CHAPTER  Xn 

INTEGRATION 

487-488.     Geometric  Orientation 333 

489.     Analytical  Definition  of  an  Integral 336 

490-492.     Upper  and  Lower  Integrals 337 

493-498.     Criteria  for  Integrability 340 

499-603.    Classes  of  Limited  Integrable  Functions 344 


CONTENTS 


Zl 


JLSTXCLKS  PAOI 

604-508.  Properties  of  Integrable  Functions 346 

600-513.  Functions  with  Limited  Variation 349 

514-518.  Content  of  Point  Aggregates 352 

510-522.  Generalized  Definition  of  an  Integral 856 


CHAPTER  Xin 
PROPER  INTEGRALS 

623-530.    First  Properties 861 

631-535.     First  Theorem  of  the  Mean m\ 

636-538.    The  Integral  considered  as  a  Function  of  its  Upper  Limit        .        .  868 

539.     Criticism 371 

540-644.     Change  of  Variable 371 

545-546.    Second  Theorem  of  the  Mean 377 

iNDEFiNrrs  Intsorals 

647-549.     Primitive  Functions 380 

550-651.     Methods  of  Integration 38:} 

562-564.    Integration  by  Parts 384 

655-659.    Change  of  Variable 386 

Inteobals  Dependimo  on  a  Parameter 

560.    Definitions 387 

561-666.    Continuity 388 

567.     Differentiation 392 

668.     Integration 394 

569-570.    Inversion  of  the  Order  of  Integration 895 


571-577. 
678-690. 
591-606. 
606-607. 
608. 


609-615. 
616-019. 
620-621. 
622-628. 
629^-681. 


CHAPTER  XIV 
IMPROPER  INTEGRALS.   INTEGRAND  INFINITE 

Preliminary  Definitions 899 

Criteria  for  Convergence 405 

Properties  of  Improper  Integrals 412 

Change  of  Variable 420 

Second  Theorem  of  the  Mean 421 

Integrals  Depending  on  a  Parameter 

Uniform  Convergence 424 

Continuity 429 

Integration 482 

Inversion 485 

Differentiation  .  441 


Xll 


CONTENTS 


CHAPTER  XV 
IMPROPER  INTEGRALS.     INTERVAL  OF  INTEGRATION  INFINITE 


ABTXCUES 

682-634. 
635-646. 
647-662. 
653-664. 
666-667. 


668-666. 
666-670. 
671-682. 
683-601. 


PAOR 

Definitions 446 

Tests  of  Convergence 460 

Properties  of  Integrals 466 

Theorems  of  the  Mean 460 

Change  of  Variable 462 

Intborals  Depending  on  a  Parameter 

Uniform  Convergence 464 

Continuity 474 

Integration  and  Inversion 470 

Differentiation 403 

Elementary  Properties  of  B(u,  v),  r(tf) 601 


CHAPTER  XVI 
MULTIPLE  PROPER  INTEGRALS 

608.  Notation 606 

604-701.  Upper  and  Lower  Integrals .607 

702-703.  Content  of  Point  Aggregates 612 

704.  Frontier  Points 614 

706-710.  Discrete  Aggregates 616 

711-716.  Properties  of  Content 610 

717-718.  Plane  and  Rectilinear  Sections  of  an  Aggregate       ....  624 

710^721.  Classes  of  Integrable  Functions 626 

722-723.  Generalized  Definition  of  Multiple  Integrals 628 

724-731.  Properties  of  Integrals 631 

732-737.  Reduction  of  Multiple  Integrals  to  Iterated  Integrals       ...  637 

738-740.  Application  to  Inversion 643 

741-746.  Transformation  of  the  Variable 647 


FtJJN^CTION  THEORY  OF  REAL 
VARIABLES 


CHAPTER  I 
RATIONAL  NUMBSRS 

Historical  Introduction 

1.  The  reader  is  familiar  with  the  classification  of  real  numbers 
into  rational  and  irrational  numbers.  The  rational  numbers  are 
subdivided  into  integers  and  fractions. 

Besides  the  real  numbers  there  is  another  class  of  numbers 
currently  employed  in  modern  analysis,  viz.  complex  or  imaginary 
numbers.  In  this  work  we  shall  deal  almost  exclusively  with 
real  numbers. 

Historically,  the  first  numbers  to  be  considered  were  the  posi- 
tive integers  1,  2,  8,  4,  6,  6,  .  .  .  (3f 

We  shall  denote  this  system  of  numbers  by  ^. 

It  is  not  our  intention  to  develop  the  theory  of  these  numbers ; 
instead,  we  shall  merely  call  attention  to  some  of  their  funda- 
mental properties.* 

In  the  first  place,  we  observe  that  the  elements  of  ^  are  ar- 
ranged in  a  certain  fixed  order ;  that  is,  if  a,  h  are  two  different 
numbers,  then  one  of  them,  say  a,  precedes  the  other  6.  This  we 
express  by  saying  that  a  is  le%9  than  6,  or  that  (  is  greater  than  a. 

In  symbols 

a<l,        h>a. 

*  For  an  extended  treatment  of  this  subject  we  refer  to  the  excellent  work  of  O  Stolz 
and  J.  A.  Gmeiner,  TheoretUche  Arithmetik,  Leipzig,  1900. 
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2  RATIONAL  NUMBERS 

We  say  the  system  Q  is  ordered.  Furthermore,  if  a  =  6,  6  =  <?, 
then  a  =  c.  Also  if  a  =  6  and  6  >  <?,  then  a>c.  Also  if  a  >  6, 
6><?,  then  a>c.  Secondly,  we  observe  that  the  system  Qj  is 
infinite ;  after  each  element  a  follows  another  element,  and  so  on 
without  end. 

On  the  elements  of  3  we  perform  four  operations,  viz.  addition, 
subtraction,  multiplication,  and  division.  They  are  called  the 
four  rational  operations.  Of  these  operations,  two  may  be  re- 
garded as  direct,  viz.  addition  and  multiplication.  The  other  two 
are  their  inverses,  viz.  subtraction,  the  inverse  of  addition ;  and 
division,  the  inverse  of  multiplication. 

The  formal  laws  governing  addition  are:  the  associative  law^ 
expressed  by  the  formula 

a-l-(i-hO  =  («  +  *)  +  ^; 
and  the  commutative  law^  expressed  by 

a  -I-  6  =  J  -I-  a. 

As  regards  the  position  of  a  +  i  in  the  system  ^f*  relative  to  a  or 

6,  we  have  .  ,  , 

a  -f  6  >  a  or  6. 

We  have  also  the  relation 

a-|-J>a'-fJ,  if  a>a'. 

The  formal  laws  governing  multiplication  are  the  three  fol- 
lowing : 

The  associative  law,  expressed  by 

a  '  be  =  ab  '  c. 
The  distributive  law,  expressed  by 

(a  4-  b)c  :=ac'\-  be,         a(J>  -f  c)  =  aJ  4-  ««• 
The  commutative  law,  expressed  by 

ab  =  ba. 
We  have  also  the  relation,  with  respect  to  order, 
ab>a^b  if  a>a'. 


HISTORICAL  INTRODUCTION  8 

Another  important  property  is  this : 

If  ac  =  bc^  then  a  =  6. 

The  result  of  subtracting  b  from  a  is  defined  to  be  the  number 
X  in  3,  satisfying  the  relation 

a  =  J  -f  a:. 

But  when  a  ^  J,  no  such  number  exists  in  (J. 

Similarly,  the  result  of  dividing  a  by  h  is  defined  to  be  the 
number  x  in  3^  satisfying  the  relation 

a  =  bx. 

If,  however,  a  is  not  a  multiple  of  i,  no  such  number  exists  in  ^. 

Thus  when  we  limit  ourselves  to  the  number  system  %  the  two 
operations  of  subtraction  and  division  cannot  always  be  per- 
formed. In  order  that  they  may  be,  we  enlarge  our  number 
system  by  introducing  new  elements,  viz.  fractions  and  negative 
numbers. 

The  introduction  of  fractions  into  arithmetic  was  comparatively 
easy ;  on  the  contrary,  the  negative  numbers  caused  a  great  deal 
of  trouble.  For  a  time  negative  numbers  were  called  absurd  or 
fictitious.  That  the  product  of  two  of  these  fictitious  numbers, 
—  a  and  —  i,  could  give  a  real  number,  -k-ab^  was  long  a  stumbling 
block  for  many  good  minds. 

The  introduction  of  irrational  numbers,  i.e.  numbers  like 

V2,     \/5,    IT  =  3.14159...,    6  =  2.7182..., 

never  excited  much  comment.  In  actual  calculations  one  used 
approximate  rational  values,  and  it  was  perfectly  natural  to  sub- 
ject them  to  the  same  laws  as  rational  numbers.  It  is  true  that 
the  Greeks  of  the  time  of  Euclid  were  perfectly  aware  of  the 
difiiculties  which  beset  a  rigorous  theory  of  incommensurable 
magnitudes ;  witness  the  fifth  and  tenth  book  of  Euclid's  Ele- 
ments.  But  these  subtle  speculations  found  little  attention  during 
the  Renaissance  of  mathematics  in  the  seventeenth  and  eighteenth 
centuries.  The  contemporaries  and  successors  of  Newton  and 
Leibnitz  were  too  much  absorbed  in  developing  and  applying  the 
infinitesimal  calculus  to  think  much  about  its  foundations. 
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At  the  close  of  the  eighteenth  and  the  beginning  of  the  nine- 
teenth centuries  a  change  of  attitude  is  observed.  Gauss,  La- 
grange, Cauchy,  and  Abel  called  for  a  return  to  the  rigor  of  the 
ancient  Greek  geometers.  Certain  paradoxes  and  even  results 
obviously  false  had  been  obtained  by  methods  in  good  repute.  It 
became  evident  that  the  foundations  of  the  calculus  required  a 
critical  revision. 

Abel  in  a  letter  to  Hansteen  in  1826  writes :  *  ^^  I  mean  to 
devote  all  my  strength  to  spread  light  in  the  immense  obscurity 
which  prevails  to-day  in  analysis.  It  is  so  devoid  of  all  plan  and 
system  that  one  may  well  be  astonished  that  so  many  occupy 
themselves  with  it,  —  what  is  worse,  it  is  absolutely  devoid  of 
rigor.  In  the  higher  analysis  there  exist  very  few  propositions 
which  have  been  demonstrated  with  complete  rigor.  Every- 
where one  observes  the  unfortunate  habit  of  generalizing,  without 
demonstration,  from  special  cases  ;  it  is  indeed  marvelous  that 
such  methods  lead  so  rarely  to  so-called  paradoxes." 

In  another  place  he  writes :  f  "  I  believe  you  could  show  me 
but  few  theorems  in  infinite  series  to  whose  demonstration  I  could 
not  urge  well-founded  objections.  The  binomial  theorem  itself 
has  never  been  rigorously  demonstrated.  .  .  .  Taylor's  expan- 
sion, the  foundation  of  the  whole  calculus,  has  not  fared 
better." 

The  critical  movement  inaugurated  by  the  above-mentioned 
mathematicians  found  its  greatest  exponent  in  Weierstrass.  It 
is  no  doubt  largely  due  to  his  teachings  that  we  may  boast  to-day 
that  the  great  structure  of  modern  analysis  is  built  on  the  securest 
foundations  known ;  that  its  methods  have  attained,  if  not  sur- 
passed, the  justly  famed  rigor  of  the  ancient  Greek  geometers. 
The  saying  of  D' Alembert,  "  AUez  en  avant,  la  foi  vous  viendra," 
has  lost  its  force.  To-day,  it  is  not  faith  that  is  required,  but  a 
little  patience  and  maturity  of  mind. 

As  Weierstrass  has  shown,  it  is  necessary,  in  order  to  place 
analysis  on  a  satisfactory  basis,  to  go  to  the  very  root  of  the 
matter  and  create  a  theory  of  irrational  numbers  with  the  same 
care  and  rigor  as  contemplated  by  Euclid,  in  his  theory  of  incom- 
mensurable magnitudes,  only  on  a  ft^  grander  scale.     It  is  too 

•  Abel,  (Euvres,  2°  ed.,  Vol.  2,  p.  263.  t  Abel,  I.e.,  p.  257. 
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early  to  make  the  reader  see  the  necessity  of  this  step,  but  it  will 
appear  over  and  over  again  in  the  course  of  this  work. 

Fractions 

2.  Before  taking  up  the  theory  of  irrational  numbers,  we  wish 
to  develop  in  some  detail  the  modem  theory  of  fractions  and 
negative  numbers.  We  shall  rest  our  treatment  of  these  numbers 
on  the  properties  of  the  positive  integers  3,  which  we  therefore 
suppose  given.  One  of  these  properties,  on  account  of  its  impor- 
tance, deserves  especial  mention,  viz. : 

Jff  the  product  ab  is  divimhle  by  e,  and  if  a  and  e  are  relatively 
primej  then  b  m  divieible  by  c. 

3.  Let  us  begin  with  the  positive  fractions.  As  we  saw,  divi- 
sion of  a  by  6,  where  a,  b  are  two  numbers  in  3^,  is  not  possible 
unless  a  is  a  multiple  of  6.  Our  object  is  therefore  to  form  a  new 
system  of  numbers,  call  it  0,  formed  of  the  numbers  of  3  and  cer- 
tain other  numbers,  in  which  division  shall  be  always  possible. 

We  start  by  forming  all  possible  pairs  of  numbers  in  Q.  These 
pairs  we  represent  by  the  notation 

«  =  (a,  a'),  /8  =  (6,  6')  ... 

In  any  one  of  these  pairs,  as  a  =  (a,  a'),  we  call  a  the  fir$t  eon- 
stituent  and  a'  the  second  constituent  oC  a. 

The  system  f$  consists  of  the  totality  of  these  pairs  a,  /9,  ... 

The  elements  of  f$  we  have  represented  by  the  symbol  (a,  a'). 
Any  other  symbol  would  do.  The  customary  ones  are  a/b  and 
a:  b. 

We  have  purposely  avoided  these  symbols,  so  familiar  to  the 
reader,  in  order  that  his  attention  shall  be  more  closely  fixed  on 
the  logical  processes  employed. 

4.  The  objects  of  f$  have  as  yet  no  properties ;  we  proceed  to 
assign  them  one  arithmetic  property  after  another,  taking  care 
that  no  property  shall  contradict  preceding  ones.  We  begin  by 
setting  g  in  relation  to  (J.  We  say  :  (a,  a')  shall  be  a  number  c, 
in  3,  when  a  =  a'c.  Thus,  cmy  element  of  ff  whose  first  constituent 
is  a  multiple  of  its  second^  is  an  element  of  3,  i.e.  a  positive  integer. 
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From  this  follows  that  every  number  a  of  3  ^i^s  in  5*  For, 
(a,  1)  lies  in  f$.     On  the  other  hand 

(a,  1)  =  a. 
Hence  a  lies  in  $. 

5.  We  define  next  the  terms,  eqiiaU  greater  than^  less  than. 
Let  a=^(a,a'),  /3=(6,  6')- 

We  say :  a^fi  according  as  ab'  =  a'b. 

We  observe  that  to  decide  the  equality  or  inequality  of  two 
elements  in  ff,  the  operations  required  are  on  the  elements  of  Q. 

6.  We  deduce  now  some  of  the  consequences  of  the  above  defi- 
nition of  equality  and  inequality.  In  the  first  place,  suppose  a,  13 
both  lie  in  Q ;  i.e.  let 

a  =  iaa',  a')  ==a,  13=  (bb\  V)  =  6, 
by  4.     Now,  according  to  the  definition  in  6, 


according  as 

that  is,  according  as 


a|/3 


aa'b'^aW; 


a|6. 


Thus,  when  a  considered  as  a  number  of  3^,  equals  /3  considered 
as  a  number  of  Of,  the  two  are  equal,  considered  as  numbers  in  f$, 
and  conversely. 

7.-5^  a  =  7,  ^  =  7,  then  a  =  /3. 

For,  let  a=(^a,  a'),  13  =  (6,  6'),  7  =  (c,  c'). 

Since  «  =  7i  «<?'  =  «'<?»  by  5.  (1 

Since  ^  =  7,  bc'  =  b'c.  (2 

Multiply  1)  by  6',  and  2)  by  a'  and  subtract. 

Then  oJV  =  a'Jc'. 

.•.  oA'  =  a'6.     .'.  a  =  A 
by  6. 
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8.  The  two  numiera  (ma^  ma'^  and  (a,  a')  are  equal. 

This  follows  at  once  from  the  definition  in  5.  From  this  fact 
we  conclude :  We  can  multiply  the  first  and  second  constituent  of  a 
number  without  changing  its  value. 

Conversely : 

If  the  first  and  second  constituents  of  a  number  have  a  common 
factor^  it  can  be  removed  without  changing  the  value  of  the  number. 

9.  Let  a,  a'  be  relative  prime.  For  a  =  (a^  a')  and  /3  =  (b^  6') 
to  be  equalj  it  is  necessary  and  sufficient  that 

b^ta,  b'=zta\  (1 

Obviously  if  1)  holds,  a  =  fi.    The  condition  1)  is  thus  sufficient. 
It  is  necessary.     For,  from  a  =  )8,  we  have 

ab'=^a*b.  (2 

We  apply  now  the  property  mentioned  in  2.  Since  a'6  is 
divisible  by  a,  by  virtue  of  2) ;  and  since  a,  a'  are  relative  prime, 
b  must  be  divisible  by  a.     Say 

b  =  ta.  (8 

Similarly,  since  ab'  is  divisible  by  a',  and  a,  a'  are  relative  prime, 
J'  must  be  divisible  by  a'.     Say 

6'=:«a'.  (4 

Putting  3),  4)  in  2),  we  get  s  =  t. 
Hence  3),  4)  give  now  1). 

10.  Our  next  step  is  to  define  the  four  rational  operations  on 
the  elements  of  ^. 

We  begin  by  defining  the  two  direct  operations. 

Let  a^Ca,a%  )8  =  (6,  6'). 

We  define  addition  by  the  equation, 

a  +  fi^iaV-ha'b,  aV);  (1 

and  multiplication^  by 

a/8  =  (a6,  a'6').  (2 
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It  can  be  shown  that  the  operations  just  defined  enjoy  the  same 
properties  as  those  of  ordinary  fractions.  Without  stopping  to 
show  this  in  detail,  we  demonstrate  a  few  of  these  properties,  by 
way  of  illustration. 

11.   Let  a,  /8  lie  in  3f ;  and  say 

a  =  (^aa\  a')  ^a,  fi^  (bb\  6')  =  6. 

Then  a  +  ^,  as  defined  in  10,  1),  should  give  a  +  b;  and  afi,  as 
defined  in  10,  2),  should  give  ab. 
This  is  indeed  so.     For 

a  +  /8  =  (aa'6'  +  aW,  aV),  by  10,  1) 

=  (a  +  M),  by  8 

=  a  +  6,  by  4. 
Similarly, 

a.fi^(^aaW,a^b%  by  10,  2) 

=  (aft,l),  by  8 

=s  abj  by  4. 

12.  From  ay  =  fiy,  follows  a^fi. 
For,  let  7  =s  ((?,  <?') ;  we  have : 

«7  =  (a,  a')(c,  c')  =  (oc,  a'c'),  by  10,  2) 

Since  by  hypothesis  ay  =  fi%  we  have 

acb'c*  =  a'c'6c,  by  6. 

.-.  aft'=a'6. 

.-.  «=:)8,  by  6. 

13.  We  establish  now  the  following  relations : 

1)  a-^fi>a. 

2)  If  )8>7,  then  a  +  fi>a  +  y. 
8)  If  a-f-)8  =  a  +  7,  then  )8  =  7. 
4)  If  a>fi  and  )8>7,  then  a>7. 
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To  prove  1): 

a  +  /8  =  (a,  a')  +  (6,  J')  =  («*'  +  «' J.  «'^').  by  10, 1). 
But  aXah'  +  a'h)>(M!V. 

.*.  a  +  /8>a,  by  5. 
To  prove  2) : 

a  +  )8  =  (aA'  +  a'6,  a'6') 

=  (a6'(?'  +  a!hc\  a'JV),  by  8.  (4 

Similarly, 

a  +  7  =  (oc' +  a'(?,  aV) 

=  (aftV  +  a'6'c,  a'6V).  (6 

By  hypothesis  fi>y;  hence,  by  5, 

bc'>Vc.  (6 

Comparing  4),  6),  we  see  the  second  constituents  are  equal, 
while  the  first  constituent  in  4)  is  greater  than  the  first  constituent 
in  6),  by  virtue  of  6).  From  this  follows,  by  5,  that  a+)8>a+7, 
which  is  2). 

To  prove  8): 

Suppose  the  contrary;  then  since  ^=^7,  either  ^>7  or  ^<7. 
If  /8>7,  then  a-|-^>a-f-7,  by  2).  (7 

If  )8<7,  then  a  +  7>a  +  A  by  2).  (8 

But  both  7),  8)  contradict  the  hypothesis  that  a  -f-  )8  =  a  -|-  7. 

To  prove  4) : 

Since  a>fi,  ab'>a%  (9 

Since  )8>7,  bc'>b'c.  (10 

From  9),  10)  we  have 

abb'c'>a'bb'c; 

whence  ac'  >  a'e. 

Hence,  by  6, 

«>7. 
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14.  As  an  illustration  of  the  demonstration  for  the  formal  laws 
governing  addition  and  multiplication,  let  us  show  that  the  dts- 
tribvtive  law  holds  in  g.     We  wish  to  prove  that 

1)  a(i84-7)=«^  +  «7- 

Now  ^  +  7  =  ibc'  +  ¥c,  b'c'),  by  10,  1). 

a(/S  -h  7)  =  (a,  a')  •  (6(?'  -h  b'c,  Vc^) 

2)  =  (oAc'  -h  aVc,  a'b'(/^,  by  10,  2). 
Also 

a/3  =  (^ab,  a'b');  ay  =  (^ac^  aV). 

.-.  a/3  +  ay  =  (aa'bc'-^aa^b^c,  a%'c') 
8)  =(a6<?'-fa6'(?,  a'6'(?'),  by  8. 

The  comparison  of  2),  3)  gives  1). 

15.  We  turn  now  to  the  inverse  operations,  subtraction  and 
division ;  considering  first  division. 

We  define  the  quotient  of  a  by  /8  to  be  the  element  or  elements, 
f ,  if  any  exist,  of  g  which  satisfy  the  relation 

«  =  /3f.  (1 

Set  f  =  (a;,  a;').     Since  f  must  satisfy  1),  we  have 

(a,  a')  =  (6,  6')(^i  ^)  =  ibx,  6V). 

The  first  and  third  members  give,  by  6, 

aVx'  =  a'bx,  (2 

which  a;,  x'  must  satisfy. 

A  solution  of  2)  is  obviously 

X  =  ab\        x'  =  a'b. 
Thus, 

is  a  solution  of  1).     This  is  the  only  solution  of  1).     For,  sup- 
pose 17  is  a  solution.     Then  by  definition 

a  =  firj.  (3 

Then  1),  3)  give,  by  7, 

Pf  =  PV^ 
which  gives,  by  12, 
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16.  The  quotient  of  a  by  )8,  we  shall  now  represent  by  a/fi. 
All  the  numbers  of  5  na^y  be  regarded  as  quotients  of  numbers 
in  Q,  For,  let  a  =  (a,  a')  be  any  number  of  ff .  It  evidently 
satisfies  the  equation  ^  __  ^/^ 

which,  as  we  have  just  seen,  admits  only  one  root,  viz.  the  quotient 
of  a  by  a'. 

Hence  a  =  (a,  a')  =  a /a'. 

Thus  the  elements  or  numbers  in  f$  are  ordinary  positive  frac- 
tions. 

17.  We  have  now  this  result.  In  the  system  ff,  division  is 
always  possible  and  unique.  In  the  old  system  Q^  this  is  not 
true;  the  division  of  a  by  6  being  only  possible  when  a  is  a 
multiple  of  b.  We  see,  then,  that,  on  properly  enlarging  our 
number  system  by  introducing  new  elements,  we  obtain  a  system 
f$  which  has  this  advantage  over  Qj^  that  the  quotient  of  any  two 
numbers  in  ff  exists  and  is  unique. 

18.  We  treat  now  subtraction. 

We  define  the  result  of  subtracting  fi  from  a  to  be  the  element 
or  elements,  call  them  {,  in  ^,  which  satisfy  the  relation 

«  =  /3  +  f  (1 

1/0^0,  there  exists  no  number  { in  (f  which  satisfies  1).     For, 

'^^  =  «'  /3  +  f=«  +  f>«,byl3,l). 

If  i8  >  a,  /8  +  f  >  «  +  f,  by  13,  2). 

Also  a  +  f  >  «,  by  13,  1). 

/.  /3  +  f>«,byl8,4). 

Thus  when  /3'^a,  /5  +  ^>  a,  and  hence  /9  +  f  ^  «. 
Suppose  then,  that  fi<a.     Then 

ab'  >  a'b.  (2 

From  1),  we  have,  setting  f  =  (x,  x*)  ; 

(0,  a')  =(*,*')  + (a;,  a:') 

=.(6«'  +  6';c6V),  bylO,  1). 
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Hence  by  6,  observing  2), 

a!Vx  =  x\aV  -  a'6).  (8 

A  solution  of  3)  is  evidently 

x  =  ab'^  a\  x'  =  aV. 

Hence 

f  =  (aJ'  -  a%  a'6') 

is  a  solution  of  1). 

This  is  the  only  solution ;  for  if  i;  is  a  solution,  we  have,  by 

definition,  ^  .. 

a^  fi  +  7).  (4 

The  comparison  of  1),  4)  gives 

/3  +  f  =  /3  +  17. 
Hence,  by  18,  8), 

19.  We  have  thus  this  result :  In  the  system  |$,  the  subtraction 
of  /3  from  a  is  possible  and  unique^  when  a>  /3;  when  «  <  )8,  it  is 
impossible.  That  is,  there  is  no  number  f  in  $  which  satisfies  18, 
1).  When  subtraction  is  possible,  we  represent  the  result  of  sub- 
tracting /3  from  a  by  a  —  /3, 

Negative  Number's 

30.  In  the  system  of  positive  fractions  ^,  subtraction  is  only 
possible  when  the  minuend  is  greater  than  the  subtrahend.  To 
remove  this  restriction,  we  propose  to  form  a  new  number  system 
i2,  which  contains  all  the  numbers  of  5 ;  and  in  which  subtraction 
of  a  greater  from  a  less  shall  be  possible.  Since  the  method  of 
forming  li  is  identical  with  that  employed  for  5,  we  shall  be  more 
brief  now.  The  numbers  in  g  we  now  denote  by  a,  6,  (?,...  , 
while  the  Greek  letters  a,  )9,  7,  .  .  .  shall  denote  numbers  in  the 
new  system  R. 

21.  1.  We  begin  by  taking  the  elements  of  g  in  pairs,  to  form 
new  objects,  which  we  denote  by  the  new  symbol  jo,  6}.  The 
totality  of  all  such  pairs  forms  the  system  B. 

Next,  we  place  B  in  relation  to  g.  Let  a  =  \a^  b\.  In  case 
a  >  6,  we  say  a  shall  be  the  number  a  —  6,  which  obviously  lies  in 
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g.     Thus  every  number  in  g  lies  in  R.    For,  let  a  be  any  number 
in  g,  and  let  b  be  any  other  number  in  g.     Then 

{a  +  i,  *}  =  («  +  J)  -  J  =  «; 
that  is,  a  lies  in  B. 

2.    We  next  order  the  system  B.     We  say 

according  as 

a  +  V^a'  -^b.  (1 

8.   Addition  is  defined  by  the  relation 

a  +  l3=^\a,  a'l  +  \b,  6'{  =  Ja  -h  6,  a'  +  i'j.  (2 

Multiplication  is  defined  by 

a .  /3  =  {oft  +  a'6',  aJ'  +  a'ij.  (3 

4.  As  a  consequence  of  1),  we  have 

}a,a'}  =  Ja  +  J,  a'  +  Jj,  (4 

where  (  is  any  number  in  g. 

In  words,  4)  states : 

We  can  add  the  same  number  b  to  both  constituents  of  ass  ]a^a'l 
without  changing  the  value  of  a;  and  if  a^  a'  are  both  >  6,  we  can 
subtract  b  from  both  constituents^  without  altering  the  value  of  a. 

5.  It  is  easy  now  to  prove  results  analogous  to  those  in  6, 7, 11, 
14 ;  in  particular  the  associative,  commutative,  and  distributive 
laws. 

23.  According  to  our  definition  of  equality,  all  the  elements 
of  B  whose  first  and  second  constituents  are  the  same,  i.e.  all 
elements  of  the  type 

\a,'aU 
are  equal.     We  set 

{a,a}  =  0, 
and  call  this  number  zero. 
Then,  if  in  a  =  }a,  a'}, 

a>a\  a  >  0 ; 

if  a'  >  a,  a  <  0. 


14  RATIONAL  NUMBERS 

Numbers  in  B  which  are  >  0,  are  called  positive  ;  those  <  0,  are 
called  negative.  The  number  0  is  neither  positive  nor  negative. 
From  this,  it  follows  that  the  positive  numbers  of  R  are  simply 
the  numbers  of  0;  while  0  and  all  negative  numbers  do  not  lie 
in  5. 

23.  1.  We  observe  that 

a-fO  =  a  =  0  +  a,  (1 

«. 0  =  0  =  0. a.  (2 

To  prove  1). 

Let  «=  {a,  a'},  0=  \b,  h\. 

Then  a  +  0={a-f6,  a'4-J|,  by  21,8; 

=  {a,a'j,by21,4; 

=  a. 

To  prove  2). 

a.0=  |a6-fa'6,  ah-^-a^h] 

=  0,  by  22. 

2.   We  also  note  the  relations 

0  +  0  =  0,    0-0  =  0. 

24.  We  can  prove  now  easily  the  Rvle  of  signs.  The  product  of 
two  positive  or  two  negative  numbers  is  positive.  The  product  of  a 
positive  and  a  negative  number  is  negative. 

Let  a=  {a,  a'j,  )8=  |6,  V\. 

V.  a,)8>0,  then  u/3>0. 

For  here  a>a\  6>6',  by  22. 

.-.  a/3=  {oA  +  a'6',  ab'  4-  a'b\  =  }6(a  -  a')-f  a'6',  ab'U  by  21,  4 

=  |6(«-«'>  6'(a-a')l,  by  21,  4 

>0,  since  6(a-a')  >ft'(a-a'). 

2^  a,  fi<0,  then  a0>O. 

Here  a'>a,  6'>6,  by  22. 
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.-.  «^  =  }a6  4-  a'Ch'  -  *),  ab'U  by  21,  4 ; 
=  Ja'(6'-6),  <6'-6)j,  by  21,  4; 
>0,  since  a'(6' -  6)  >  a(J' -  J). 

8^  a>0,  /3<0,  then  a/3<0. 

Here  a>a'^  J'>J. 

.-.  a/8={a6  +  a'(J'-J),  aJ'| 
=  {a'(6'-J),  a(J'-J)( 
<0,  since  a'(J' -  6)<a(J'- 6). 

25.  The  product  of  any  two  numbers  in  B  vanishes  when^  and 
only  when^  one  of  the  factors  is  zero. 

Let  a,  /3  be  any  two  numbers  in  M. 
We  saw  in  23  that 

when  either  a  or  /3=0. 

Conversely^  if  a/3  =  0,  either  a  or  /3  =  0. 

For,  if  neither  a  nor  /8  =  0,  these  numbers  are  either  positive  or 
negative.  Their  product  is  therefore  either  positive  or  negative 
by  24,  and  hence  not  zero.     This  is  a  contradiction. 

26.  Let  us  consider  the  following  important  formulae,  viz. : 

1)  If  /8  >  7,  then  a  4-  /S  >  a  4-  7. 

2)  From  a  4-  /S  =  a  4-  7,  follows  /3  =  y. 
8)  If  a  ¥=  0  and  afi  =  07,  then  /S  =  7. 

To  prove  1): 

a  +  /3=  {a4-J,  a' +  b'\,  by  21,  8; 

=  {a4-ft4-c',  a'4-ft'4-c'j,by21,  4.  (4 

Similarly, 

a4-7=  \a  +  c,  a'4-^'{  =  \a  +  b'  +  c,  a'4-J'  +  c'}.  (5 

Since^>7,  j  +  ,^  >  j^  +  c,  by  21,  2. 

.-.  a  +  b  +  e^>a  +  V  +  e.  (6 
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If  we  now  apply  the  definition  for  greater  than  given  in  21,  2 
to  a  +  fi  and  a  +  7,  the  relations  4)^  6),  6)  show  that  a  +  /S  >  «  +  7* 

To  prove  2): 

Suppose  the  contrary,  i.e.  suppose  /S  >  7  or  /3  <y. 

If  /3>y,  «4-i8>a  +  7,by  1). 

If  7>A  «  +  7>«  +  Aby  1). 

Thus  in  both  cases,  a  +  yS  ^  a  +  7,  which  is  contrary  to  hypothe- 
sis.    Hence  fissy. 

To  prove  8): 

From  ctfisaoy  we  have 

a(^-7)=0. 

Applying  25,  we  have  /S  =  7. 

27.  We  turn  now  to  Bubtraction.  This  we  define  as  in  g,  viz. : 
the  result  of  subtracting  fi  from  a  is  the  element  or  elements  f ,  of 
R^  which  satisfy  « -  fl  +  f  CI 

This  equation  gives,  setting  f  =  {a;,  a;'}, 

{a,  a'j  =  {J,  6'j  +  {a:,  a:'j  ^\l  +  x,  V  +  x'U  by  21,  8. 

Hence  by  21,  2, 

a  +  J'  +  a;'=:a'  +J-fa;. 

This  equation  is  evidently  satisfied  by 

x  =  a-{-l\  a;'  =  a'-f  J. 

Hence  «.,.#.»»  ^r> 

f=}a-f  6',  a'  +  J{  (2 

is  a  solution  of  1). 

This  is  the  only  solution.  For,  let  1;  be  a  solution.  Then  by 
definition,  «=;8  +  ,.  (8 

The  comparison  of  1),  3)  gives 

fi  +  i^fi  +  V^ 
Hence  by  26,  2),  ^  ^ 
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28.  We  have  thus  this  result :  in  the  system  B  subtraction  is 
always  possible  and  uniqfie.  The  result  of  subtracting  fi  from  a, 
we  represent  by  a  —  fi;  it  is  a  number  in  M.  Then  any  number 
a  =  {a,  a'l  in  i2,  is  the  result  of  subtracting  a'  from  a,  or 

^""^^  a  =  {a  +  4,J|,by21,4. 

Similarly,  a'  =  |a'  +  6,6{. 

^®^^®  a-a'  =  ja  +  J,6{-{a'-h6,Jj 

=  {a  +  2J,  a'  +  24{,  by27,  2) 
=  {a,  a'},  by  21,  4. 

29.  1.   Let  a  =  }a,  a'\  be  any  number  of  R. 

The  number  ja',  a(  is  called  minys  a,  and  we  write 

-(-«)= -{a',  a{  =  {a,  a'}  =  a. 

=  \a  +  a\a  +  a'\  =  0 

If  a  is  positive,  —  a  is  negative ;  and  convei*8ely,  if  a  is  nega- 
tive, —  a  is  positive. 

2.  The  number  —a  may  be  defined  as  the  number  f,  such  that 

«  +  f  =  0. 

For,  f  =  —  a  satisfies  this  equation ;  and,  as  we  saw  in  27,  this 
equation  admits  but  one  solution.  This  shows  that  the  numbers 
in  £,  ^  0,  may  be  grouped  in  pairs,  such  that  their  sum  is  zero. 

8.   If  ^a^-fi,  then  a^fi. 

For,  multiplying  both  sides  of  —  a  =  —  )8  by  —1,  we  get  aszfi. 

4.  Every  number  a,  of  £,  different  from  zero,  can  be  written 

in  the  form 

a^Uy  or  asi—ii^ 

where  a  is  a  number  in  S- 
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For  if  a  >  0,  we  already  know  by  22  that  a  is  a  number  in  f$. 
If  a  <  0,  then  —a  is  positive,  so  that  —  a  =  a,  a  number  in  ^. 
Multiplying  this  equation  by  —  1,  we  get 

«=  —  a. 

30.     1.    We  treat  now  division. 

We  say :  the  result  of  dividing  a  by  /3  is  the  number  or  num- 
bers f ,  of  B^  such  that 

«=f/3.  (1 

Suppose  fi^O;  then  there  is  one  and  only  one  number  f ;  i.e.  in 
this  case^  division  is  possible  and  unique. 

There  can  be  at  most  one.    For,  if  17  satisfies  1),  we  should  have 

a  =  fffi.  (2 

Comparing  1),  2),  we  have 

whence  by  26,  3), 

f  =  i7. 

To  show  that  there  is  always  one  solution  of  1),  we  have  the 
following  cases. 

Let  a,  )8  >  0 ;  then  a  =  a,  /8  =  6,  by  29,  4 ;  and  1)  becomes 

a  =  fJ.  (8 

But  by  15  the  solution  of  8)  is 

f=(a,J)  =  a/6. 
Leta,  I3<0;  then 

a^-^a,    )8  =  -  J,  by  29,  4. 
Then  1)  becomes 

or  by  29,  8, 

Hence  as  before, 

Let  a>0,  /3<0',  then  a  s a, /3  =  — i,  and  1)  becomes 

a  -=  -  if  (4 
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Set  —  f=i7;  then 

4)  gives 

a  =  Jiy. 

Hence, 

i;  =  a/J 

and 

f  =  -a/J. 

lfa<0,  and  yS  >  0,  we  get  again 

f  =  -aA 

Finally,  leta^Q; 

then  1)  becomes 

Hence  by  25, 

0  =  /8f 

2.    TFe  consider  now  the  case  that  fi  =  0. 

The  equation  1)  admits  now  no  solution,  unless  a  s  0  also. 
For,  when  y8  =  0,  /8f  =  0,  whatever  f  may  be. 

If  now  a  =5  0,  the  equation  1)  is  satisfied  for  every  number  f  in 
R.  We  have  thus  this  result :  When  the  divisor  is  zero,  division 
is  either  impossible  or  entirely  indeterminate. 

For  this  reason,  division  by  zero  is  excluded  in  modern  mathe- 
matics. The  admission  of  division  by  zero  by  the  older  mathe- 
maticians, Euler  for  example,  has  caused  untold  confusion.  We 
shall  see  it  is  entirely  superfluous. 

Some  Properties  of  the  System  R 

31.  The  system  R,  which  we  have  just  formed,  is  made  up  of 
the  totality  of  positive  and  negative  integers  and  fractions,  and 
also  zero.  It  is  called  the  system  of  rational  numbers  ;  any  element 
in  it  being  called  a  rational  number.  The  elementary  arithmetical 
properties  of  these  numbers  having  been  established,  there  is  no 
further  occasion  to  employ  the  special  notations  (a,  i)  and  {a,  i{ ; 
we  shall,  instead,  employ  the  customary  ones.  Furthermore,  we 
shall  represent  for  the  rest  of  this  chapter  the  numbers  in  R 
indifferently  by  Greek  and  Latin  letters  a,  4,  <?,  •••  a,  ^,  7,  — 

For  the  sake  of  completeness  we  now  proceed  to  deduce  a  few 
'  properties  of  R,  although  the  reader  is  probably  familiar  with  them. 
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38.  The  aj/stem  B  %b  invariant  with  respect  to  the  four  rational 
operations. 

This  simply  means  that  the  addition,  subtraction,  multiplica- 
tion, and  division  of  any  two  elements  of  R^  division  by  0  of 
course  excluded,  always  leads  to  an  element  in  R. 

We  saw  this  is  not  true  for  the  systems  ^  and  g. 

33.   1.    The  system  R  is  dense. 

This  term,  taken  from  the  theory  of  aggregates,  which  we  shall 
take  up  later,  simply  means  that  between  any  two  numbers  a,  b 
.  in  R^  exists  a  third  and  hence  an  infinity  of  numbers. 

I  For,  let 

I  and  say  a>h. 

\  Then 

I  d  =  fljJj  —  Ojij 

I  is  an  integer  >1. 

I  Let  «  be  a  positive  integer.     By  taking  it  large  enough,  we  can 

make 
I  .  erf>n, 

I  where  n  is  an  arbitrarily  large  positive  integen 

I  Let  h  be  any  integer,  such  that 

1  eaj!>i<h<ea^^. 

i  Then 

h 

lies  between  a,  h  and  represents  at  least  n  numbers. 

2.  The  system  3f  w  not  dense.  For,  if  we  take  a^n  and  6=n+l, 
no  element  of  ^  lies  between  a  and  b. 

From  this  results  a  remarkable  difference  between  Q  and  72. 
After  any  element  n  of  ^  follows  a  certain  next  element,  viz.  n  -f  1. 
Not  so  in  ^.  If  a  is  any  number  of  R^  there  exists  no  next  num- 
ber to  a.  For,  if  4  were  that  number,  there  would  lie  no  number 
of  R  between  a  and  b.  But  since  R  is  dense,  there  lie  an  infinity 
of  numbers  of  R  between  a,  b. 
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34.  1.  The  system  R  is  an  Archimedian  system.  That  is,  there 
is  no  positive  number  a  in  £  so  small  but  that  some  multiple  of 
a,  say  na^  is  greater  than  any  prescribed  positive  number  b  of  R. 

For,  let 

Let  us  choose  n  so  large  that 

n>aJ>. 
Then 

na  =  5?i>?i^>ai4>&. 

2.  Let  a  be  an  arbitrarily  large  number  of  R;  there  exists  a  posi- 
tive integer  n,  such  that  a/n  <  i,  where  b  is  arbitrarily  small. 
For,  by  1,  there  exists  a  positive  n,  such  that 

nb>a. 
Hence 

a/n  <  b. 

35.  Let  us  lay  off  the  numbers  of  ^  on  a  right  line  Z,  just  as  is 
done  in  analytic  geometry. 


Q b     b    }> ^ 

Thus,  having  chosen  an  arbitrary  point  0  as  origin,  and  an  arbi- 
trary segment  OU  m  the  unit  of  length,  to  the  positive  number 
JO  in  JR,  corresponds  the  point  P  on  i  to  the  right  of  0,  and  at  a 
distance  p  from  0.  To  the  negative  number  —p^  corresponds  the 
point  Q,  lying  to  the  left  of  0,  and  such  that  OQ=sp.  To  zero 
corresponds  the  origin  0. 

Let  a,  i,  c,  •••  be  numbers  of  R^  to  which  correspond  the  points 
il,  B^  (7,  •••  on  L.  If  a<6,  the  point  B  lies  to  the  right  of  A; 
if  a  <  &  <  c,  the  point  B  lies  between  A  and  0. 

The  point  Aj  corresponding  to  the  number  a,  is  called  the 
representation  or  image  of  a. 

The  points  corresponding  to  the  numbers  in  R  we  call  rational 
points. 

Then,  since  R  is  dense,  the  aggregate  9  formed  of  the*  totality 
of  rational  points  is  also  dense.     That  is,  if  P,  Q  be  any  two  points 
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of  %,  there  lie  an  infinity  of  ppinta  between  P,  Q  which  belong 

to  a. 

Furthermore,  if  P  be  any  point  of  8,  there  is  no  next  point  to  P. 
This  representation  of  the  numbers  of  R  by  points  on  a  right 
line  is  of  great  assistance  to  us  in  our  reasoning,  as  we  shall  see. 

Some  Inequalities 

36.  We  have  seen  in  29,  4  that  every  number  a^O  in  ^,  may 
\}e  written 

where  a^  is  a  positive  number. 

The  numerical  or  absolute  value  of  a  is  a^,  and  is  denoted  by 

\a\. 
We  have  thus. 

We  also  set 

|0|  =  0. 

For  example : 

|8-7|=|7-8|=4. 

37.  1.  We  have  now  the  following  fundamental  relations : 

|a|  =  |-a|;  (1 

|a-i|  =  |J-a|;  (2 

|a±6|<|a|  +  |i|;  (8 

l«±A|^ll«l-l*ll;  (4 

|aJ|  =  |a|.|i|;  (6 
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They  are  readily  proved.     For  example,  consider  3). 
There  are  various  cases,  according  as  a,  i  are  positive,  negative, 
or  zero.     We  treat  one  specimen  case. 


^ 
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Let        a>0,  6<0.  Let        6  =  -6^,  6^>0. 

Then  a  +  6  =  a  —  6^,     a  —  6  =  a  4-  *o- 

If  a>6o,  |a  +  J|  =  |a-ftol  =  «-*o<«  +  *o  =  l«l  +  l*l- 
If  a<4oi  |«  +  i|  =  |a-6oi=*o-«<«  +  *o  =  l«l  +  l*l- 
|a-6|  =  |a  +  Jol  =  «  +  fto  =  l«l  +  |ft|. 

Which  establishes  8)  for  this  case.     The  other  cases  are  treated 
similarly. 

2.    By  repeated  applications  of  3),  5)  we  get 

|ai±a,±...±a^|<|ai|+-+|a«|;  (7 

8.    Let  A>0,    and     \a\<A.  (9 

Then  from  9)  follows 

"AkukA;  (10 

and  conversely  from  10)  follows  9). 

38.  1.   An  important  relation  is  the  following : 

Let  .  |a-J|<4,     |J-c|<^.  (1 

^^^  {a-clKA-^-B.  (2 

For,  from  1)  we  have,  by  87,  3, 

—  AKa  —  bKA; 

"BKb'-cKB. 
Adding, 

which  gives  2). 
2.  A  special  but  common  case  of  the  above  is  when  ^s^;  then 

|a-c|<2^.  (8 

We  shall  say  that  2)  or  8)  is  obtained  from  1)  by  adding. 

39.  It  will  be  useful  to  bear  in  mind  the  geometric  interpreta- 
tion or  image  of  certain  inequalities  which  recur  constantly  in  the 
following. 
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Let  a  be  an  arbitrary  rational  number. 


«-«6  a    a^ 
I      ■     ■ — 


On  either  side  of  the  point  a  let  us  mark  off  points  a-^b^  a  +  by 
at  a  distance  b  from  a.  The  rational  numbers  z  whose  images 
fall  in  the  interval  a-^b^  a  +  b^  evidently  satisfy  the  relation 

a  — J<a;<a  +  4; 
or  what  is  the  same, 

-4<Vc-a<i. 

That  is,  X  satisfies  the  inequality 

|a:-a|<4.  (1 

Conversely,  the  images  of  the  rational  numbers  x  which  satisfy 
1)  lie  in  the  interval  a  —  6,  a  -h  4. 
Similarly,  the  images  of  the  rational  numbers  x  which  satisfy 

0<a:-a<4, 

lie  in  the  interval  a,  a  +  4 ;  while  those  corresponding  to 

0<a-a:<4 
lie  in  a  —  4,  a. 

Rational  Limits 

40.  In  the  next  chapter  we  shall  have  a  good  deal  to  say  of 
infinite  sequences  and  their  limits.  We  proceed  to  define  them 
as  far  as  rational  numbers  are  concerned. 

Let  ^  be  a  set  of  rational  numbers  such  that : 

1^.  It  is  determined  whether  a  g^ven  number  belongs  to  A 
or  not. 

2^.  There  is  a  first  number  a^,  of  the  set,  a  second  number  a, ; 
and  in  general,  after  each  a,  follows  a  certain  number  a^^i. 

The  set  ^  is  then  called  an  infinite  Be(j[aence  or  simply  a  uquence^ 
and  is  denoted  by 

^  =  ap  Oy  •••  or  by  A=i\a^\. 
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BZAXPLBS 
4L  1.  Ifwetokea»  =  », 

^  =  l,2,8....  =  {n} 
to  a  sequence. 

2.  If  we  take  a»  =  - ,  we  get  a  seqaenoe 

8.  If  a»  =  1,  we  get  a  seqaenoe 

^  =  1,1,1,  1,...={1}. 

4.  Let  A  consist  of  the  rational  nombers  lying  in  the  interval  0, 1,  arranged  in 
order  of  magnitude. 

This  set  ^  is  not  a  sequence.  For,  although  it  is  perfectly  determined  what 
numbers  belong  to  A,  and  although  there  is  a  first  element  at  =  0,  there  is  no  second 
element,  no  third  element,  etc.,  by  83,  2.  Thus,  while  condition  1*^  is  satisfied, 
condition  2^  is  not 

42.    1.    We  define  now  the  term  limit. 

Let  /  be  a  fixed  rational  number.  We  say :  {  is  the  limit  of  the 
sequence  ^  =  ia.{,  when  for  each  positive  rational  number  e,  small 
at  pleasure,  there  exists  an  index  m,  such  that 

\l-a,\<€  (1 

for  every  n>m. 

In  symbols  we  write         ,     ,. 

•^  1  =  lim  a^ ; 

nsoD 

we  also  use  the  shorter  forms 

{  =  lima.,  or  a.  ==2, 

when  no  confusion  can  arise. 

We  shall  also  employ  at  times  the  symbol 

I  =  lim  a^. 

A 

When  I  is  the  limit  of  A^  we  say  ^  is  a  convergent  sequence, 
and  that  a^  converges  to  Z  as  a  limit. 

2.  Notation.  We  shall  find  it  extremely  convenient  to  employ 
the  following  abbreviation : 

€>0,   m,    |Z-a,|<€,   n>m  (2 

to  mean  that,  for  each  positive  rational  e  there  eadgts  an  index  m, 
9ueh  that  |Z  —  a,| < efor  every  n>m. 

The  reader-  should  therefore  repeat  the  italics  often  enough  to 
himself  to  be  able  to  read  the  line  of  symbols  2)  without  hesitation. 
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3.    The  reader  should  observe  that  from  2)  we  can  conclude 
also  that  for  each  positive  M  there  exists  an  m\  such  that 


K-«.l<;^. 
If,  therefore,  \a^\  has  the  rational  limit  2,  we  can  write 


(8 


We  have,  of  course,  changed  the  notation  slightly  in  3)  by- 
dropping  the  accent  of  w'. 

43.    The  graphical  interpretation  of  this  definition  will  prove 
most  helpful  in  our  subsequent  reasoning. 


I 


^e 


Let  us  lay  off  the  points  on  our  axis,  corresponding  to  the  num- 
bers a.,  also  the  point  corresponding  to  {.  On  either  side  of  I  lay 
off  the  points  Z  —  €,  Z  +  c.  These  determine  an  interval,  marked 
heavy  in  the  figure,  which  we  shall  call  the  e-interval. 

If  now  I  is  the  limit  of  the  sequence  A^  there  must  exist  for 
each  little  €-intervaI,  an  index  m,  such  that  the  images  of  all  the 
numbers  a^+i,  a^+ji  •"  f^^l  within  the  e-interval.     See  39. 

In  general,  as  €  is  taken  smaller  and  smaller,  the  index  m 
increases.  The  definition,  however,  only  requires  that  for  each 
given  6  there  exists  some  corresponding  m  such  that  42, 1)  holds 
for  every  n  greater  than  this  m. 

44.  Another  useful  graphical  interpretation  of  the  definition  of 
a  limit  is  the  following. 
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We  take  two  axes'rr,  y  ais  in  analytic  geometry.  On  the  ic-axis 
mark  off  points  1,  2,  3,  •••  at  equal  distances  apckH.  Lay  off 
6he  numbers  a^,  o^  a^  •••as  ordinates  on  lines  through  the 
points  1,  .2^  8».*"  parallel  Jto  the  y*axis.  *  (See  Fig.y  These 
points  we  may  consider  as  the  images  of  the  numbers  a^.  On 
either  side  of  the  line  y  =  Z,  draw  parallel  lines  at  a  distance  e 
from  it.  We  get  then  a  band,  shaded  in  the  figure,  which  we 
shall  call  the  c-band. 

Then,  if  {  is  the  limit  of  ^,  there  exists  for  each  e  an  index  m, 
such  that  the  images  of  all  the  numbers  a^n+u  a^+t^  •••  fall 
within  the  corresponding  €-band. 

45.  EXAMPLES 

1.  A  =  iH;  limaH  =  limi  =  0. 

Ini  n 

2.  ^  =  {i-l};no.(i-i)  =  i. 

8.  ^  =  1, -i, +J, -J, ...  a,=  (-l)-+»?^;  llmo,  =  0. 

n 

The  reader  will  find  it  helpful  to  construct  the  graphs,  ex- 
plained in  43,  44,  for  each  of  these  sequences. 

46.  JIf  it  is  known  of  two  rational  numbers  /?,  j,  that  \p  •—q\<€^ 
however  small  6  >  0  may  be  taken^  then  ^  =  9. 

For,  if  p^q^  say  p>q^  then  p  —  q  is  a  definite  positive 
rational  number;  call  it  d.  Then  Ijt?  — 9I  is  not  <  (2,  and  this 
contradicts  the  hypothesis.     Hence  p==  q* 

47.  A  rational  sequence  A^\a^\  cannot  have  two  rational  limits  2,  V. 
For,  since  a^  =  Z,  we  have  by  definition, 

€>0,  Tn^,  |Z  — a,|<€,  n>m;^.  (1 
Also,  since  a»  ==  l\  we  have 

€>0,  Wj,  |r-a^|<€,  n>m,.  (2 
Let  m>  714, 714;  then  from  1),  2)  follows 

€>0,   m,   I?  — a^|<€,   n>m.  (3 

€>0,  w,   |r-aj<€,  n>m.  (4 
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The  inequalities  8),  4),  holding  now  for  the  same  m,  we  can  add 
them,  and  get,  by  88,  8), 

|Z-Z'|<2€.  (5 

But  since  e  is  small  at  pleasure,  so  is  2  e.     The  inequality  5) 
gives,  by  46,  ^^^, 

48.  If  the  rational  sequence  |a^{  has  a  rational  limit  U  there  exisU 
an  index  7n,  mieh  that 

h<a^<c\       n>7n,  (1 

where  h  is  any  rational  number  <  Z,  and  c  any  rational  number  >  L 
For,  since  a,  =  Z, 

e>0,   w,    |Z  — a,|<€.       n>m. 

.'.  Z-€<a.<Z4-6.  (2 

Since  e  is  arbitrarily  small,  we  can  take  it  so  small  that 

Z— €>6,     1-^€<C. 

Then  2)  gives  1). 

49.  Let  the  two  sequences  }a,{,  \b^\  have  the  rational  limits  a,  b 
respectively.     Then 

lim (a^ 4- 6^)  =s a  +  J ;    lim (a^  —  b^^a  —  b. 
For,|(a  +  J)~(a.-h60l  =  l(«-«.)  +  (*-6«)| 

<l«-«J  +  l*-M  (1 

by  87,  8). 

Since  a.  =  a,  we  have 

€>0,  m\  |a-a,|<£/2.       n>m\  (2 

Since  J,  =  6,  we  have 

e>0,   m",   |6-JJ<€/2.       n>m''.  (8 

By  choosing  m  so  large  that  m  >  m\  m",  we  can  suppose  2),  8) 
hold  for  the  same  m.* 

•When  a>6,  a>c,  a>d..- 

we  shall  often  set  more  shortly  a  >  6>  c,  d  ••• 

Similarly  a:^0»  6:^0,  e^^O- 

may  be  written  more  shortly  a,  6,  e,  •••  ^  0 
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Then  1)  becomes,  using  2),  3), 

|(a  +  J)-(a.  +  6.)|<|  +  |  =  e.       n>m. 

This  states  that 

lim  (a,  +  J»)  =  ^  +  *• 

Similarly,  we  prove  the  other  half  of  our  theorem. 

50.  Jf  the  two  BequenceB  {a.|,  \b^\  have  the  rational  limitB  a,  b 
respectively^  then 

lim  aj)^  =  al,  (1 

For, 

rf,  =  aJ  -  a  A  =  «(*  -  K)  +  *«(«  -  «»)• 

.-.  |rf.l<l«l|J-JJ  +  |Jn||a-a.K  (2 

by  87,  8),  5). 

Since  h^  =  4,  we  have,  by  48, 

\K\<B.  n>m\ 

Also,  by  42,  8, 

Since  a^  =  a,  we  have,  by  42,  8, 

l«-«t.|<2^-         n>m''\ 

Evidently  by  taking  m  large  enough,  we  can  use  the  same  m  in 
these  three  inequalities. 
Then  they  give  in  2) 

which  proves  1). 

51.  Let  the  two  sequences  {a.|,  ]bj^  have  the  rational  limits  a,  b, 
respectively.     Let  b  and  b^4^Q. 

Then 
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For, 

•     b     \  bb,  M. 

^a(b,-b)     a- a. 

Since  &  ¥=  0,  |&|  >  0.     Let  ^  be  a  rational  number,  such  that 

0<B<\b\. 

Then,  by  48,  there  exists  an  w,  such  that 

\b^\>B.         n>m.  (8 

Also,  by  42,  3, 

€>0,  m,  |6-J,|<^.         n>m.  (4 

€>0,  m,  |a  — a^|<  — -         n>m.  (5 

By  taking  m  large  enough,  we  can  use  the  same  m  in  these 
inequalities.     Putting  3)  in  2),  we  get 

which  proves  1). 


CHAPTER  II 

IRRATIONAL  NUMBERS 

Insufficiency  of  R 

52.  Although  the  system  of  rational  numbers  R  is  dense,  and 
so  apparently  complete^  it  is  easy  to  show  that  it  is  quite  insufficient 
for  the  needs  of  even  elementary  mathematics^ 

Consider,  for  example,  the  length  h  of  the  diagonal  of  a  unit 
square.     This  length  is  defined  by  the  equation 

82^2.  (1 

We  can  show  there  is  no  number  in  R  which  satisfies  1).  For, 
suppose 

where  a,  h  are  two  positive  integers,  which  we  can  take  without 
loss  of  generality,  relatively  prime. 
Then  1)  gives 

Let  p  be  any  prime  factor  of  h.  It  is  then  a  divisor  of  o^,  and 
so  of  a.  Thus  a  and  h  are  both  divisible  by  p.  They  are  thus 
not  relatively  prime,  unless  /?  =  1.  

Thus  i  =  1 ;  and  S  i^  an  integer.  But  obvioudy  there  is  no 
integer  whose  square  is  2. 

53.  1.  A  similar  reasoning  shows  that 

does  not  lie  in  J2,  unless  a  is  the  nth  power  of  a  rational  number. 

81 
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The  numbers 

e  a  2.71828--,    ir  »  3.14159- 

can  be  shown  to  be  irrational ;  the  numbers 

logx,    ^,    sin  re,    tan« 

are  in  general  not  rational. 

2.  Liet  us  show  that  .     ,      . 

Z  =  log  5, 

the  base  being  10,  does  not  lie  in  R. 
If  I  were  rational,  we  should  have 

where  a,  h  are  integers. 
Then  a 

10*  =  5.     .-.  10*  =  6*.  (1 

Obviously  I  cannot  be  negative ;  we  can  thus  suppose  a,  6  >  0. 

Now  any  integral  positive  power  of  10  is  an  integer  ending  in 
0  ;  while  any  integral  positive  power  of  6  ends  in  6. 

Thus  1)  requires  that  a  number  ending  in  0  should  equal  a 
number  ending  in  5,  which  is  absurd.     Hence  I  is  not  rational. 

Cantor's  Theory 

54.  1.  The  preceding  remarks  show  clearly  the  necessity  of 
forming  a  more  comprehensive  system  of  numbers  than  R.  How 
this  may  be  done  in  various  ways  has  been  shown  by  Weierstrass, 
Cantor,  Dedekind,  Hilbert,  and  others. 

We  adduce  now  certain  considerations  which  lead  up  to  Cantor's 
theory. 

We  have  seen  no  rational  number  exists  which  satisfies  the 
equation  ^^^  ^^ 

It  is,  however,  possible  to  determine  an  infinite  sequence  of 

rational  numbers  . 

<^v  ^  ^v*  "*  v^ 

such  that  „        ,     rt 
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The  method  we  now  give  for  finding  such  a  sequence  A  has  no 
practical  value ;  it  has,  however,  theoretical  importance. 
For  tfj,  we  take  the  greatest  integer,  such  that 

In  the  present  case,  a^  =  1. 
From  the  numbers 

«i  +  lV'  «i  +  A'  -  «i  +  A»  (2 

we  take  for  a,  the  number  whose  square  is  <  2,  while  the  next 
number  of  2)  gives  a  square  >  2. 
Suppose  ^ 

Then  ^^ 

From  the  numbers 

12  9 

we  take  for  a^  the  number  whose  square  is  <  2,  while  the  next 
number  of  3)  gives  a  square  >  2. 
Suppose 


Then 


a«>  ^  a«  +  —-2-. 
«*8        *      1 02 


«s'<2<(«,  +  j^J- 


We  may  proceed  in  this  way  without  end,  and  get  thus  an 
infinite  sequence  of  rational  numbers. 


»a. 

«,=«i  +  S; 

a.  =  a.  +  -^  =  a.  +  ^  +  -?^  ; 

«4-«.  +  ^-«i  +  S  +  ^  +  55' 

«-  =  ''-  +  lV-'  =  ''>'^S  +  ^+- 

•                       • 
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By  actual  calculation  we  find  the  numbers 

«r       a^,       ag,       a^, 
are  respectively 

1,      1.4,       1.41,      1.414,      1.4142,       - 

2.   We  show  now  that 

lima^«=:2. 
For,  from 

we  have 

0<2-«,«<(a.  +  ^,J-a.«. 

••.|2-a.'l<iol:i+iol^- 

Obviously  now,  for  each  rational  e  >  0,  we  can  find  an  tto,  such 

that 

3  1 

10«-*     lO*^"'-^^       ' 
Then 

|2-a,2|<€.         n>m. 
Hence 

lima,*  =2. 

55.    1.  The  method  given  in  54  for  forming  the  sequence  a^, 
a^  ag,  •••  admits  a  simple  graphical  interpretation. 


.0,-1.41 


?«    ifeL 


We  first  divide  the  indefinite  right  line  L  into  unit  segments ; 
a^  is  end  point  of  one  of  these  segments.     In  the  present  case 

We  next  divide  the  segment  1,  2  into  10  equal  parts ;  a,  is  the 
end  point  of  one  of  these  segments.     In  the  present  case  a^  =  1.4. 

We  next  divide  the  segment  1.4,  1.5  into  10  equal  parts ;  a,  is 
the  end  point  of  one  of  these  segments.  In  this  way,  we  continue 
subdividing  each  successive  little  interval  or  segment  into  10 
smaller  parts,  without  end. 
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We  observe  that  each  little  segment  is  contained  in  the  im- 
mediately preceding  one,  and  therefore  in  all  preceding  ones. 
Also,  that  the  lengths  of  these  segments  form  a  sequence 

1    1    1-    -L 

'10'    10«'    108' 
whose  limit  is  zero. 

56.  1.  The  method  of  54  may  be  used  to  find  an  infinite  sequence 

of  rational  numbers 

^v     ^T     ^8»     ••' 

which  more  and  more  nearly  satisfy  the  equation 

10*  =5, 
which  defines  log  5. 

We  find : 

a^  =  0,     Oj  =  .6,     ag  =  .69,     a^  =  .698,     .- 

2.  The  same  method  may  evidently  be  applied  to  any  problem 
which  defines  an  irrational  number.  In  each  case  it  leads  to  a 
sequence  of  rational  numbers 

«ii     «a'     ^8'     •••  -^ 

such  that 

1^.  Each  number  a^  satisfies  more  nearly  than  the  preceding 
ones  the  conditions  of  the  problem. 

2^.  For  each  positive  rational  €,  arbitrarily  small,  there  exists 
an  index  m^  such  that 

I«»-«k|<Ci 

for  every  n,  v>m. 

57.  Regular  Sequences.  1.  It  is  this  second  property  of  the 
sequences  A^  that  Cantor  seizes  on  to  construct  the  elements  of 
his  number  system.     We  lay  down  now  the  following  definitions. 

Any  infinite  sequence  of  rational  numbers 


which  hs'"  property  2®  in  56  is  called  regular. 

As  in  42,  2,  we  shall  indicate  this  property  by  the  abbreviated 

notation:  a  i  i  >^  i-i 

€>0,    m,     |a,~aj<€,     n,v>m.  (1 
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2.  Every  regular  sequence  defines  a  number^  which  we  represent 
by  the  symbol 

a=s(^a^,   a^   a,,    •••). 

The  totality  of  such  numbers  forms  a  number  system^  called  the 
syitem  of  real  numberi. 

We  shall  denote  it  by  9t,  which  may  be  read  German  R. 

For  the  convenience  of  the  reader,  we  shall  denote  in  this  chap- 
ter the  new  numbers,  Le.  the  numbers  in  9t,  by  the  Greek  letters 
^  iS)  7i  "*;  while  the  Latin  letters  a,  (,  c,  •••  denote  numbers 
in  the  old  system  B. 

To  see  if  a  given  sequence  is  regular^  we  must  see  if  the  in- 
equalities 1)  are  satisfied.  For  this  reason  we  shall  speak  of  these 
inequalities  as  the  e^m  test. 

3.  The  €,m  test  is  equivalent  to  the  following : 

€>0,     w,     |a.-a^|<€,     n>»i.  (2 

The  difference  between  1),  2)  being  that  in  |a^— a^|,  only  one 
index,  n,  varies. 

For^  when  1)  holds^  2)  is  satisfied.  For  we  pass  from  1)  to  2) 
by  setting  v  =  min  1). 

Conversely^  if  2)  holds^  1)  is  satisfied. 

For,  since  6  in  2)  is  small  at  pleasure, 
let  us  take 


-1 

Then  2)  gives 

A  1^^ 

i«.-«.i<| 

Also 

K-«J<| 

n>m. 

v>m. 

Adding  the  inequalities,  we  get,  by  38,  3), 

\a^  —  a^\  <  <r,     n,  y  >  wi, 
which  is  1). 


Is 
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4.  We  observe  finally  that  we  may  replace  n^v>m  in  1)  by 

For,  if  11^  i-Q 

for  every  n,  y  ^  tn,  it  is  true  for  every  n,  v>m.  Conversely,  if  3) 
is  true  for  every  n,  y  >  m,  it  is  true  for  every  n,  i'  5  wi  H-  1.  We 
would  therefore  in  1)  replace  wi  by  wi  +  1. 

58.  EXAHPLES 

1.  That  the  aequeuces  Ay  defined  in  64,  are  regular^  ia  readily  shown.    We  have 

^     ^  ^  10  ^      ^  10-1 

"     ^  ^  10  ^      ^  10»'-i 
For  Bimplicity,  suppose  r  >  n ; 

then  «  -a.  =  ^  + ^^=±^  +  ...  +  -5^<— 5-,  O 

"*"  ""     ""     10- ^10-+!^      ^lOi'-i^lO--!'  ^ 

SB  the  conaiderationa  of  56  show. 
If  we  choose  m  so  large  that 

1     ^ 

ioi^»<'' 

then,  by  1), 

a„  — a«<f.        n,  9>m, 

The  e,m  test  is  therefore  satisfied. 

8.  Consider  the  sequence 

1111 

r       2'  3'    "V   '" 
Here 

|a,-aj  =  |-  ±-|p-  +-.  (2 

If  we  take  now 

m>  -» 

then 

-  +  -<—  +  —        n,  i'>m. 
n      9     m     m 

Hence  2)  gives 

5.  Consider  the  sequence 

1,  1,  1,  1,  1,  ••• 

^"*  a,-a,,  =  l-l=0, 

and  this  sequence  evidently  satisfies  the  e,m  test,  and  is  therefore  regular. 
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4.   Cousider  i    __i    i    _i    ,.. 

1,  —1,  If  —1,  ••• 

Here  |a«-aj  =  0or2. 

Evidently  no  m  exists,  such  that 

The  sequence  is  thus  not  regular. 

6.   Consider  j^  2,  3,  4,  ... 

and  the  e,m  test  is  obviously  not  satisfied.    The  sequence  is  therefore  not  regular. 

59.  For  any  regular  sequrence  of  rational  numbers  a^,  a^,  •••  there 
exists  a  positive  number  M,  such  that 

\a^\<M.        n=l,  2,  3,  ...  (1 

For,  the  sequence  being  regular, 

e>0,  m,  |a„-a^|<€.         n>m. 

Hence  a^-€<a,<a^-^e.  (2 

Let  M  be  taken  greater  than  any  of  the  rn  -f  2  numbers. 

Then  2)  proves  1). 

60.  The  elements  of  9t  have  as  yet  no  arithmetic  properties; 
these  we  proceed  now  to  assign,  employing  the  method  already 
used  in  the  systems  ^  and  R. 

Our  first  step  is  to  place  9t  in  relation  to  R. 

Let  a  =  (ai,  a^,  ••.) 

be  an  element  of  9t*     If  there  exists  a  rational  number  a,  such  that 

lim  a.  s  a, 
we  say  a^a. 

61.  1.  Every  number  a  of  R  lies  in  9?. 
For,  consider  the  sequence, 

a  + 1,  a  H-  J,  a  +  J,  ••• 
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This  sequence  is  regular,  since 

1     1 
"  n     V 

The  number        a  =  (a  -f  1,  a  -f  J,  <»  +  Ji  •••) 

therefore  lies  in  9t. 

On  the  other  hand,  a.  =  a. 
Hence  a=s  a. 

2.   Let  a^  Oj,  •••  be  any  sequence  of  rational  numbers,  having  0 
as  limit ;  then 

In  particular,  0  =  (1,  ^,  ^,  ...) 

=  (-1,  -i,  -i,-) 

=  (0,0,  0,  ...). 

62.   1.  We  define  now  the  terms  equals  greater  than^  le8$  than. 
The  object  of  this  is  simply  to  arrange  or  order  the  elements  of  9t- 
Let 

a  =  Cai,  a^  .-.)i  )8  =  (ip  6y  •••)• 
We  say 

a  =  15^  when  lim  (a„  —  6^)  =  0 ;  (1 

or,  what  is  the  same  thing,  when 

€>0,  w,    |a, --6^|<€.        n>m.  (2 

2.  We  say  a^/S  when  there  exists  a  positive  rational  number 
r  and  an  index  m,  such  that 

af^'-b^>r.  n>m.                          (3 

We  say  similarly,  a</8,  if 

K-a^>r,  n>m.                          (4 

or                                        a^_J^<-r.  (5 

3.  Numbers  of  9?  which  are  >  0  are  called  positive ;  those  <  0 
are  negative. 
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63.  It  can  be  shown  that  from  this  definition  of  equality  and 
inequality  the  usual  properties  of  these  terms  can  be  deduced. 

For  example, 

If  a=^  /3j  )8  =  7,  then  a  =  7. 
For,  setting 

TV  A  nn  ve 

since 

by  hypothesis. 

64.  If  a  =  (ai,  a,,  .-.)  =  (aj',  a^\  ...),  we  say  (aj,  a,,  •••)  and 
(a^'i  O]',  •••)  are  different  representations  of  the  same  number  a. 

Every  number  a  in  St  admits  an  infinity  of  representations. 

In  fact,  there  are  obviously  an  infinity  of  rational  sequences 

^V  ^T  ^8'  *** 

having  zero  as  limit. 

represent  an  infinity  of  representations  of  a. 

65.  1.    We  wish  to  appl}^  the  definition  of  62  to  the  case  that 
one  of  the  members,  say  /8,  is  a  rational  number  b. 

Let  a=zb. 

For  /8  =  ft,  we  can  take  the  representation 

^=6  =  (J,6,...).  (1 

Then  62,  1)  requires  that 

Um(a,-6)  =  0; 

whence  lim  a„  =  6. 

Thus  the  definitions  of  60  and  62  are  in  accord  for  this  case. 
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2.  Leta>b. 

Since  („  =  6  by  1),  the  relation  62,  8)  becomes  here 

a^  —  b>r,        n>fn.  (2 

Let  a<b. 

Then 

6  — a»>r,        w>m,  (8 

or 

«.-*<-»-.  (4 

3.  If  a=:  (aj,  Oq,  •••)>  0,  there  eaists  an  index  wi,  and  two  positive 
rational  numbers  A^  B^  such  that 

A<a^<B;        n>m.  (6 

and  conversely. 

For,  set  6  =  0,  then  2)  gives,  replacing  r  by  A^ 

a^>A>0.        n>m.  (6 

On  the  other  hand,  59  gives 

\a^\=a,<B.        n>m.  (7 

From  6)  and  7),  we  have  5).     The  second  half  of  the  theorem 
is  obvious,  by  2. 

4.  Similarly,  we  have 

If  a  =  (ai,  flj,  •••)<0,  there  exists  an  index  »i,  and  two  negative 
rational  numbers  — -A,  — -B,  such  that 

— -A<a,<---B;        n>ni. 
and  conversely. 

5.  From  3  and  4  we  have 

If  a  =(ai,  a  J,  •••)5^0,  there  exists  an  index  tn,  and  two  positive 
numbers  A^  B^  such  that 

A<\a^\<B\        n>m. 

6.  In  any  number  a=s(a^^  a,,  •••)^0,  the  constituents  a^  finally 
have  one  sign. 

This  follows  at  once  from  8  and  4. 
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66.  1.    Let  «  =  («!,  aj,  — ). 

//  '       a^^a,        n>m.  (1 

Then  a^a.  (2 

For,  suppose  a<a.     Then,  by  65,  2,  there  exists  an  r>0,  and 

an  m^  such  that 

a  —  a^>r.         n>m. 

Hence 

a>a^  +  r>a^; 

and  therefore 

which  contradicts  1).     Hence  2)  holds. 

2.    Similarly,  we  show : 

Let  a=s(a2,  a^^  •••)• 

^  a^^a,        n>m, 

then  a<a. 

67.  1.    If  from  the  sequence 

«ii   «2'   «8'    ••'  O 

crAtcA  defines  the  number  a,  u;^  j9t<?A;  ou^  a  sequence 

«c,.   «v   «»•'    •"  (2 

where  *i  <  tj <  is •**  ?  ^*^^  ^'^^^ 

2%«  A^ju^nctf  2)  is  regular.     For,  since  1)  is  regular, 

€>0,   wi,   |a^  — a^|<€,   n,  y>w». 
But  then 

|a,^-a,J<€,   r,s<K,   u>m. 

Hence  2)  is  regular,  and  defines  a  number  /3. 

We  show  now  a=z  fi.     Since  2)  contains  only  a  part  of  1), 

in^n,  w=l,  2,  3,  — 
Since  1)  is  regular, 

|a^— a^|<€.        n>m. 

Hence,  by  62,  1,  «  =  /S. 


►^ 
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2.  As  corollary  we  have  : 

The  number  a=  (aj,  a^^  •••)  is  not  altered^  if  we  remove  from  or 
add  to  the  numbers  in  the  parenthesis^  a  finite  number  of  rational 
numbers. 

3.  We  have  also  : 

ffin  a=  (aj,  a^  —),   /8=  (^i,  b^  — ) 

««  =  *«i     n  >  m ; 
then  a  =  /3, 

68.  1.  If  azs  (tfp  Oj,  •••)  ^  0,  there  cannot  be  an  infinite  number 
of  constituents  a^  =  0. 

For,  say 

a^  =  a^  =  a^^  =  •••  =  0. 
Then,  by  67, 1, 

But 

Hence  a  =  0,  which  is  a  contradiction. 

2.  If  a^O^  we  can  choose  a  representation  (oj,  a^  •••),  in  tt^AicA 
aUthe  a^^O. 

For,  let  ^     /^  /     >.  f        \  ri 

be  any  representation  of  a.  By  1,  it  contains  but  a  finite  number 
of  zero.  If  we  leave  these  zeros  out  of  1),  we  do  not  change  the 
value  of  a,  by  67,  2 ;  and  get  thereby  a  representation  of  a,  none 
of  whose  constituents  are  zero. 

69.  1.  Having  ordered  the  elements  of  91,  we  proceed  to  define 
the  rational  operations  upon  them. 

Addition. 

a  =  (aj,  Oy  •••)»   ^=  (^r  1>t  "0 
be  two  elements  of  9^9  different  or  not ;  then 

a  +  /3  =  (aj  +  by  a^  +  b^  •••).  (1 
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To  justify  this  defiDition  of  addition,  we  show  first  that 

«i  +  *r    ^a  +  *y    "•  (2 

is  a  regular  sequence. 

Since  aj,  a,,  •••  is  a  regular  sequence,  we  have 

€>0,   m,   |a»  — a^|<€/2,   n^v>fn.  (3 

Since  Jj,  b^  •••  is  regular,  we  have 

€<0,   m,   |6^-6^|<€/2,   n,v>m.  (4 

Evidently  we  can  take  m  so  large  that  3),  4)  hold  for  the 
same  m. 
Now 

I  (a»  +  J.)  -  («.  +  6.)  I  =  I  («•  -  «.)  +  (6»  -  6.)  I 

<|a^-a,|  +  |6»-6,|,  by87,  8); 

Thus  2)  is  regular,  and  defines  a  number. 

2.    We  show  next  that,  if  a,  )9  are  rational  numbers,  say  az=a^ 
/3=b;  then  a -f  )8,  as  defined  by  1),  is  a H- 6. 
Since  a  is  a  rational  number  a, 

lim  a„  =  a,  by  60. 
Similarly,  Umb^^b. 

But 


lim  (a„  -f  J»)  =  lim  a„  +  lim  6^  =  a  H-  6,  by  49, 
y60. 
Hence  by  1), 


Thus  by  60,       .         ,  .   ,         .  .   , 


« -f  )8  =  a  +  6. 

70.   1.  If  I3>y,  then  a-f)8>«-f7. 

Let  7  =  (cj,  (?j,  •••).    Since  I3>  7,  there  exists,  by  62, 2,  a  positive 
rational  number  r,  such  that 

6.  >  (?„  +  r.         n  >  m. 
Hence,  adding  a«, 

a„H-J«>a..H-<?»-fr. 

•••  («« +  *«)-(«• +  0>^- 
Hence,  by  62,  2,  .  ^^     . 


N 
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2.  From  1,  we  conclude,  as  in  26,  that 

71.   1.  Subtraction. 

This  is  the  inverse  of  addition ;  we  define  it  as  we  did  in  ^  and 
Ry  viz. :  The  result  of  subtracting  ff  from  a  is  the  number  or  num- 
bers {,  in  9},  which  satisfy 

«=/8  +  f  (1 

There  is  at  most  one  number  {. 

For,  suppose  a  =  fi  +  rf.  (2 

Then  1),  2)  give,  by  63, 

i9  +  f  =  i9  +  i7. 
Hence,  by  70,  2, 17  =  f . 

To  show  that  1}  admits  one  solution,  we  prove  just  as  in  69, 1, 
that  .  . 

is  a  regular  sequence,  and  thus  defines  a  number 

If  we  put  this  value  of  {  in  1),  the  equation  is  satisfied. 
For,  fi  +  i=  (Jj,  fta,  "0  +  («! -  Jp  aa- 63,  ...) 

=  (*i  +  «i  -  *r  62  +  «2  -  *2'  •••)»  by  69,  1) 

2.  Thus  subtraction  is  always  possible  in  91,  and  is  unique. 
The  result  of  subtracting  fi  from  a  we  represent  hy  a  —  fi;  we 
have  then  o     y        i  i       \ 

8.  We  represent  0  —  a  by  —  a. 

Evidently,  .  ^ 

We  observe  that         a  +  (—  a)  =  0 ; 

«+(-/8)  =  a-/9; 
-(««)  =  «. 
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72.  1.    If  a  is  positive^  —  a  is  negative;  and  if  a  is  negative^  —  a 
is  positive. 

For,  if  a=  (aj,  a^,  •••)  >0,  we  have,  by  65,  8, 

a„  >  -4.  >  0.         n>m. 
Now 

—  a=  (—  aj,  -  aj,  •••),  by  71,  8. 

Hence,  by  1), 

—  a»<  — -4.<0.         n>m. 
Hence,  by  65,  4, 

-a<0, 

which  proves  the  first  part  of  the  theorem.     The  second  part  is 
proved  similarly. 

2.   All  the  numbers  of  dt^^O  are  of  the  form  a  or  —a^  where  a  is 
a  positive  number. 

Let  /8  be  a  number  ^  0.     We  need  to  consider  only  the  case 
that  P  is  negative. 

and  by  1),  —  /8  is  positive. 

73.  1.    Multiplication. 

The  product  oi  ahy  fi  we  define  by 

afi=z(a^b^^  a^b^,  •••).  (1 

We  have  to  show  that 

is  a  regular  sequence. 

Let  €  be  a  positive  rational  number,  small  at  pleasure. 
Then,  by  69,  there  exists  a  positive  i!f,  such  that, 

|a,|,    \b„\<M.         n>m.  (8 

Also,  since  the  sequences  {a«|,  {(»|  are  regular,  we  can  suppose 
m  in  3)  is  taken  so  large  that 
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and  2)  is  regular. 

2.   If  a,  )9  are  rational,  say  a=a^  fi^h  we  show  that  afi  as 
defined  in  1)  is  ah. 
For,  since  a  and  )9  are  rational, 

lim  a^  —  a^  lim  6^  =  6,  by  60. 
But  then,  by  50, 

lim  ajk^  =  lim  a^  lim  6»  =  aJ, 

which  states  that  aff  =  ah. 

74.  1.  The  formal  laws  for  addition  and  multiplication  are 
readily  proved.  We  illustrate  this  by  establishing  the  (Msociative 
law  of  multiplication. 

We  wish  to  show  that 

a  .  ^87  =  a/8  •  7.  (1 

We  have,  by  73, 1), 

i97  =  (Vi'  V?'  —)• 
Hence 

a.^7  =  (aj,  aj,  —  )(Vr  Vv  ''O 

=  («i-Vp  «2-V3'  •••)•  (2 

Similarly, 

a^.7  =  (ai6i.(?i,  aj)^'C^,  •••).  (8 

Since  multiplication  is  associative  in  i2,  the  two  numbers  repre- 
sented by  2),  8)  are  identical,  which  proves  1). 

2.  As  a  consequence  of  the  associative  law,  we  have,  m^  n  being 
positive  integers, 

which  expresses  the  addition  theorem  for  integral  positive  escponente. 
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75.    1 .  The  properties  of  products,  relating  to  greater  than^  leu 
than^  are  readily  established  for  numbers  in  SR. 

If  a>ffi  and  7  >0,  then  ay  > 0y. 

For,  since  «>)8,  we  have,  by  62,  2, 

^n  —  ii»  >  ^  >  0-         n  >  m. 

Since  7  >  0,  there  exists  a  positive  rational  number  <?,  by  65,  8, 

such  that 

Cf^>e.         n>m. 

By  taking  m  sufficiently  large,  we  may  take  the  same  m  in  both 
these  inequalities. 
They  give 

^n^n  —  ^ji^ii  >cr>0. 
Then,  by  62,  2, 

07  >  ^7- 
2.   From  1  follows  2 
J(fa>fi>0, 
then  a*>l3^.      n  positive  integer. 


3.    From  2  we  conclude  : 

If  a,)8>0,  and  «*  = 

'/3^yn 

being  a  positive  integer,  then 
a  =  l3. 

4.    IfO<a<l,thena''<a. 

For,  from 

«<1, 

3  have 

cfl<a. 

Also 

cfi<cfl. 

Hence 

cfl<a. 

Hence,  in  general. 

a"  <  a. 

76.  1.  Mule  of  signs:  The  product  of  two  positive  or  two  negative 
numbers  in  {R  is  positive.  The  product  of  a  positive  and  a  negative 
number  is  negative. 
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Leta>0,  I3>0;  then  a/3 >0. 

By  65,  8,  there  exist  two  positive  numbers  A^  J?,  and  an  index 
m,  such  that 

a^>A^        b^>B.        n>m. 
Hence 

aJ>^>AB>0. 
Thus 

a^  =  (ai6i,  a^Jj,  •••)>0,  by  66. 

Leta>0,  I3<0;  thena/3<0. 
For,  by  65,  3,  4, 

Thus,  by  66, 

aj3<0. 

In  a  precisely  similar  manner,  we  can  treat  the  other  cases. 

77.  1.   7^  product  of  any  two  numbers  in  {R  vanishes  when^  and 
only  when^  one  of  the  factors  is  zero. 

In  the  product  a/3y  suppose  a  =  0 ;  then  afi  =  0. 

Then 

a  =  (0,  0,  0,  ...),     i9  =  (6i,  6ai-)- 

.-.  ay9  =  (0  .  ftj,  0  .ftj,  •••)  =  (0,  0,  ...)  =  0. 

Conversely^  if  a;8=  0,  either  a  or  0=0. 
This  is  proved,  as  in  25. 

2.    JTf  a  :^  0,  and  afi  =  07,  ^A^n  )8  =  7. 
Proof  same  as  that  for  26,  8). 

78.  1.  Division. 

The  quotient  oi  ahy  fi  is  the  number  or  numbers  {,  in  9i,  which 
satisfy 

«  =  i8f  (1 

There  are  two  cases,  according  as  )9  =3  0,  or  <^  0. 
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CaBe  I;  ff^O. 

Since  fi  ^O^we  may  suppose,  by  68,  2,  that  in 

all  b^:^0.     To  find  a  solution  of  1),  consider  the  sequence 


(2 


6,'  6, 
/<  M  regular.    For, 

J     _  g»     a^  _  a  A  -  a  A  _  a.(^,  -  K)  -  ^»(«,  -  ««) 
Hence 

,^       .^l^nll^-M  +  lftnll^.-anl  (8 

|ftn||ft.| 

By  69, 

|a„|<i!f.  n>w.  (4 

By  65,  5,  we  have 

^<|6^|<jB.         n>m.  (6 

By  taking  m  sufficiently  large  we  may  suppose  it  to  have  the 
same  value  in  4),  5). 
Then  4),  5)  gives  in  8), 

i<>i<^"-"'-':t»^'''-"'*''-  (6 

Since  the  sequences  {a„i,  \b^\  are  regular,  we  may  now  suppose 
m  taken  so  large  that  also 


Then  6)  gives 


Since  2)  is  regular,  it  defines  a  number 

f =(^-  ^-  ■■•)• 

;,.f.(VV-)(|;.^,-) 

=  («i»«2i  •••)  =  «.  by  73, 1), 
^  satisfies  1). 
That  this  is  the  only  solution  of  1)  follows  as  in  30, 1,  from  77,  2i 
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Ca»e  II;  )9=  0. 

We  can  reason  precisely  as  we  did  in  80,  2.  Hence,  when  the 
divisor  ;8  =  0,  division  is  either  impossible  or  entirely  indetermi- 
nate.    For  this  reason  division  by  0  is  excluded. 

2.  We  have  thus  this  result :  in  the  system  9t,  division  is  always 
possible  and  unique,  except  when  the  divisor  is  0,  when  division  is 
not  permissible. 

3.  The  result  of  dividing  a  by  )8,  we  represent  by  a/fi  and  have 
therefore  ^      .      ^^ 


This  is  called  the  reciprocal  of  0. 


79.  1.  The  system  9t  is  now  completely  defined  ;  its  elements 
have  been  ordered,  and  the  four  rational  operations  upon  them 
have  been  defined.  As  a  perfect  analogy  exists  between  the  sys- 
tems B  and  {R,  we  are  justified  in  calling  the  elements  of  {R  num- 
bers. In  the  future,  when  speaking  of  numbers,  without  further 
predicate,  we  shall  mean  the  numbers  in  {R.  As  already  stated, 
they  are  called  real  numbers. 

2.  In  the  €,m  test,  given  in  57,  we  were  obliged  at  that  stage 
to  take  €  rational.  This  is  now  quite  unnecessary,  and  we  shall 
therefore,  in  the  future,  suppose  €  is  any  positive  number  in  9t, 
small  at  pleasure. 

80.  1.  We  have  shown  in  61  that  9t  contains  all  the  numbers 
of  R ;  but  we  have  not  shown  that  it  contains  other  numbers. 

To  this  end,  we  show  that  there  is  a  number  a  which  satisfies 

a^^2.  (1 

This  is  easily  done.     For  in  54  we  determined  a  rational 

sequence                a,  =  l,  a,=  1.4,  «,  =  1.41,  ...  ^2 

such  that                              Um«.«-2.  (8 
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The  Mequence  2)  is  regular  by  58,  1. 

lltUCAi  .  . 

«  =  («!,    flj,    •••) 

in  a  numljer  in  9t. 

But,  by  73,  1),  ^     ^    a      2       N 

Hence  8)  shows,  by  60,  that 

a«  =  2. 
Hence  a  is  a  solution  of  1). 

2.  As  we  saw  in  52  that  a  is  not  rational,  we  have  shown  there 
is  at  least  one  number  in  9i  not  in  R. 

But  the  reasoning  we  have  just  applied  to  V2  applies  equally 
to  Vo,  when  this  latter  is  not  rational.  There  are  thus  an  infinity 
of  numbers  in  9t  not  in  R. 

Some  Properties  of  SR 

81.  If  a>  0,  there  are  an  infinity  of  positive  rational  nurnherM 
<  a,  and  also  an  infinity  of  rational  numbers  >  a. 

If  a  is  rational,  the  theorem  is  obviously  true  by  88. 
Let  ,  . 

Then,  by  65,  8, 

0<A<a„<B.         n>m.  (1 

But  from  . 

a^>A, 

we  have,  by  66, 1,  —  ^ 

a^A. 

Since  there  are  an  infinity  of  rational  numbers  between  0  and 
the  positive  rational  number  A^  the  first  half  of  the  theorem  is 
established. 

Using  the  other  part  of  the  inequality  1),  we  prove  similarly 
the  rest  of  the  theorem. 

82.  Between  a,  /8,  lie  an  infinity  of  rational  numbers. 

For,  let  a<fi;  then,  by  81,  there  exist  positive  rational  num- 
bers Ay  j8,  (2,  such  that 

A<ay  jB>/9,  dK/S  —  a. 


S 
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we  can,  by  84,  2,  determine  the  positive  integer  n  so  great  that 

n 
Then,  at  least  one  of  the  numbers 

n  n  ^  ^  n 

falls  between  a  and  fi. 

83.  1.   2%e  $y%tem  9}  it  Archimedian;  i.e.  /or  eacA  jpatV  q/^  je70»- 
tive  numbers  a<fi  there  exists  a  positive  integer  n,  such  that  na >  fi. 

For,  by  81,  there  exist  positive  rational  numbers 

Since  the  system  R  is  Archimedian  [34,  1],  there  exists  an 

inteeer  n,  such  that  ^       . 

®       ^  na>b. 

But  J    1      ia 

na>naj   and   6>p. 

Hence  ^  ^ 

2.    Jfer  any  pair  of  positive  numbers  a<ff  there  exists  a  positive 
n  such  that  ^ 

n 
Proof,  as  in  84,  2. 

84.  Between  a  and  )9,  a  <  i9,  lie  an  infinity  of  irrational  numbers. 
That  irrational  numbers  exist,  we  have  shown  in  80. 

Let  i  be  an  irrational  number,  r  a  rational  number,  and  n  a  posi- 
tive integer. 

Then  y  =  -,  i  =  t  +  r 

n 
are  irrational. 

For,  if  y  were  rational,  i=nj  is  rational.    This  is  a  contradiction. 

Similarly,  if  h  were  rational,  i^h  —  r  is  rational,  which  is  a 

contradiction. 
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This  established,  suppose  first  that  a  is  rational  and  positiye. 
Let  t  be  any  positive  irrational  number. 
Then,  by  83,  2,  we  can  take  n  so  large  that 

n 
But  then 

n 

and  a  4- 1 

n 
is  irrational. 

Suppose  now  that  a  is  irrational  and  positive. 

By  81,  there  exists  a  positive  rational  number  r,  such  that 

O<r<0-a. 
Then 

a<a  +  r</8; 

and  a  4-  r 

is  irrational. 

The  cases  when  a,  fi  are  one  or  both  negative  are  now  easily 
treated. 

85.  The  system  dt  is  dense^  i.e.  between  any  two  numbers  of  9t 
lie  an  infinity  of  numbers. 

This  follows  at  once  from  82  or  84. 

Numerical  Values  and  Inequalities 

86.  We  have  seen,  72,  2,  that  any  number  a:^0  can  be  written 

«  =  ±  «o» 


where  a^  is  a  positive  number.  ^^^ 

We  define  now,  as  in  36,  the  numerical  or  absolute  f?alu$  of  aii_ 
+  a^j,  and  denote  it  by 

Then  by  definition 

We  set  also 
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We  have  now  the  following  fundamental  relations  : 

|«i  =  l-«|;  (1 

|«-/3|  =  |/3-«|;  (2 

|«±/8|^|«H-|/8|;  (8 

I«±/8|5||«|-|/3||5  (4 

|«/9|  =  |«|'|/8|;  (5 

/S^-O.  (6 


rtely. 
n 


|«,  ±  «a  —  ±  «„|  <  |«il  +  •"  +  Kl; 

-A<a<A', 

\a-fi\<A,   \fi-y\<B, 
\a-y\<A  +  B; 
|«-7|<2^. 


(7 
C8 


:he  demonstration  of  these  relations  is  exactly  the  same 
J8,  we  do  not  need  to  repeat  it. 

^e  know  of  two  numbers  a,  j3^  that  \a—  /3\<€  however  9maU 
ken;  then  ^ 

monstration  is  the  same  as  in  46. 

a==(«i5  fly  •••)»  ^^^ 

|«l=(l«iM«al*-)- 
be  sequence  o^,  o^  ••• 

number,  it  is  regular, 

f>0,  rii,     |a,-a^j<e.        ii|y>fii. 


-1 
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From  this  we  conclude  that  the  sequence 

is  regular. 

For,  by  87,  4),         •  •     i     i    n  ^  i  i 

Hence  1)  defines  a  number. 

To%how  that  fi  =  \a\. 
First  suppose  a  »  0. 

Then  ,.  ^ 

lim  a«  Bs  0. 

Hence  Um|aj=0. 

Therefore  )9=  0,  and  i8  =  |a|. 

Suppose  a  :^  0.     Then,  by  65,  6,  the  constituents  o^  of  a  are  of 
one  sign,  for  n>m. 

Ifa>0,  «n  =  |^ii|«         n>m. 

Hence  ^  =  (|ai|,  \a^V  -,  \aj[,  a^i,  a^+j,  — ) 

=a  =  l«|,  by  67,  8. 
Ifa<0,  a^=— |a„|.         n>m. 

Hence  ^  =  (|ai|, ...,  |a^|,  -  a^+i,  -  a^+j.  •••) 

=  — (  — laj, ..-,  —  la^l*  «m+ii  «m+2»  •••) 

=  -«,  by  67,  8 

89.  In  the  following  articles  we  give  certain  equalities  and 
inequalities  which  are  often  useful. 

Let  0<a<l;  then  --l~>l-a,  (1 

1  +  a 

:J->l+a.  C2 

1  — a 
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To  prove  1),  let  us  suppose  the  contrary,  viz. : 


l  +  « 
Clearing  of  fractions, 

which  is  a  contradiction. 
Similarly,  we  may  prove  2). 

90.  1.  Xe««i,aj|,-..,a«.>OanrfP^  =  (l  +  ai)(l  +  <s)— (l  +  O- 
^'^  Pm>l+(«i+-+««).         m>l. 

Pfn  >  1  +(«l  +  — +  «m)  +  («l«a  +  «1«8  +  — +  «m-l«m)-       »»  >  2. 

In  fact, 

A  =  (l  +  «i)(l  +  «2)  =  l  +  («i  +  «a)+«i«2>l +(«!  +  «,); 

>  1  -f  («!  +  Oj  +  ttg)  4-  aiOj  +  OiOj  +  ojctj 

>  1  +  («!  4- Oj  +  oa)* 
In  this  way  we  can  continue. 

2.  Similarly,  we  can  proy^ : 
Let  0  <  ttj,  Oj,  •••  a^  <  1,  and 

<l-(«h  +  -  +  ««.)  +  («i«»+«i«8+-+«».-i«»)-  »»>2. 

91.  The  demonstration  of  the  following  identities  is  obvious : 
^    .  =  l  +  «  +  ««  +  ...  +  «-->  +  -iC_.  (1 


l-« 1- 

/8  +  S     /8^/8(/8  +  S)  ^ 
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92.   Let  \8i\,\8f\<B,&nd  13=^0;  let 


Let  e>0  be  $mall  at  pleaeure;  we  can  take  S>0  bo  9maU  that 
For,  by  91,  2, 


p^l  +  a.         \a\<€.  (1 

P 


Hence 


taking  S  so  small  that 
Let 

Then  2)  gives 

Hence,  if  we  take 
we  have  1). 


|/3|-8>0. 
|/3|,  |/91-S>A.        A>0. 

25^ 


93.    Let  ttj,  «,,  .••  a^be  n  arbitrary  nurtibert. 
Let  fii"-fi,;  7i-7.>0- 


For,  from 


we  have 
Adding, 


-7i/9i+-+7^»~ 

Pi  Pn 


7i«i  +  -  +  7n««  >  -i'CiSiTi  +  —  +  y9„7n)» 
which  gives  the  first  half  of  1).     The  rest  of  1)  follows  similarly. 
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94.  1 .  Let  a  >  iS  5  0 ;  and  w  >  1,  a  positive  integer. 

^^^  n(jjL  -  ^)^i  <  ««  -  ^«  <  n<^a  -  ff)a^K  (1 

For,  by  direct  multiplication,  we  verify 

a*-^^^(^a-  ^)(a«-i  +  ^"^ff  +  «"-»^  +  -  +  /8^^).        (2 

In  the  second  parenthesis,  replace  a  by  /S.     Then,  since  a  >  /S, 

«**  ''/3^>(cL  -  y9)(^-'  4-  /8"-'  +  -n  terms), 

or  a»-)9~>n(a-^)^-\ 

which  is  a  part  of  1). 

If  in  2)  we  replace  /S  by  a,  we  get  the  other  half  of  1). 

2.  In  1),  set  a  =  1  +  8,  8  >  0,  ;8  =  1,  we  get 

(l4-S)'*>l+nS. 

If  we  set  a  =  1,  /8  =  1  —  S,  1)  gives 

(l-S)»>l-nS. 
We  have  thus 

(1  +  ay  >  1  -f  no,  a  ^  0  and  >  —  1,  n  positive  integer.       (3 

8.  We  observe  that  1)  can  be  written 

rf»>^->[;8  +  n(a-/9)],  (4 

/3»  >«»-»[« -n(a-)9)].  (5 

95.  Let  «!  •••  Oj,  be  any  n  numbers. 

.^tti +  "■  +  «, 

is  called  their  arithmetic  mean. 

Let  «!  •••  «„  6«  positive^  and  -Pn  =  "i  '  ^  •"  ^• 

Z%en  P^ <  A^^  unless  the  as  are  all  equals  when  P^  =s  A^. 

If  0^  =  Ojs  •••  =  a^,  -4^  =  aj  and  P^^a^. 

Hence  P„  =  -4,.*. 

Suppose  now  the  a's  are  not  all  equal. 


60  IRRATIONAL  NUMBERS 


Let  na2. 
We  have 


•■•.-(H^/-(=^)'<(H^)'- 


Hence  P^<A^. 

Letn^Tr. 

Since  the  a's  are  not  all  equal,  at  least  two  of  them,  say  a^^  a^ 
are  unequal. 

^'        -.«.<(=^)' 

and  .  ., 

Hence  ,  .,,     ,     ^« 

^w.<(=^)'(H^)'-  O 

On  the  other  hand,  applying  our  theorem  to 

2     '        2     ' 
we  have  •     .       .       .     \« 

Hence  1)  and  2)  give         j>  ^  a  a 

In  the  same  way,  we  may  continue  for  any  power  of  2. 
Let  2'^'Wn<2r.     Set  /i=2-,  2--n=:v. 
We  have,  by  the  preceding  case, 

«iS  -  ^  <  ^^"*"'^'  +  ^My.  (8 

Set  here  - 

«ii+i  =  «»i+2  =  —  ^%  —  -All- 
Then  8)  gives 

P. 

since 


.^<(!^dL:i±^ij:fi=)''=^s.  (4 


tt^  + ...  +  0,  +  vA^^nA^  +  vA, _nA, ^  ,. 
Dividing  in  4)  by  Aj„  we  get 
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96.   From  algebra  we  have  the  Binomial  Hieorem^ 
(«  +  ^/  =  «-  +  na-i/8  +  ?Ll!L^«*-ay3a  +  !L^^ 

+  "*+^^T^"^^"'  +  ^^''  +  ^'    (1 
where  n  is  a  positive  integer. 
The  binomicU  coefficients 

n*n  —  l»n  — 2.»»n  — w  +  1 
1*2  — w  • 

we  denote  by 

(:> 

We  have  obviously, 


(:)H„^)-("i'> 

If  we  set  a  =  i8  =  1  in  1),  we  get 

2-=i+(i)+(s)+-+(.:,)+(:> 

If  we  set  a  =5 1,  ^8  =  —  1  in  1),  we  get 
It  is  often  convenient  to  set 


"^=1. 


and 

m>n. 


Limits 

97.  We  extend  now  the  terms  seqiience^  regular  sequence^  limits 
etc.,  to  numbers  in  91.  This  is  done  at  once  ;  for  the  definitions 
given  in  40,  42,  and  57  may  be  extended  to  91,  by  simply  replacing 
the  term  rational  number  by  number  in  91. 
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For  example,  the  sequence  of  numbers  in  9t 

«i>  «»  «»   •••  (1 

is  regular  when,  for  each  positive  6  (not  necessarily  a  rational 
number  now)  there  exists  an  index  m,  such  that 

|a^-a^|<€, 

for  every  pair  of  indices  n^v>m. 
Or  in  abbreviated  form^  when 

€>0,   w,    |«„  — a^|<€.     n^v>m.  (2 

This  definition,  we  see,  is  perfectly  analogous  to  that  given  in 
57,  1  for  regular  rational  sequences.  Evidently  the  reasoning  of 
57,  3,  4,  can  be  applied  to  the  sequence  1).  Thus  the  €^m  teit 
given  in  2  may  also  be  stated  in  the  form : 

€>0,   m,    lon— a«|<€,   n>w.  (8 

Similarly,  X  is  the  limit  of  the  sequence 

«i>  «2>   «8i   ••• 
when 

€>0,   m,   |X  — «„!<€,  n>in.  (4 

As  before,  we  write 

X  =  lim  a^,    or   X  =  lim  ct^. 

We  say  also  a^  converges  to  X  or  approaches  X  as  limit. 
This  may  be  indicated  by  the  notation 

a„  =  X. 

98.    Let  lim  «»  =  «  and  lim  $^  s  fi. 

Then  limK±/80  =  «±/8;  (1 

Iimaj8^  =  ai8.  (2 

If  fi^  iSj,  iSy  •••=^0,  we  have  also 

The  demonstration  is  precisely  similar  to  those  of  49,  60|  61  ,* 
and  thus  does  not  need  to  be  repeated  here. 


K 
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99.  We  prove  now  the  important  theorem : 

Let  a  =  (a^  a,,  ••O^  ^^  ^'^  rational ;  then  lim  a^^a. 
We  must  show  that 

€>0,   m,   |a  — a^l<€,   n>m.  (1 

Since  the  sequence 

«r   ^r   ^y   ••• 

is  regular,  we  have 

<r>0,   w,    |a^  — a^|<<r,  n,  y>97i.  (2 

Now  we  can  write,  by  60, 

Hence,  by  71,  supposing  n  to  be  fixed  for  the  moment, 
By  88, 

|a-««l  =  (l«l-«n|i    |«2-«i»l'    '••)• 

Hence,  by  2)  and  66,  2, 

|a~««l<<^- 

Thus  if  we  take  <r  <  e,  we  have  1). 

100.  ^  a  sequence  .  _ 

Aa«  a  limit  X,  ^  i«  regular. 
For,  by  definition, 

€>0,  m,   |X-a„|<€/2,  n>m. 

|X-a^|<€/2,    v>rn. 
Adding,  by  87,  8, 

|flc»—  ar|<€.     n,  v>m. 

Hence  -4.  is  regular,  by  97. 

101.  1.   Oo7iver8elff^  if  A=:a^^  a,,  •••  is  a  regular  sequence^  there 
exists  one^  and  only  one^  number  a,  su^h  that 

lim  a^  =s  a.  (1 

To  show  that  A  cannot  have  two  limits,  we  need  only  to  repeat 
the  reasoning  of  47. 
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We  show  now  A  hcu  a  limit. 

Let  Cp  o^  Cg,  •••  (2 

be  a  sequence  of  positive  numbers  whose  limit  is  0.     We  choose 
the  S's  now,  such  that 

a,  =  «,-h8„     n=l,2,  ...  (8 

are  rational.     This  is  evidently  possible  by  82.     The  sequence 

«r  ^»  ^  ••'  d^ 

is  regular. 

For,  a.-a,=  a»-a,+  (8,-8J.  (6 

Since  A  is  regular, 

€>0,  m,  |«»-aj<|i    n,v>m.  (6 

Since,  by  100,  the  sequence  2)  is  regular, 

|8.-8J<€/2.        n,v>m.  (7 

In  the  inequalities  6),  7),  we  may  take  m  the  same.     Then  6), 

Hence  4)  is  regular. 

We  set  a=  (aj,  a,,  ...). 


Then,  by  97, 
But,  by  8), 
Hence,  by  98, 


lim  a^  =  a. 

«»  =  ^'n  —  K- 
lim  a^  =  lim  a^  —  lim  8^ 
=  «-0 


2.  As  a  result  of  1  and  100,  we  have  : 

In  order  that  a  sequence  o^)  039  *.*  has  a  limits  it  is  necessary  and 
sufficient  that  it  is  regular. 
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102.  Let  il  =  ftp  oji  •**  be  a  sequence.     Let  us  pick  out  ot  A  tk 
sequence 

where  i^  <  *,<  *8^  ••'•     We  call  B  a  partial  seqtience  of  A. 


^  =  1. 


EXAMPLS8 

1111 
2'    8'    4'    6' 


11-1     1      1      1 

r-i     111 

n-1       1  1  1 

'    2.3*   2.6'   2.7' 


Here  B^  C,  2>  are  partial  aequences  of  A. 
8. 


^-1    1    1    1    1    1 


£  =  li  1|  1|  ••• 

a-^    1    1  ... 

G--,   3.   J. 
^  and  C  are  partial  sequences  of  A. 

103.  1.  Among  the  symbols  g^ven  in  42,  to  indicate  the  limit  of 
a  sequence 


one  was 


lima^. 


Analogously,  we  shall  denote  the  limit  of  a  partial  sequence 

lima.. 


of  A^  by 


2.  We  have  then,  obviously : 

If  A  %8  regular^  so  is  every  partial  sequence  B;  and 

lim  a.  =  lim  a.. 

A  B 
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3.  From  this,  we  conclude  at  once : 

The  sequence  A  cannot  be  re^ular^  tf  it  e<nUain$  two  partial 
9equence9  B^  (7,  9uch  that 

lim  a.  ^  lim  a.. 

B  c 

4.  The  sequence  A  cannot  he  regular^  if  it  containM  a  partial 
sequence  B  which  i«  not  regular, 

5.  It  is  sometimes  a  difficult  matter  to  show  that  a  sequence  A 
is  or  is  not  regular.  The  theorems  3,  4  enable  us  often  to  show 
with  ease  that  A  is  not  regular. 

Thus,  in  Ex.  2, 102, 

lim  a,  =  1,  lim  a.  =  0. 

B  C 

Hence  A  is  not  regular. 

6.  Unless  the  contrary  is  stated^  it  is  to  be  understood  that 

lima, 
has  reference  to  the  whole  sequence  A. 

10ft.  1.  From  98,  we  conclude  the  following  theorems»  which 
are  often  useful: 

j[f  lim(^^«.  ±  /}.)=£  <r«  and  lim  a.  =  a  ;  then  lim 0n  ^^^  and  equaU 

2.  JiT  lim aj3,  =  w«  and  lim«.=a^O;  then  lim/9.  exiUM  and 
equals  w/«. 

3.  If  lim^  ^p^  and  lim  ff^ssfii  then  lim €i^ exists  and  equabfip. 

4.  j^  lim^  =  p^O«  anJlimo^s^ci:  them  lim  0^  exists  and  equals 
Tbe  demoDstntion  of  these  theotems  we  illustnte  by  proTing  1. 

Appljing  98. 1> 

Kin /SI.  »  ±  lim  («.  ±  iSU  7  lim  «.  a  ±  o^  T  «. 


^ 
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105.    1.  LetlimOj^ss  a;  let  13,  y  be  two  numbers^  stick  that /3<a<y, 

p<a^<y.         n>m. 
The  demonstration  is  the  same  as  in  48. 

2.  Let  lim  %  =  a,  and  «„  <  a.     Let  0  be  any  number  <a. 

Then  ^ 

p  <  flc^  <  a.         n>m. 


106.    1.  Let  lim  a^  = 

•a;  if  \<a^<^for  n>m;  then 

\<a<fi. 

For,  suppose  «  >  /a. 

Let  0  be  chosen  so  that 

fi<l3<a. 

Then,  by  106,  1, 

a^>l3.        n>m. 

Hence                                   «»>/*» 
which  is  a  contradiction. 

2.  If 

«»<X<i8n, 

and  if 

lim  a„  =  lim  /8^  =  /A  ; 

then 

X  =  ,i. 

For,  by  1, 

/i<X,  Ai^X. 

Hence 

/A=sX. 

107.   // 

«n<^n<7ni 

and 

lim  a^  =  lim  7^  «  X  ; 

then 

lim  i8-  =  X. 

(1 


For,  subtracting  a„  in  1),  we  get 

Now  lim  (7^  —  a„)  =  lim  7,^  —  lim  a,  =  X  —  X  =a  0.  (8 

But  8)  states  that     €>0,  m,  7«—  «„<€.        n>m. 
Then,  by  2),  0^^a^<€. 
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This  relation  states  that 

As  lim  a,  s  X,  we  have,  by  104,  1, 

limiS.  =  X. 

106.  1.  A  sequence  ^  =  04,  a,,  — ,  whose  elements  satisfy  the 
relations  ^  -   ^ 

is  called  an  increasing  sequence. 

«i,>«i.+^  n  =  l,  2,  •.. 

it  is  a  decreasing  sequence. 

If  it  is  either  one  or  the  other,  but  we  do  not  care  to  specify 
which,  we  may  call  it  a  univariant  sequence. 

If,  on  the  other  hand, 

«»<«,+i,  n  =  l,  2,  ..• 
A  is  said  to  be  a  monotone  increasing  sequence. 
«i,>««+i.   n  =  l,  2,  ... 

it  is  a  monotone  decreasing  sequence. 

If  A  is  either  one  or  the  other,  but  we  do  not  care  to  specify 
which,  we  may  call  A  a  monotone  sequence. 

Univariant  sequences  are  special  cases  of  monotone  sequences. 

2.  If  there  exists  a  fixed  positive  number  Q-^  such  that 

i«j<(y,  n=i,  2, ... 

A  is  said  to  be  limited^  otherwise  unlimited. 

109.  A  limited  monotone  sequence  is  regular. 

For  clearness,  let  ^  =  04,  a^  ...   be  an  increasing  monotone 
sequence,  and  let 

a^<&.        n=l,  2,  ...  (1 

To  anew  that  A  is  regular,  we  must  show  that 

«>0,  «n,   0<««  — ap,<€,         n>m.  (2 
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Since  A  is  monotone  increasing, 

To  show  the  rest  of  2),  take  m^  at  pleasure.    Either  there  exists 
an  infinite  sequence  of  indices 

mQ<mj<??»j<  •••  (8 

such  that  _  _ 

««,-«^>€,   ««.-«^>€,  ...  (4 

or  there  does  not. 

Suppose  such  a  sequence  3)  exists.     Then,  however  small  c  has 
been  taken,  we  can  take  the  integer  p  so  large  that 

Adding  the  first  p  inequalities  4),  we  get 

Hence,  by  6),  ^ 

which  contradicts  1). 

We  thus  conclude  that  there  exist  but  a  finite  number  of  indices 
9iii,  such  that  4)  holds.     Thus  we  can  take  m  so  large  that 

which  proves  the  other  half  of  2). 
110.   1.  A  limited  increasing  sequence  of  great  importance  is 

n  =  l,  2,...  (1 


i^^ij 


To  show  that  1)  is  increasing,  i.e.  that 

«,.>a.-i,  (2 

we  employ  the  relation  94,  6),  viz. : 

i8»>«-'[o-n(a-/8)].  (8 


Set 


n  — 1  n 


in  8) ;  we  get  2)  at  once,  for  n  ^  2. 
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To  show  that  1)  is  limited,  we  set 

«=l  +  7^,   i8=l,       n  =  7»  +  l, 
2m 

in  8) ;  we  get 
or  squaring, 

Thus  ^,  .. 

But,  by  2),  ^  ,- 

As  all  positive  integers  are  of  the  form 

2  w  or  2  m  —  1, 
4)  and  6)  give  ^  .  -  ^ 

2.  Since  the  sequence  1)  is  limited  and  monotone,  it  has  a  limit 
by  109.     We  set 

«  =  lim  f  1  +  -Y.         n  =  1,  2,  3,  — 

n=«)\  nj 

As  the  reader  already  knows,  e  =  2.71828  •••,  and  is  the  base  of 
the  Napierian  system  of  logarithms. 

111.    1.  Let  A  =  «!,  a^,  •••  ft«  a  regular  sequence,  whose  limit  is  a. 
In  A  exist  partial  monotone  sequences  B  ;  and  for  each  such  sequence^ 

lim  a„  =  a. 

B 

Then  are  two  cases:    1**  «  — «»,  n>m  has  one  sign,  when  not 
zero ;    2**  a  —  a^  may  have  both  signs,  however  large  m  is  taken. 

Case  L    To  fix  the  ideas,  suppose 

a— a^>0.         n>m.  (1 

In  this  relation,  it  may  happen  that  for  some  m^>m 

a  — a^=sO.        n>m'. 


^ 
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In  this  caae,  ^ 

is  a  sequence  required  in  the  theorem. 

Let  us  suppose  now  that  there  are  in  1)  an  infinite  number  of 
indices  n^,  such  that 

Let  v^  be  one  of  the  indices  n^ ;  then 

«„  <«. 
Let  i9|  lie  between  these,  so  that 

«.,<i8i<a. 

Then,  by  105,  1,  and  108,  2,  there  are  an  infinity  of  elements  a.^, 
l}ring  between  fi^  and  a.     Let  a^^  be  one  of  these,  so  that 

i8i<«.,<«. 
Let  ^2  ^6  between  a^^  and  a ;  then  for  some  index  v^  we  have 

In  this  way  we  find  an  increasing  seqtienee 
-B  =  «„^,  a„^,  a,,,,  —      - 

which  is  a  partial  sequence. 

Then,  by  108,  2, 

lim  «y^  =  a. 

The  number  of  sequences  B  of  this  type  is  obviously,  unlimited. 

Case  H.    Since  there  are  an  unlimited  number  of  indices  for 

which  ^  ,rt 

a-«^>0,  (2 

let  us  denote  those  values  of  n  for  which  2)  holds, hy  n^^n^n^  •••• 
Then  the  partial  sequence  of  A^ 
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belongs  to  Case  I.     Hence  in  A  lie  an  infinity  of  sequences  of  the 
type  JB. 

2.  The  demonstration  of  1  shows : 

If^  in  the  regular  seqtienee  A=sa^^  a^  •••,  the  a,,  do  not  finally 
become  all  equals  there  exists  in  A  an  infinity  of  partial  univariant 
sequences  B  which  have  all  the  same  limit  as  A. 

The  Measurement  of  Rectilinear  Segments.    Distance 

112.  In  89, 43, 44,  we  have  made  use  of  the  graphical  representa- 
tion of  the  numbers  in  i2,  by  points  of  a  right  line.  We  wish  now 
to  extend  the  considerations  to  numbers  in  91.  With  this  end  in 
view,  we  proceed  to  develop  the  theory  of  measurement  of  recti- 
linear segments  and  the  associated  notion  of  distance. 

113.  1.  I^t  AB^  CD  be  two  rectilinear  segments.  We  say  AB 
is  greater  than  6TZ>,  when,  if  superimposed,  AB  contains  CD  as  a 
part ;  while  CD  is  said  to  be  less  than  AB,  If,  when  superimposed, 
AB  and  CD  coincide,  we  say  AB  and  CD  are  equal. 

2.  We  assume,  with  Archimedes^  that  if  the  segment  AB  is  laid 
off  a  sufficient  number  of  times  on  the  line  £,  we  can  obtain  a 


segment  CD^  greater  than  any  given  segment  CD.    And  conversely, 
that  it  is  possible  to  divide  a  segment  CD  into  a  sufficient  number 


B 

.1-. 


of  equal  parts,  so  that  one  of  them,  as  CE^  is  less  than  any  given 
segment  AB. 
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114.  1.  Let  S^AB  be  a  segment  we  wish  to  measure  ;  and  let 
U^  CD  be  a  segment  which  we  take  as  a  unit  of  comparison. 

If  we  can  divide  8  into  I  equal  segments,  equal  to  U^  i.e.  if 

we  say  I  is  the  measure  of  Sj  or  I  is  the  length  of  S. 

2.   If  it  is  impossible  to  do  this,  it  may  happen  that  n  segments 
S  are  equal  to  m  segments  U;  i.e. 

We  say  then,  that 

n 
is  the  measure  or  length  of  S. 

8.    In  both  cases  we  say  S  is  commeniurable  with  U. 
The  segment  AB  being  commensurable,  we  say  its  length  I  ex- 
presses the  distance  of  A  from  B^  or  B  from  A.     We  write 

Z  =  Dist(A,  5), 

or  more  shortly  

l^AB. 

115.  We  show  now  that  the  number  {,  just  determined,  is  unique. 
This  is  evident  when  I  is  an  integer.     We  suppose,  therefore,  that 

nS=^mU,  (1 

*^^  n^S^m^U.  (2 

Multiplying  these  equations  respectively  by  n^,  n,  we  get 
nn-^S  =  njW  Z7,  nn-^S  =  nwij  U» 
.'.  nimU^nmiU. 

or  ^        , 


Thus,  the  two  equations  1),  2)  lead  to  the  same  value  of  I. 
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116.    1. 

Let 
lasure 

I 

oiS. 

m 

=s  

n 
=  ml 

8 

u 

be  the  me 

Then 

7.         (1         r 

Let  us 

divide  U  into  n 

equal  parts,  and  call  V 

one 

of  them. 

Then 

nV=U. 

This  in 

1)  gives 

nS=mnV. 

Hence 

S=mV. 

This  shows  that  by  taking  a  new  unit  F,  whose  length  is  1/n  of 
the  old  unit,  the  length  of  S  can  be  expressed  as  an  integer. 

2.  The  above  considerations  also  give  us  a  new  way  for  defining 
the  length  of  S.  In  fact,  suppose  it  possible  to  divide  U  into  8 
equal  parts  V^  such  that 

S^rV.  (2 

Then 

Z=r.  (8 

hence,  multipljdng  2)  by  «,  we  get 

sS^rsV^rU; 
so  that  the  length  I  oi  S  is  indeed  given  by  8). 

117.  Let  S  =  AB,  T  =  BC  be  two  segments  whose  lengths 
are  respectively  ^ » 

1  =  1    m=i;  ^ P 

0  a 

A B C 

a,  6,  <?,  d  being  positive  integers  '  ' 

If  we  put  them  end  to  end,  we  get  a  segment  Tr=:ilC7  whose 
length,  we  show,  is  ,  . 

By  definition  we  have 
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Multiplying  these  equations  respectively  by  d,  6,  and  adding,  we 

^"^  bd'S-^bd'T^bd'W.  (2 

Hence  1),  2)  give 

6dTr=(arf  +  6c)?7. 
Hence 

ad'{'hc     a      c      ,,  ^ 
6a  6      a 

118.  1.  We  turn  now  to  the  measurement  of  segments  which 
are  incommensurable  with  the  segment  chosen  as  unit.  An 
example  of  such  segments  is  the  diagonal  of  a  square,  the  side 
being  taken  as  unit. 

To  measure  AB^  we  begin  by  marking  off  points  on  the  right 

line  X,  at  a  unit  distance  apart,  starting  with  A.     By  the  axiom 

of  Archimedes,  113,  2,  B  will  fall  between  two  consecutive  points 

of  this  set,  say  between  A^,  By 

Let 

Zj  =  Dist  (^,  A{). 

On  the  segment  A^B^  we  mark  off  points  at  the  distance  1/w 
apart,  where  n  is  an  arbitrary  positive  integer. 

Then  B  will  fall  between  two  of  these  points  which  are  con- 
secutive, say  between  A^,  By 

l^  =  Dist  (^,  A^. 

We  may  continue  in  this  way,  subdividing  each  interval  A^^  B„^ 
into  n  equal  parts,  without  end.  The  point  B  will  never  fall  on 
the  end  point  of  one  of  these  intervals,  for  then  AB  would  be 
commensurable.     The  sequence  of  rational  numbers 

^r   ^2'   ^8'    •••  0- 

80  determined  is  monotone  increasing,  and  limited.     In  fact,  all 
its  elements  are  <  Z^  4- 1.     Thus,  by  109,  the  sequence  1)  is  regu- 
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lar,  and  so  defines  a  number  X.    We  say  X  is  the  measure  or  length 
•  of  ABy  and  we  write  as  before 


X=Di8t(^,  5)  =  il,  jB. 

2.  If  we  had  taken  the  numbers 

IJ  =  Di8t(^,  jB,),        it  =  1,  2,  — 

where  B^  denotes  the  right-hand  end  of  the  interval  in  which  B 
falls,  instead  of  the  numbers  Z.,  we  would  have  got  a  monotone 
decreasing  limited  sequence 

h'.  W^  V,  - 

whose  limit  X'  =  X. 

whose  limit  is  0. 

119.  We  have  defined  the  length  X  of  AB  by  a  process  which 
subdivides  each  interval  A^^  B^  into  n  equal  parts.  The  question 
at  once  arises  :  would  this  process  lead  to  the  same  number  X,  if 
we  had  divided  each  interval  into  m  instead  of  n  equal  parts  ? 

We  prove  the  following  general  result :  Let  us  modify  the  above 
process  so  as  to  divide  the  first  interval  into  n^  equal  parts,  the 
second  interval  into  n,  equal  parts,  etc.  This  system  of  sub- 
division leads  to  a  sequence  which  we  denote  by 

V,  i^\  Zg'i  -  a 

^^^'^  IJ  ^Dist  (A.  AJ). 

The  limit  of  1)  being  X',  we  show  it  exists  and  X  =  X'. 

For,  each  point  AJ  will  fall  in  a  certain  interval  A^^^  B^  of  the 
old  system  of  subdivision,  where  t^  is  the  lowest  index  for  which 
this  is  true. 

'^^®^      Dist  iAA^J  ^  Dist  (^,  ^«')  <  Dist  CAB^J. 
But,  by  118,  2, 

lim  Dist  (A,  A^)  =  lim  Dist  (^,  B^J  =  X. 
Hence,  by  107,         UmDistiA.  AJ:^^X. 
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120.  The  process  explained  in  118, 119  is  obviously  applicable 
to  the  case  when  AB  is  commensurable.  The  only  difference  is 
that  after  a  certain  number  of  steps  the  point  B  may  fall  on  one 
of  the  end  points  of  the*  little  segments  A^y  B^.  In  this  case  the 
corresponding  sequence 

^1*  Iv  '"  ^^  ^»  '*»  '" 
would  have  all  its  elements  the  same  after  a  certain  one. 

121.  We  have  now  two  methods  for  measuring  a  commensurable 
segment ;  viz.  those  given  in  114  and  120. 

Let  I  be  the  length  of  AB  as  given  by  114 ;  and  X  its  length, 
according  to  120.     We  show 

Since  AB  is,  by  hypothesis,  commensurable,  we  have,  by  117, 
preserving  the  notation  already  employed, 

I  =  Dist  iAA„^  +  Dist  (^»J5) 

<  Dist  iAA^-)  +  Dist  (il«5»).  (1 

As  ^ 

Dist(A.5«)  =  -^, 

we  have,  from  1),  ^ 

where  ?«,  =  Dist  (.4,  A^. 

Passing  to  the  limit,  we  have,  since 

limZ-,  =  \,  lim :  =  0, 

Z  =  X. 

122.  1.  Let  AC^  CB  be  any  two  segments ;  we  show  that 

Dist  (^jB)  =  Dist  (^(7)  4-  Dist  ((7S). 
This  is  a  generalization  of  117. 

AC  B 

^ A,  '    kl ' 

We  begin  by  supposing  that  one  of  the  segments,  AC^  is  com- 
mensurable, while  the  other,  OB^  is  not.      Then  AB  is  not  com- 
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mensurable.  In  our  process  of  subdivision,  suppose  that  after  the 
mth  step,  B  falls  in  the  segment  B^,  BJ.  Then  AC  and  CB^  are 
commensurable.     Hence,  by  117, 

Dist  QAB^)  =  Dist  (^(7)  +  Dist(CB„). 

In  the  limit,  we  get 

Dist  (AB)  =  Dist  {AC)  +  Dist  (Cfi). 

2.  We  pass  now  to  the  general  case. 
After  the  mth  subdivision, 


c 

"^ — cT 


let  0  fall  between  (7^  and  CJ.     Then  -4(7^  is  commensurable. 
Hence,  by  1, 

Dist  (^  jB)  =  Dist  (^  (7^)  +  Dist  (  C^B}. 

Passing  to  the  limit,  we  have 

Dist  (^jB)  =  Dist  (^  (7)  +  Dist  (  CB). 

Correspondence  betioeen  9t  and  the  Points  of  a  Right  Line 

123.  1.  On  the  indefinite  right  line  L  mark  a  point  0  as  origin. 
Let  P  be  any  point  on  i,  and  let 

X=Di8t(0,  P). 

If  P  lies  to  the  right  of  0,  we  associate  with  P  the  number  +  X ; 
if  P  lies  to  the  left  of  0,  we  associate  with  it  —  X.  With  the 
origin  we  associate  the  number  0.  Thus  to  any  point  on  L 
corresponds  a  number  in  9ti  and  to  different  points  correspond 
different  numbers. 

2.  We  ask  now  conversely  :  does  there  exist  for  each  X  in  JR, 
a  point  P  such  that        ^^^^^.^,^0,  P-yl 

For  all  rational  numbers  this  is  true  by  virtue  of  the  axiom  of 
Archimedes,  113,  2. 

Whether  it  is  true  for  every  number  in  91,  cannot  be  demon- 
strated.    We  therefore  as9ume  with  Dedekind  and  Cantor  that 
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there  shall  exist  one  and  only  one  point  P  which  shall  lie  to  the 
right  of  0,  if  X>0,  and  to  the  left  of  0,  if  X<0,  and  such  that 

|X|  =  Di8t(0,  P). 

This  we  shall. call  the  Cantor-Dedekind  axiom  or  the  axiom  of  con- 
tinuity  of  the  right  line.  As  we  proceed,  it  will  be  made  evident 
that  many  apparently  simple  geometric  ideas  are  extremely  subtle 
and  complex.  One  of  the  most  elusive  of  these  is  the  notion  of 
continuity.  To  say  the  right  line  is  continuous  because  it  has  no 
breaks  6t  gaps^  is  simply  to  replace  one  undefined  word  by  another. 

3.  We  have  now  established  a  one  to  one  correspondence  between 
the  numbers  of  9}  and  the  points  on  L.  We  may  consider  the 
points  as  images  or  representations  of  these  numbers. 

124.  1.  The  correspondence  which  we  have  just  defined  is  a 
generalization  of  that  given  in  35  for  R,  The  considerations  of 
39,  43,  44  can  now  be  extended  to  91  without  any  further  com- 
ment. The  graphical  interpretation  of  sequences  and  their  limits 
which  we  thus  obtain  will  illuminate  greatly  the  section  on  limits^ 
97-111.  We  recommend  the  student  to  go  over  the  demonstra- 
tions which  we  gave  there,  employing  graphical  representations 
as  an  aid  to  the  reasoning.  Indeed,  some  of  the  theorems,  when 
interpreted  geometrically,  seem  almost  self-evident. 

2.  Consider,  for  example,  the  theorem  of  107. 

We  have  there  three  sequences,  A  =  }«„{,  B  =  \fin\t  C'ss  \'in\* 

The  relation 

states  that  the  point  fi^  lies  in  the  interval  I^  =  (a„,  7„). 

Since  now  both  end  points  of  I^  converge  to  the  point  X, 
evidently  any  point  in  i]^,  as  ^8^,  must  also  converge  to  the 
point  X. 

125.  As  another  example,  consider  the  theorem  of  109. 

To  fix  the  ideas,  let  .4=  }a^{  be  a  monotone  increasing  sequence. 
The  points  in  the  figure  represent  a^,  o^  '••  We  have  drawn  a 
curve  through  them,  as  the  eye  seizes  more  easily  the  law  of 
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increase  or  decrease  of  a  sequence  when  such  a  curve  is  drawn. 
The  reader  will  observe  that  since  the  sequence  is  monotone,  this 
curve  can  have  segments  parallel  to  the  axis  X.     As  .4  is  limited, 

all  the  points  of  A  lie  be-    q 

tween  a  certain  line  Q-^ 
and  a  line  E  drawn 
through  the  first  point  a, 
of  the  sequence.  To  see 
now  that  A  must  have  a 
limit,  let  us  suppose  the 
line  Q-  moved  parallel  to 
itself    toward    X.      Evi- 


1   s  a  4  A 


dently  there  is  a  line  F  below  which  O  cannot  move  without 
getting  below  points  of  A^  and  which  the  points  of  A  approach 
as  an  asymptote. 

If  X  is  the  distance  of  F  from  JST,  evidently 

lim  o^  ss  X. 


Fio.  1. 


186.   As  a  final  example  of  the  helpfulness  of  graphical  repre- 
sentation, let  us  consider  the  theorem  of  111. 

The  two  cases  we 
considered  there  are 
represented  in  Figs.  1 
and  2.  The  heavy 
curves  represent  the 
law  of  increase  and 
decrease  of  the  sequence 
A.  The  points  a^  a^ 
—  lie  on  these  curves, 
but  are  not  indicated. 
The  straight  lines  A 
represent  the  limit  a  of 
A.  The  light  curve 
in  Fig.  1  indicates  an 
increasing  sequence  which  one  could  pick  out  of  A. 

By  the  aid  of  such  a  representation  the  theorem  becomes  almost 
self-evident. 


Fio.  2. 
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127.   1.  Let  ^  =  K},  B^\P,U  0^\ri,\. 

Let  A  be  monotone  increaeing^  and  0  monotone  decreasing. 
Let 

^<fin<yn^  (1 

and  lim(7,-«,)=0.  (2 

Then  Aj  By  C  are  regular^  and  have  the  same  limit  X. 
Also 

««<X<7».  (3 

OraphieaUjfy  the  theorem  is  obviously  true. 
The  points  a.,  7,^  determine  a  set  of  intervals 

such  that  each  I^  lies  in  the  preceding  ij^.i,  and  hence  in  all  pre- 
ceding intervals. 

By  2)  the  lengths  of  these  intervals  converge  to  0.  Geometri- 
cally, it  is  evident  that  the  end  points  a„,  7.  of  these  intervals  con- 
verge to  the  same  limiting  point  X,  and  that  any  sequence  of  points 
/9„,  where  fi^  is  any  point  in  7„,  must  also  converge  to  X. 

Arithmetically y  the  demonstration  is  as  follows : 

By  hypothesis, 

7i^72>78  -  (4 

From  1> 

«»^7n- 

Hence,  by  4), 

«»!^7i-        n=l,  2, — 

Thus  A  is  limited.    Similarly,  C  is  limited. 

Thus  A  and  C  are  regular,  by  109. 

Let 

lim  ««  ™  ^  C^ 

Then  2)  and  6)  give,  by  104, 1, 

lim  7m  =  X. 
Then,  by  107, 

lim  fi^  s  X. 
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2.  The  preceding  theorem  may  be  put  in  geometrical  language, 
and  gives : 

Let  I^  =  (an^  7„)  be  a  sequence  of  intervals  w=  1,  2,  8,  •••.  Let 
I^  lie  in  /„_i,  and  let  the  lengths  of  these  intervals  converge  to  0.  Let 
/8„  be  any  point  in  I^  (including  end  points).  Then  the  sequence 
\^n\  i^  regular^  and  all  such  sequences  have  the  same  limit  \.  The 
point  \  lies  in  every  L 

3.  The  reader  should  avoid  the  following  error  : 
1^6^  i^K  \fin\  be  two  sequences,  such  that 

Um(a,-)8J=0-  (6 

Then  lim  a„,  lim  fi^  exist  and  are  equal. 

That  this  conclusion  is  false  is  shown  by  the  following  example : 

«»  =  (-l)"  +  i  )8,  =  (-l)». 

Here  neither  limit  exists,  although  6)  is  satisfied. 

DedekincTs  Partitions 

128.  We  proceed  now  to  establish  the  notion  of  partition^* 
introduced  by  Dedekind,  to  found  his  theory  of  irrational  numbers. 

Let  a  be  any  number  of  91 ;  we  can  use  it  to  throw  all  numbers 
of  91  into  two  classes  A^  B.  In  A  we  put  all  numbers  < a;  in  jB 
all  numbers  >  a.  The  number  a  we  may  put  in  A  or  B.  This 
division  of  the  numbers  of  91  into  two  classes  we  call  a  partition^ 
and  say,  a  generates  a  partition  (A,  B).  Geometrically,  the  point 
a  may  be  used  to  throw  all  points  of  a  right  line  into  two  classes. 
In  class  A  we  put  all  points  to  the  left  of  a ;  in  B.  all  points  to 
the  right  of  a.      The  point  a  we  put  in  either  ^  or  J3  at  pleasure. 

JExample. 

Let  a  =  ^/2,    In  A  put  all  nmnbers  <  V^ ;  in  JB  put  the  nombem  ^y/2,  : 
This  partition  may  also  be  generated  as  follows :  in  A  pat  all  numbers  whose 
sqoare  is  <  2 ;  in  £  all  numbers  whose  square  ^  2. 

•  The  German  term  is  SchnUt. 
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129.  1.  M(yre  generally^  we  shall  say  that  any  separation  of  the 
numbers  of  81  into  two  classes  J.,  jB,  such  that 

1**  Any  number  of  J.  is  <  any  number  in  jB, 
2^  Any  number  of  jB  is  >  any  number  in  A^ 
constitutes  a  partition  (^,  jB). 

2.  The  condition  2°  is  really  redundant,  as  it  follows  at  once 
from  1^. 

In  fact,  suppose  2°  did  not  follow  from  I*' ;  Le.  suppose  there 
were  a  number  )8  in  jB,  ^  some  number  a  in  A,  Then  there  is 
an  a  in  ^  which  is  not  <  any  number  in  -B,  for  a  is  not  <  /8. 
This  is  a  contradiction. 

3.  Two  partitions  (-4.,  jB)  and  ((7,  2>)  are  the  %ame  or  equal 
only  when  A  and  C  contain  the  same  set  of  numbers ;  or  only 
when  B  and  2)  contain  the  same  numbers,  excepting  possibly  the 
end  numbers. 

130.  1.  We  consider  now  this  question :  suppose  a  law  given 
which  throws  all  numbers  into  two  classes  A^  JB,  such  that  every 
number  in  -4.  is  less  than  any  number  in  jB,  and  every  number  in 
B  is  greater  than  any  number  in  A.  Is  there  a  number  X  in  91 
which  will  generate  this  partition  (.4,  jB)  ?     We  show  there  is. 

To  this  end  we  construct  two  sequences 

/Srsftj,   Og,   Og'  •" 
2^  =  ^11  ^2'  ^8'  ••• 

S  being  monotone  increasing,  and   T  monotone  decreasing,  as 
follows : 

Let  a^  be  any  number  at  pleasure  in  J.,  and  ^S^  a  number  in  B.. 

Their  arithmetic  mean  ^ 

2 
lies  between  €4,  ^S^. 

If  it  lies  in  A^  we  set 
if  it  lies  in  P,  we  set 
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We  build  now  the  arithmetic  mean  of  a,,  fi^  and  reason  with 
this  as  before.  Continuing  this  process  indefinitely,  we  get  the 
sequences  S  and  T. 

By  127,  2,  the  sequences  S^  T  have  a  common  limit,  which  we 
call  X. 

Let  X  generate  the  partition  (-4.',  S). 

We  show  that  r  a     j>\     t  a^     Tii\ 

by  showing  1^  that  every  number  in  A!  lies  in  A ;  and  2®  that 
every  number  of  A  lies  in  A! . 

1®.  Let  a'  =^X  be  any  number  of  A! .  By  105,  2  there  are  an 
infinity  of  numbers  a„  lying  between  a'  and  X.  But  a^  is  in  -4.,  by 
hypothesis.     Hence  a'  <  a^  is  in  -4. 

2^.    Let  a  be  any  number  of  A,     We  have  to  show  that  a^X. 

Suppose  the  contrary,  X  <  «. 

Then  ^      ^ 

€  =  a  — X>0. 

We  can  take  n  so  great  that 

On  the  other  hand,  by  supposition, 

a„<X<a</3n. 
Hence 

which  contradicts  1). 

2.  We  have  thus  this  theorem : 

Every  partition  can  be  generated  by  a  number  in  5R. 

131.  1.  A  partition  (J.,  J3)  cannot  be  generated  by  two  different 
numben  X  and  fi,. 

To  fix  the  ideas,  let  X  <  /li. 

In  the  partition  ( (7,  2>)  generated  by  /i,  (7  contains  all  numbers 
<  lA.  It  therefore  contains  numbers  >  X,  and  hence  numbers  not 
in  A.     Hence  (-4,  JB),  ((7,  2>)  are  different. 

2.  Since  each  number  generates  one  partition,  and  each  partition 
is  generated  by  one  number,  we  can  establish  a  uniform  or  one  to 
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oue  correspondence  between  the  numbers  of  9{  and  the  aggregate 
of  all  possible  partitions. 

In  fact,  to  the  number  a  shall  correspond  the  partition  (^,  J3), 
that  a  generates.  To  the  partition  (jP,  G')  shall  correspond  the 
number  X,  which  will  generate  (-F,  (S?). 

Infinite  Limits 

132.  Let  il  =  Oj,  Oj,  •••  be  an  unlimited  sequence  [108,  2].  The 
following  cases  may  occur : 

1®.  For  each  positive  number  G^  arbitrarily  large,  there  exists  an 
III,  such  that  (^>G^  for  every  n>m.     In  symbols 

G>0,     Tw,     an>(y,     n>m. 

We  say  the  limit  of  A  is  plus  infinity;  and  write 

lima^=-hoc,     lim  a^  =  4- »  i     0^^  =  4-00. 

Such  sequences  are        100 

1,  ^  3,  ••• 

1!,  2!,  3!,  ... 

2^.  For  each  negative  number  G^  arbitrarily  large,  there  exists 
an  m,  such  that  %  <  G^  for  every  n  >  m.     In  symbols 

We  say  the  limit  of  A  is  minu^  infinity  ;  and  write 
lim  a^  =  —  Qo,     lim  a^  =  —  oo,     1*,^ 

Such  a  sequence  is 

-10,     -100,     -1000,    ... 

In  both  these  cases,  we  say  the  limit  is  definitely  or  determinately 
infinite. 

8^.  The  elements  a^  do  not  finally  all  have  one  sign,  but  still 

lim|a„|  =  +  Qo. 

We  say  the  limit  of  A  is  indefinitely  or  indeterminately  infinite. 
Such  a  sequence  is 

1.     -2,     +3,     -4,     +5,     ... 
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133.  1.  Case  8  is  of  little  importance.  We  shall  therefore  in 
the  future,  when  using  the  terms  the  limit  is  infinite^,  or  certain 
variables  become  infinite^  always  mean  definitely  infinitey  unless  the 
contrary  is  expressly  stated. 

The  symbol  4- «  is  frequently  written  without  the  +  sign. 

The  symbol  ±  oo  means  that  the  limit  is  either  + »  or  —  oo, 
and  one  does  not  care  to  specify  which. 

The  limits  defined  in  the  previous  sections  are  called,  in  contra- 
distinction, finite  limits. 

The  symbols  -hoo,  —  oo  are  not  numbers;  i.e.  they  do  not  lie 
in  JR.  They  are  introduced  to  express  shortly  certain  modes  of 
variation  which  occur  constantly  in  our  reasoningfs. 

2.  Finally,  we  wish  to  state,  once  for  alh  that  the  terms,  the  limit 
exists^  the  limit  is  X,  etc.,  or  an  equation  as 

lim  «;,  =  X, 

always  refer  to  finite  limits^  unless  the  supplementary  phrase^  ^^ finite 
or  infinite^''  is  inserted. 

134.  A  sequence  cannot  have  both  a  finite  and  an  infinite  limit. 
For,  it  A=::\€t^\  has  a  finite  limit,  the  numbers  a^  lie  between 

two  fixed  numbers,  by  105,  1.     It  is  thus  limited.     It  caDnot 
therefore  have  an  infinite  limit. 

135.  Let  ^s=  jo^l,  and  let  B  be  any  partial  sequence  of  A.     If 

lim  0^=  ±00, 

A 

then  lim«L.=:±Qo. 

The  demonstration  is  obvious. 

Vn.Ifike  UmU  <^  g  s^qumM  A^  \a^\  is  indefinitely  infimU, 

its  po^itht^  and  fm^ative  ier/tw  eack  form  seqiieiieeft  w/tose  limits  an 
re^pitctivdif  +  oo  and  —  oo . 

Fm\  let  B^  jjS^t  be  the  gaqiit^nce  formed  of  tbe  positive  tenm 
oi  A;  and  C=  |7»[  the  .sequence  formed  of  the  uegiitive  tarms. 
By  hypothesis,  _^  i 
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But  then,  for  a  sufficiently  large  m\ 

Hence 

lim  /8^  =  -h  »,   lini  7^  =  —  oo. 

137.  Let  lim  a^  =  a,   lim  /8n  =  ±  oo  ; 
ihen\.                 lim(a,»±/8„)  =  ±  X,     lim^  =  0. 

2.  Ifa^Q,  lim  a„/3„  =  ±  00- 

3.  Ifa^t'O,  ^>0,  and  lim)8„  =  0; 

Pn 

tAen  lim^  =  +  00. 

Pn 

The  demonstration  is  obvious. 

138.  Let        ttp   oj,   oj,    •••        ^p   /Sj,   )8j,   — 

ie  tti^o  sequences. 

Let  fin>^n'         n=^h2,"* 

If  lim  ct^^+co^ 
then  lim)8„=  +  ao. 

For,  by  hypothesis, 

Since  )8„5«hi 

we  have,  a  fortiori^ 

Henoe 

lim  )8n  =  4-  00. 

13B.  Xet  J.  as  Oj,  a,,  •••  6e  a  monotone  increasing  %e<punee.     Lei 

be  a  partial  sequmce  of  A. 

then  limo^ss  +  QO. 

A 
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For,  by  hypothesis, 

Q>0,  m,  a^>fl^.        n>m. 
But  since  A  is  monotone  increasing, 

Hence  «r>  fl^» 

and  limoys  +  oo. 

140.  Let  wi|,  wiy  •"  be  a  sequence  of  integen  whoee  limit  i$  +00. 

Then  ,.  ^    _ 

hma"^=sO,  t/0<a<l.  (1 

=  1,  if  a=l.  (2 

==-hQO,  if  a>l.  (8 


(4 


For,  fet  «>1. 

We  set 

«=i  +  s.      s>a 

Then,  by  94, 8), 

«.  =  (1  +  S)«.»8^ 

We  apply  now  188. 

Since 

lim)8^=4-QO, 

we  have,  from  4), 
Let  0<«<1. 

lim  a^  =  4-QO. 

We  set 

1 

''=«• 

Then 
Also 

p>i. 

-    1 

As  by  8), 

limp""  =  4-«>. 

we  have,  by  187, 

lim  «"•  =  0, 

which  proves  1). 
The  truth  of  2)  is 

obvious. 
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141.   We  consider  now  a  few  examples  involving  infinite  limits, 
Example  1.  ^      ^  ^ 

Here  ,.  ,  .^ 

/Li  =  2'"  — 1.         m=sl,  2,  ••• 
Then 

Each  parenthesis  is  >-• 
For, 

2  +  3>i  +  4-2' 


Thus 


As 


lim  m=  4-QOt 
we  have,  by  188,  ,. 

But  {a^i  is  a  partial  sequence  of  the  increasing  sequence  \a^\. 
Hence,  by  139,  we  have  1). 

143.   Example  2. 


a      a-hl      a+2  «  +  »' 

where  a^^O,  —1,  —2,  —8,  ••• 
Then  r  i  i^i 

Leta>Q. 
Then  there  is  a  positive  integer  m,  such  that 

m  — l<a<wi. 
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Then  -  - 

^     >-4—         P=0,h2, 


a-\-p     m-\-p 
Hence  -  -  - 

^^^:^  "*"^  .  1  "^ ^ ^  ■  ^  '^ ^*' 

But,  by  135,  141,  u^^^^^^. 

Hence,  by  138,  iin,«,  =  +ao. 

Let  a<0. 

Then  there  exists  a  positive  integer  m,  such  that 

0<a-f  m<l. 
Hence 

Then,  by  141  and  138, 

lira  7^  =  +Q0. 

But  }7^{  is  a  partial  sequence  of  {a^{.    Hence  we  have  again  1), 
by  189. 

143.   Hxamplez,         ^  «(«h- 1)  -  («  +  n) 

where /8^0,  -1,  -2,  - 

1**.    a>/8, /8>0.     Let  S  =  a-/8. 
Then 

p  -^  fji  p  '\-  ffi 

Hence 

by  90, 1.     Hence,  by  142, 

lim  ^^  =s  +  00. 
2^   «>/8, /8<0. 

If  a  is  a  negative  integer  or  0,  Q^  finally  becomes  and  remains  0. 
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"®"^®  lim  e,  =  0.  «  =  0,  -  1,  -  2,  ... 

Otherwise,  let  the  positive  integer  m  be  taken  so  large  that 

/8-|-m>0. 
Then 

^*     /8(/8+l)...(/8  +  m-l)  *  (/8  +  m)...(/8  +  n) 
The  first  factor  JB  is  a  constant.     In  S^^  set 

a'  =  a-|-m,  /8'  =  /8  +  w,  n— w  =  n'. 

As  a'  >  /8'  >  0,  aS^  falls  under  case  1^. 
Hence  v     /^ 

the  sign  being  that  of  R. 

3^.    a<l3.     If  a  =  0,  -  1,  -  2,  .-.,  evidently  Q^  =  0. 

Let 

7>  __  /8(/8-f  l)--(/8-f  n)  a  not  zero  or  a 

**      «(«  +  1 )  • .  •  (a  +  w)         negative  integer. 

Then  P,  falls  under  cases  1^  or  2**. 
But  - 

Hence  lim^^  =  0. 

4^   a^/3^0,  -1,  -2,  ....     Here  ^,=  1. 
Hence  t     /^       ^ 

Different  Systems  for  Eocpressing  Nurnbers. 

144.    1.  Let  a  be  a  positive  integer,  and  m  any  integer  >1. 
Then  we  can  give  a  the  form 

a  =  a,w"-f  a,-im"-*  +  ...  +  ao,  (1 

where 

0<a,<m-l,         ic  =  0, 1,  2,  .- 

and  n  is  a  positive  integer. 
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The  number  m  is  called  the  b(i$e  of  the  system.  The  base 
being  given,  the  numbers  a^,  a^,  •••  a.  completely  define  the 
number  a,  and  1)  may  be  written  more  shortly 

When  fits  10,  we  have  the  decimal  system.     For  example,  we 

^^^^  8-10*  +  l-10«+7.10«  +  7-10  +  9 

more  shortly  31779 

When  m  is  used  as  base,  the  numbers  a  are  said  to  be  expressed 
in  an  m-adic  system. 

2.  Let  0  <  a  <  1.  With  a  is  associated  a  point  on  a  right  line  £, 
whose  distance  fron>  the  origin  of  reference  is  a.  To  measure  this 
distance,  let  us  divide  the  unit  interval  into  m  equal  parts,  each  of 
these  parts  into  m  equal  parts,  and  so  on.     Then,  as  shown  in 

"^*  ^20,  a  =  \l,,l,,l,,  ...|,  (2 

where 

iy  —  — *, 
m 


m^      m     nfl 
Z,  =  i,  +  £a  =  £i  +  ii  +  fa, 


m»      m     m*     !»• 


The  numbers  l^  l^^  •••  are  completely  determined  when  the  num- 
bers a  J,  aj,  •••  are  given.  Thus  «  is  determined  when  these  latter 
numbers  are  given,  and  instead  of  representing  a  by  the  system 
of  equations  2),  8),  we  may  employ  the  shorter  notation 

«=  -a^a^a^  ••• 

For  example,  let  a  =  |^  and  m  » 10. 

flj  =  8,  (^2  =  8,  a^  =  8,  ••• 

H^"^**  i=.3333... 

which  is  the  familiar  decimal  representation  of  }• 
If  we  take  m  =  5,  we  get  the  representation 

i=. 1818181... 
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8.  Thus  every  positive  number  can  be  written  in  the  form 

where  the  a's  and  b's  are  ^  0  and  ^  m  —  1. 

4.  Certain  numbers  admit  a  double  representation,  in  an  f»-adio 
system ;  viz.  those  numbers  in  which  the  i*s,  after  a  certain  stage, 
all  equal  0  or  all  equal  m  —  1.     In  this  case  we  have 

a  =  a^a,_i  •••  a^  •  b^b^  •••  6, 0000  •••  (4 

a  =  a^  •••  Hq  •  ftj  •••  (6,—  l)(r?i  — l)(f»—  1)  —  (6 

For  example,  when  m  s  10, 

23.6650000 ... 

^^^  23.5649999 ... 

represent  the  same  number.  In  the  future  we  shall  suppose  that 
all  such  numbers  are  represented  by  the  form  4),  which  we  shall 
call  the  normal  form. 

5.  Numbers  of  the  type 

all  digits  after  b^  being  0,  are  usually  written  more  shortly,  by 
omitting  these  zeros.  Such  numbers  are  said  to  admit  a  finite 
representation. 

145.  The  expression  of  a  positive  number  N  in  normal  form  in  an 
m-adic  system  is  unique. 

1**.  Let  Nbe  an  integer.     We  show  first  that 

»»"  >  «o  +  H^  -!-•••  +  a^-iwi""'^  (1 

This  is  obviously  true  for  w  =  1.  We  apply  now  the  method 
of  complete  induction.  Supposing  1)  is  true  for  n  =  «,  we  show  it 
is  true  forn  =  «  + 1.     Let,  then, 

m*  >  ^Q  +  a^m  -I-  •••  -f  a,_iwi*"^ 

Then,  since  both  numbers  on  the  left  and  right  are  integers, 

«*•  -  («o  +  «i^  +  -  +  a,-i»»'"0  ^  1. 
Hence  j*i     •     .        .  *-i\    = 
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Snbtrtcting  an  integer  6  =  0,  1,  ...  ?n  —  1,  from  both  sides, 

^j*+i  -  (6  +  aQin  +  a^m^  +  -.  +  a,_,w')  >  0. 
Hence,  changing  the  notation  slightly, 

w'+^  >  ao'  +  a/m  4-  -  4-  a,' m%  (2 

if  the  «' are  ^m-1. 
This  established,  let 

M=  %  4-  aim  4-  flg^^  H h  a^m'", 

iVr=  J^  4-  b^m  4-  ij^^  4-  •••  4-  6.w% 

where  ar^O,b,=^0. 

Then  1)  shows  that  if  r^«,  then  M^N. 

Hence,  if  M\^  to  equal  iVi  it  is  necessary  that  r  =  «. 

If  fssf,  then  1)  shows  that  M^N,  according  as  Or^b^.  Thus, 
if  JIf  —  iV",  it  is  necessary  that  a,.  =  6^.  In  this  way  we  may  con- 
tinue, and  so  show  that  when  M=  N, 

««  =  Jo     #c  =  0,  1,  ...  r. 
T.  Let  0<N<1. 

Suppose  i^=.a,a,...a..,a.... 

x^=  .<i|(Zj...a^_i6^... 

where  a^  ^  6^.     To  fix  the  ideas,  let  a^  >  6^.     Then  N>P. 
For*  , 

Since  P  is  written  in  the  normal  form,  there  exists  an  «^r, 

such  that  .  ^ 

6,  <tn  —  1. 

Then 

P^iViH-^,H-...4-^^  =  iVi  +  P,. 

But  since  a^  >  J^  ^^^  ^  p^ 


CHAPTER  III 
EXPONENTIALS  AND  LOGARITHMS 

Rational  Exponents 

146.  Having  developed  now  the  number  system  9t  with  suffi- 
cient detail,  we  shall  in  this  and  the  subsequent  chapters  represent 
numbers  in  {R  indifferently  by  Greek  and  Latin  letters. 

147.  Up  to  the  present  we  have  defined  the  symbol 

a**  (1 

only  for  positive  integral  values  of  the  exponent  /i.  We  proceed 
to  define  it  for  any  value  of  ft,  supposing  a  >  0.  We  begin  with 
rational  values.    The  numbers  1)  are  then  called  roots  or  radiccUi. 

148.  1.  Let  a>0,  and  let  n  be  a  positive  integer.  There  exists 
me  and  only  one  positive  number  satisfying 

^  =  «•  (1 

Let  (JB,  C)  be  a  partition  such  that  B  contains  all  positive 
numbers  6  such  .that  i"  <  a 

Let  p  be  the  number  which  generates  (-B,  (7),  130,  2.  By  180, 
1,  we  can  pick  out  of  £  a  monotone  increasing  sequence  \b^\  and 
out  of  (7  a  monotone  decreasing  sequence  \c^\  such  that 


lim  b^  =s  lim  c^  =  p. 

As 
we  have,  by  106,  2, 

lim  6^  s=  a. 
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Asw  by  98, 

lim  6^  =  /y*. 

p»  =  a. 
H^noe  p  satisfies  1). 
There  is  but  one  positive  solution  of  1).     For  if 

w^  h»ve,  from  2),  8), 
Hence,  by  76,  3, 
2.  We  write 

p  =  <T. 

(2 
(8 


S«  When  n  is  odd,  1)  has  only  one  solution  in  9t,  viz.,  x  =\/a* 
When  n  is  even,  it  has  two  and  only  two  solutions  in  9tf  viz., 

149.  1.  From  the  preceding  we  have  readily : 
Leta<0.     Then  ^ 

hM  no  Molution  jf  n  is  even^  and  if  n  is  oddy  it  has  one  and  only  one 
solution,  viz.<i  — -y^— a. 

For  brevity  we  often  write,  when  n  is  odd  and  a  <  0, 

■v/a     for    -  y/^^. 

When,  however,  a  >  0  the  radical  Va  shall  always  be  a  positive 
number. 

2.   The  equation  t^^Q  admits  one  and  only  one  solution^  viz.^ 
a;  M  0,  in  9t.     We  unite  i 

-^  =  0^=0. 

150.  l.lfmjn  are  positive  integers^  and  a  >  0,  then 

1  1 

Set  1 


►> 


RATIONAL  EXPONENTS 

97 

Then                                       -     ^ 

/>-  =  a, 

and                                                        1 

also 

(2 
(8 

The  equation  3)  shows  that  p"^  is  the  positive  solution  of 

Hence,  by  definition,                           i 

p'»  =  (a-)-. 

(4 

Comparing  2)  and  4),  we  have  1). 

2.  We  write                  \                i       ■ 

(a")'"  =  (a")"  =  a-. 

We  have  now  the  definition  of 

a^        a>0 
for  positive  rational  eocponenta. 

151.  Let  /i  be  a  positive  rational  number.     We  define  the  symbol 
a"**  by  the  relation  ^ 

a** 
We  also  set  /lO  —  i 

152.  Let  r,  8  i«  rational  numbers^  and  a  >  0.     2%^n 

This  equation  expresses  the  addition  theorem  for  rational  ex- 
ponents.    It  is  a  generalization  of  74,  2. 
To  fix  the  ideas,  suppose  r,  8>0.     Let 

I  m 

r  =  -,      «  =  -, 
n  n 

where  /,  m,  n  are  positive  integers. 

Let 

p  =  a'';   then  p^^af.  (2 

Let 

cr  =  0* ;   then  o*  =  a"*.  (3 
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Multiplying  2),  3),  we  get 

(pay  =  «'+"«. 
This  shows  that  p  •  <7  is  the  positive  root  o£ 


Hence 

/-nn 

But  2),  3)  also  give 

pa  =  a  "^  . 

pa  =  aV. 

Comparing  4),  5),  we  get  1),  since 

l-hm 

=  r  +  «• 

n 

153.    Let  n  be  a  rational  number^  and  a  >  0. 

For  let  ft  =  —  >  0 ;  w,  w  positive  integers. 
n 


We  have,  by  148,                   i 

a''>0. 

Hence                 «       i      i        i 

a"  =  a" -a"  •••«"> 0. 

m  factors, 

If  fi<0,  let  At  =  -i/,  i^>0. 
Then  i 

a" 
and  as  a"  >  0,  so  is  a**  >  0. 

H  /i  =  0,  we  have  a**  =  1,  by  151. 

154.    Let  fibe  a  positive  fraction  and  a  >  0.     T^hen 

a**  =  1  according  as  a  =  l. 

Let  ft  =  — ;  ?w,  n  positive  integers. 
n 

1 

If  a  >  1,  then  a"  >  1. 

For,  suppose  the  contrary,  i.e.  let 

a*  pi. 


(4 
(6 


a^^a. 
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Raising  to  the  nth  powers,  by  75,  2, 

a<l, 

which  is  a  contradiction.     Hence 

1 
Ifa>l,  a^>l. 

Hence  a*>l,  by  75,  2. 

The  other  cases  are  similarly  treated. 

155.  Let  nhe  a  positive  integer  and  a  >  0.     Then  a"^a  according 
a%  a^\. 

Let  a  <  1  and  suppose 

Then,  by  76,  2, 

a^a^.  (1 

But  when  a  <  1, 

a''<a^ 
by  75,  4.     This  contradicts  1). 

Thus,  when  a<l,  a*>a. 

The  other  cases  are  easily  treated  now. 

156.  1.  Let  a  >  0  and  let  fihe  a  pontive  fraction.     If 

a^>b>0, 

then  I 

a>A'*.  (1 

For,  let  /i  s=  — ;  wi,  n  positive  integers. 
n 

From  m 

follows,  by  75,  2, 

a"*>J^.  (2 

Suppose  now  1)  were  not  true,  i.e.  suppose 

a^h^. 
Then  _ 

which  contradicts  2). 
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2.  Let  a  >  0  and  let  fibe  a  negative  fraction. 

If  a^>b>0, 

I 

then  a<b'^.  (^ 

We  can  set  /i  =  —  i^,  i^  >  0. 

Then  i 

a" 
This  reduces  2  to  1. 

157.  Let  fi<v  be  two  rational  numbers  ;  let  a  >  0. 

a^^'^a''  according  as  a^l.  (L 

We  can  set 

r  8 

a  =  -,   i;  =  -5 

t  t 

where  r,  «,  t  are  integers  and  t>0. 

To  fix  the  ideas,  let  a  >  1,  and  ft,  i/  >  0. 
Suppose  for  this  case,  1)  were  not  true,  i.e.  that 

a"  ^  a^ 
Then 

a^>a',  by  75,  2, 
which  is  absurd,  since  r<8. 

Thus  1)  is  true  for  this  case.     In  the  same  way  we  may  treat  the 
other  case. 

158.  Let  fibe  a  rational  number^  and  let  a„  >  0,  n  =  1,  2,  —. 

//  lima„  =  l,  (1 

then  lim  aj  =  1.  (2 

To  fix  the  ideas,  let 

fi,  =  -;  r^  8  positive  integers. 

If  a,<l,     a«<a^'<l; 

1 
if  «»>!»      l<a/<a., 

1 
by  164, 155.    Thus  in  either  case  a^'  lies  between  1  and  a^.     Ap- 
pljring  107,  we  have,  using  1), 

lim  a  J  «  1. 
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Since  r         i     i         i 

a^*=  a^'a„*"«a^',         rfacUyru. 
we  have,  by  98, 

r 

lim  a^*  =  lim  aj  =s  1. 
The  other  cases  are  now  easily  treated. 

159.  Let  fA  be  a  rational  number;  let 

lima^=a>0,         a*>0. 


2%en 
For, 

But,  by  hypothesis. 

lim  ai  = 

lim^  = 
a 

=  1,         by 

98. 

(1 

(2 


If  we  apply  now  158  to  2),  we  get  1). 

Irrational  Exponents 

160.   Let  Rssri^  ^2«  •••  fte  a  seqtience  of  rational  numben  tvhose 
limit  i$  0.     Then,  if  a>0, 

lima'^"  =  l.  (1 

We  show :  n  n        ^  i  •« 

€>0,  m,   |l-a'^-|<€,  n>m,  (2 

which  is  the  same  as  1). 
Let  a>l,  r^>0;  then,  by  154, 

a''«>l. 

Since  rM>  0  and  as  small  as  we  please,  n  being  sufficiently  large, 
we  can  take  m  so  large  that 

1 
however  large  the  positive  integer  g  be  chosen. 
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We  can  also  take  g  so  large  that 

■^^^"^  (l  +  ey>«.  (3 

On  the  other  hand,  by  157, 

(i  +  €)''->(i+€y,  (4 

Hence  8)  and  4)  give 

(1 +  €)''*>  a.         n>m. 

This  gives,  by  156,  1), 

l  +  €>a'^. 

Hence  2)  holds  in  this  case. 

Let  a  <  1,  r^  >  0.     We  set 

1 

'^^"  6>1. 

By  the  preceding  case 

Hence  ^         - 

a'-»  =  -i^>-4->l-€, 
6'^"     1  +  € 

by  89,  1).     This  gives 

1  -  a*^"  <  €. 

Hence  2)  holds  in  this  case. 

Let  r^  <  0.    This  case  reduces  to  the  case  that  r^>  0,  by  observ- 

We  consider  now  the  case  that  the  r^  do  not  all  have  one  sign. 
We  divide  R  into  three  sequences,  iJ^,  5+,  R^.  In  the  first,  we 
throw  all  r^  =  0 ;  in  the  second  all  r^  >  0 ;  in  the  third  all  r^  <  0. 
Should  any  of  these  sequences  contain  only  a  finite  number  of 
elements,  it  can  be  neglected.  For  we  have  only  to  consider  a 
partial  sequence  of  iJ,  obtained  by  omitting  the  terms  of  72  up  to 
a  certain  one. 
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Consider  72+ .  We  have  seen  there  exists  in  it  an  index  rrt!  such 
that  2)  holds  for  every  n>fn! . 

Similarly  in  i2_,  there  exists  an  index  m"  such  that  2)  holds 
for  every  »>m". 

Consider  finally  R^.     As  r^  =  0,  2)  holds  for  every  n  of  R^^. 

Thus  if  wi  be  taken  >m',  wi",  2)  holds  for  every  n>m\n  R. 

161.  Let  A  =  ayy  a^  •••  be  a  regular  sequeTice  of  rational  numbers^ 
and  let  6  >  0.     Then 

i%  i^  ...  (1 

is  refftdar. 

We  have  to  show : 

€>0,  wi,  |6^-6*»|<€,        n>m.  (2 

Set 

Since  A  is  regular,  we  have 

8>0,  m,  \a^  —  a^\<B.       n>m. 

But  if  £  is  taken  small  enough,  by  160, 

|J^-«"-l|<i;,  (4 

where  i;>0  is  arbitrarily  small. 

Since  A  is  regular,  there  exist,  by  65,  5,  two  rational  numbers, 

Q,  R^  such  that        ^  «  ^   « 

Q<a^<R.         n=:l,  2,  ...  (5 

Then  8)  gives,  by  4)  and  5), 

|ij<6%  if  J>1; 

<b%  if  6<1,  by  167. 


C6 


If  6  >  1,  we  take  '^  ^  P  • 


e 


if  6  <  1,  we  take  V^'fh' 

Then  in  either  case  2)  holds. 

The  case  that  i  s  1  requires  no  demonstration. 
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162.  Let  a^  a^  •••  and  a^,  cc^  -  be  two  9equenee%  of  rational 
numbers  having  the  same  limit.     Then^  \f  b>Q^ 

lim  i*"  =  lim  {••.  (1 

By  161,  both  limits  in  1)  exist. 

Let  i„  =  6«-  -  6«-  =  b^(l  -  b*^-^y  (2 

We  have  only  to  show  that 

limrf^=0.  (8 

But 

lim(a^-aO  =  0. 
Hence,  by  160, 

lim  (1 -{•--««)  =0.  (4 

Hence,  2),  4)  give  3). 

163.  We  are  now  in  the  position  to  define  irrational  exponents. 
Let  .  . 

be  a  representation  of  ii.     We  say 

a"  =  lim  a^\  (1 

By  161,  the  limit  on  the  right  of  1)  exists ;  by  162,  it  is  the 
same  whatever  representation  of  /ia  is  taken. 

164.  1.  Let  r^,  r^^  —  be  a  sequence  of  rational  numbers  having  a 
rational  limit  r.     Then^  if  6  >  0, 

limi"-  =  6^  (1 

In  fact,  the  sequence 

^v  ^v  ^v    -5        ^i.  =  n        »  =  1»  2,  .. 
has  r  as  limit. 

^^  ^^^  lim  6%  =  lim  b^n  a 

But  ' 

lim  b^'n  =  lim  6'^  =  6^ 

This  in  2)  gives  1), 

2.  The  object  of  1  is  to  show  that  the  definition  of  o^  given  in 
163  does  not  conflict  with  that  given  in  150,  161,  in  case  /»  is 
rational. 
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165.  1.  Let  /i  be  an  arbitrary  number^  and  r,  «,  two  rational 
numbers^  such  that  r<fi<8.     Then  for  6  >  0, 

J*"  ^  6"  ^  b\  according  a«  (  ^  1.  (1 

For,  let 

the  m's  being  rational. 
Then,  by  105,  1, 

r<m^<%.        n>v. 
Hence,  by  157, 

J*" <  J**!- <  6',     if    h>l. 

Then  passing  to  the  limit,  by  106,  1, 

b^Kb^'K  6*.  (2 

Here  the  equality  sign  must  be  suppressed.  For,  let  r'  be 
another  rational  number  such  that 

rKr'  <ti. 
Then,  as  in  2), 

6*-  <  6^  (8 

But 

b^<b^\  (4 

by  157.     From  8),  4)  we  have 

b"^  <  b\ 

Thus  the  equality  sign  in  2)  must  be  suppressed. 

The  truth  of  1),  when  J<1,  follows  in  a  similar  manner. 

2.  As  a  corollary  of  1,  we  have : 

Let  a  >  0  ;  then  a**  vanishes  for  no  value  of  /i. 

In  fact,  the  relation  1  shows  that  a*^  always  lies  between  two 
positive  numbers,  by  153. 

166.  1.  The  properties  given  in  the  preceding  articles  for 
rational  exponents  hold  for  irrational  exponents  also.  We  illus- 
trate the  demonstration  in  a  few  cases. 

Let\</A,andb>0.     Then 

6^ ^ 6**,  according  as  b^l.  (1 
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To  fix  the  ideas,  suppose  6>1.     Let  r  be  a  rational  number, 
such  that 

Then,  by  165, 

Hence 

2.  As  corollary  we  have : 
If  6  >  1,  we  conclude  from 

that 


whereM^  if  Q<h<l^we  conclude  that 
8.  Inl)  letX==0.     Since 


X|/i. 


we  have : 
Let 


6^  =  1 

/Lt  >  0,  and  6  >  0  ;  then 
V^  =  1,  according  a«  6  =  1. 


167. 

6« 

For,  let 

Then 

-a  =  (-a,,  -a,,  •••),  by  71,  8, 

Since,  by 

151, 

--h 

i  have 

&-•—  limft-«-—       ^      —  ^ 

lim  6"»     6» 

since  ft^^^O,  by  165,  2. 
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168.  If  a>0. 

This  is  the  addition  theorem  for  any  exponents,  and  is  a  generali- 
zation of  152. 


Let 

Then 

Hence 


X  =  lim  X^,  /Lt  =  lim  /i„. 
a^  =  lim  a^",  a**  =  lim  a*^. 
a^af^  =  lim  a^"  lim  a'*"  =  lim  a^'W** 
=  lim  a^"-^**",  by  162, 


169.    i^^  Xj,  X,,  •••  6e  a  sequence  whose  limit  is  -f  «>• 

//a>0, 

r        A         r  +  00,  i/  a>l, 
lim  a^nz=z  \  *: 

\        0,  ?/  a  <  1, 

For,  leta>\. 

Let  Z^  be  the  greatest  integer  in  X^. 

Since  lim  X„  =  -f  Qo»        lini  Z^  =  -f  «>. 


Then,  by  140, 

As 

lim  afn  =4-00. 

by  188- 

lim  a^  =  4-  <», 

Leta<l. 

Set 

ft  =  -.         Then  6>1. 
a 

The  demonstration  follows  now  at  once. 

170.   Let  aj,  a,,  • 

wl. 

"  be  a  sequence  of  positive  numbers  whose  limit 

Then 

lim  a^^  =  1. 
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.  ^.  s  be  rational  numbers,  such  that 

r<\<s. 

.^«4u  by  166, 1, 

an*  <  «/  <  <^  «n  <  1-  (2 

..<  i  u*  apply  ^i^w  107.     Since,  by  158, 

lim  aj  =  lim  a»*  =  1, 

^.^  )^\^  from  1),  2), 

lim  a^^  =3  1. 

171.    Let  a|,  a^n  "-  be  a  sequence  of  positive  numbers  whose  limit 

^  *  ^  0-     Then 

lim  a/  =  a\  (1 

»"'-  V  =  «^l-)\  (2 

Since,  by  170, 

l>  follows  from  2)  at  once. 

ITJ.   Let  Xj,  \^  '"  be  a  sequence  whose  limit  is\.     lfa>0^ 

lim  a^»  =  a^.  (1 

For,  let 

'*!'     '*2'     "*'  ^1'    ^2'     "* 

be  two  sequences  of  rational  numbers  whose  limits  are  X,  and  such 
rn<K<9n^        n  =  l,  2,  ... 
To  fix  the  ideas,  let  a  >  1 ;  then,  by  166, 

By  162, 

lim  a^n  =  lim  a^. 

riie  application  of  107  to  2)  gives  1). 
Th6  case  that  a  ^  1  is  now  readily  treated. 


lim^=l, 
a 
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Logarithms 

173.   Let  a,  ( > 0,  and  h^\.     The  equation 

J*  =  a  (1 

hae  one^  and  only  one^  soltUion. 

To  fix  the  ideas,  let  6  >  1.    We  form  a  partition  ((7,  D)  in  which 
C  contains  all  numbers  (?,  such  that 

b'<a; 

while  D  contains  all  numbers  (2,  such  that 

b^>a. 

This  separation  of  the  numbers  of  9t  into  the  classes  (7,  D  is 
indeed  a  partition.    For  every  number  of  (7  is  <  any  number  of  2>. 
In  fact,  from  .^     -^ 

follows,  by  166,  2,  , 

Let  f  be  the  number  which  generates  ((7,  D) ;  let 

be  the  monotone  sequences  of  130,  whose  common  limit  is  f . 

Then  ..  ^^ 

o«  =  a.  (2 

For,  by  171,  lim  6^»  =  lim  6-»  =  6^.  (8 

On  the  other  hand,  j.^^^^j.,,  (4 

From  8),  4)  we  have,  by  106,  2, 

lim  b'n  =  a,  (5 

From  3),  5)  we  have.  2). 

The  equation  2)  shows  that  f  is  a  solution  1).     Let  tf  be  also  a 

solution,  so  that  ,        * 

J''  =  a.  (6 

From  2),  6)  we  have 
Hence,  from  166,  2, 
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174.  1.  As  we  have  just  seen,  the  equation 

J'r^a,         a>0;         b>0  and  ^1, 

admits  one,  and  only  one,  solution.      This  uniquely  determined 
number  f ,  we  call  the  logarithm  of  a,  the  base  being  b;  and  write 

f  =  logfta, 

or  when  we  do  not  care  to  indicate  the  base, 

f  =  loga. 

2.  We  shall  suppose,  once  for  all,  that  the  base  ft  is  ^^  1 ;  also 
that  the  nimibers  whose  logarithms  we  are  considering  are  >  0. 

3.  From 

logM  =  logv, 
follows 

The  demonstration  is  obvious. 

175.  log  ab  =  log  a  4-  log  ft. 

This  is  the  addition  theorem  of  logarithms. 
Let  the  base  he  c.     If 

a  =  loga,   /8=logft, 
then 

<?•  =  a,   c^=:b. 
Multiplying,  we  have 

(?»(^  =  (••+3  =  ab. 
From  the  equation 

(?-+^  =  aft, 
we  have 

log  aft  =  a  -f  /8  =  log  a  4-  log  ft. 

176.  By  using  the  properties  of  exponentials  we  may  deduce  in 
a  similar  manner  all  the  ordinary  properties  of  logarithms.  As 
this  presents  nothing  of  interelt,  we  pass  on.  We  note,  however, 
the  following  important  relation. 

Let  a  >  0,  and  ft  be  the  base  of  our  logarithms.     Then 

a^  =  ft*^»o««.  (1 
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For,  by  definition,  ^^^^  ^  ^^  ^2 

But  1.1 

log  w^=i  ^  log  a. 

This  in  2)  gives  1). 

177.  Let  a^,  Oy  •••  &6  a  %eq%bence  whose  limit  is  1.     TJien 

lim  log  a^  =  0.  (1 

To  fix  the  ideas,  let  5,  the  base  of  our  logarithms,  be  >  1. 
Let  €>0,  then,  by  166,  8, 


b'>l. 

(2 

Hence 

8  =  1-1>0. 
6* 

(3 

Since 

lim  a^  =  1, 

'^^*^«             S>0.  , 

w,    — 8<a„— 1<8,  n>m\ 

which  gives 

l-8<a„<l4-8. 

(4 

From  3)  we  have 

1-8=1. 

b* 

This  in  4)  gives 

1 

«->F 

(6 

On  the  other  hand. 

S  =  *'-1<A.     1, 
6* 

by  8),  2). 

This  gives 

H-8<6'. 

(6 

Then  6)  and  4)  give 

a^<h\ 

a 

From  5),  7)  we  have 

finally 
6-'<a,<i'. 

This  may  be  written, 

by  176, 1), 
6-'<6i»««"<6«. 

Hence,  by  166,  2, 

•  €<loga„<€,        n>wi, 
which  is  another  form  of  1). 
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178.   Let  liraa^  =  a>0.      Then 

lim  log  a^  =  log  a.         a^  >  0.  (1 


B'or, 

Hence 

As 


log  an  =  log  a  4-  log  ^-  (2 


lim?f=l, 


we  need  only  to  apply  177  to  2)  to  get  1). 

179.  Let  a^(t^  "*be  a  Bequence  whose  limit  t«  +  oo .     ITien 

limlog,a.=  j      ^    ^^j^j 
Let  6  >  1.     Let  m^  be  an  integer,  such  that 

Then,  by  176, 

log  a^>m^.  (L- 

But 

lim  fn^  =  4-  00, 

since  lim  a^  =  -f  oo. 

Hence,  by  188,  using  1), 

lim  log  a^  =  4-  00. 

The  case  that  (  <  1  follows  at  once  now. 

Some  Theorems  on  Limits 

180.  Let  A  =  ^1,  aj.  -*•  be  any  sequence^  such  however  that  its  limit 
w  ±00  when  it  is  not  limited;  let  B=b^^  J^,  •••6e  an  increasing^ 
sequence  whose  limit  i«  -f  oo.     If 

Z  =  lim^5±IIl^  (1 

is  finite  or  infinite^  then 

lim^  =  i.  (2 
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Proof,    r.  I  finite. 

Set 

From  1)  we  have : 
Hence 

rFo  these  inequalities  apply  93,  setting  the  7*8  equal  1.     Then 

or 

9«.p-«<^<?m,p  +  8.  (3 

-ffA  18  limited; 

^ioce,  by  hypothesis,  6^  =  -f  oo. 

In  3,  pass  to  the  limit  p  =  co  ;  we  get 

-S<l<B. 
Hence 

/=0. 


But  on  the  supposition  that  A  is  limited. 


lim?2«o. 


Thus  2)  holds  in  this  case. 

Jf  Ai$  not  limited  ; 
^  >0  being  small  at  pleasure,  and  m  fixed,  we  have,  by  92, 

1-.*- 


«>0,     p^       ^iE  =  l  +  aj;      |«,|<8,     p>p^  (4 

1 — 2a. 
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Now 

Also,  by  8), 
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"m+pV 


From  5)  we  get,  using  4),  6), 


=  G+S')0  +  8x) 


Hence 

=  i  +  i8i  +  8'4-M'. 

and 

<S(|i|  +  l  +  8) 

supposing  S<1. 
If  now  we  take 

;^< 

<«(KI  +  2), 

7)  gives  2). 


24-Kf 


2^.  I  infinite.     To  fix  the  ideas,  suppose  l^-^-co. 
Then 

Hence 

Applying  93,  we  get 

^, .     ,  .         ?m,P>^-        1^  =  1,2,... 

This  shows  that 

lima-  =  4-«>. 


Then  5)  shows  that,  taking  17  such  that  0  <  17  <  1, 


by  92.     Hence 


•m+g. 


"w+p 


(5 
(6 


(7 
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If  we  take 

where  O-  is  arbitrarily  large,  we  have 

p>0^.         n>m+p. 

This  proves  2)  for  this  case. 

181.  Let  a^  c^  ---  be  a  seqtience  whose  limits  finite  or  infinite^  is 
a.      Then 

n 
Let 

Then 

"""n-Cw-l)' 
Hence,  by  180, 

lim  —  =  a. 
n 

182.  Let  a|,  a^^  ---  be  a  sequence  whose  terms  are  positive^  and 
whose  limity  finite  or  infinite^  is  a>0. 

Then  ^ 

lim  ^/a^a^-'-af^  =  a.  (1 

1^.  a  finite.     Consider  the  auxiliary  sequence 

log  a.,  log  a«,  •  •  • ;  base  >  1. 
By  178, 

lim  log  a^  =3  log  a.  (2 

By  181  and  2), 

lim  -  (log  «!  -f  ••  -f  log  a„)  =  log  a.  (3 

n 

But 

-  Gog  «!  4-  •  •  +  log  a  J  =  \og^/ a^a^'-a^.  (4 

n 

From  3),  4)  we  have  1). 

2^.  a  infinite.     To  fix  the  ideas,  let  a  =  +  oo. 

By  179,  ..     . 

hm  log  a,»  =  +  00. 


116  £XPON£NTIALS  AND  LOGARITHMS 

By  181, 
Thus 


lim  log Vajaj •••  a^  =  a  =  +  oo. 


lim  y/a^'^'Q^^  +  ao. 
Hence  1)  is  true  in  this  case. 

183.   Let  a^,  a^  •--  be  a  sequence  of  positive  numbers. 
Let 


Then 
For, 


lim  — ^  =  a  ::^  0 ;  finite  or  infinite. 
lim  Vol  =  a. 


Apply  now  182. 


184.    Xe^  a|,  a^  *''  be  a  sequence  whose  limit  is  0. 

Let  (^,  (j^  '"  ^^  ^  decreasing  sequence  whose  limit  is  0. 
Let 


Then 


lim  jr^^ — jp- *  =  I ;  ^nt^e  or  infinite. 


lim?2  =  Z. 


1®.  I  finite.     As  in  180,  we  have 


€>0,  ?w', 
Since  by  92, 


^'m  —  <^m^p        I 


h^-h 


im^ 


<h;/^  =  1,2, 


(1 


f»>m^        (2 


lim 


a«  — a« 


we  have 


€>;^o» 


a^-a, 


'm+y       ^m 


ftm  —  *ii.+p        *- 


<l^ 


i^>P»- 


Adding  2),  8),  we  get 


^m        7 


<€;         Wl>w^ 


(8 
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2*.  I  infinite.     Let  Z  =  4-  oo 
Then 


But  for  sufficiently  large  /?, 


9,»,p  =  |=^  +  Si;  |Si|<S,  by  92. 


Hence 

Hence 

^>g;        m>m' 

and  g  is  large  at  pleasure,  since  &  is. 

185.  SXAHPLBS 

1.  ^*™  ^og»  _  0. 


F6r, 


logn-log(n-l)^^     ^^Q 
n-(fi  — 1)  n-1 


2.  lim?;  =  +  «>. 

*■**  n 
For, 


8. 

For, 


4. 
For, 


^='(' 

-a^ 

=  + 

ltoWi  = 

:1. 

n 
n-1 

1. 

lta»C^  = 

+  «. 

«•     -H  = 

•f  flO. 

11-11 


CHAPTER  IV 

TH£  ELEMENTARY  FUNCTIONS.    NOTION  OF  A  FUNCTION 
IN  GENERAL 

FUNCTIOHS  OF  ONE  VARIABLE 

Definitions 

186.  The  functions  of  elementary  mathematics  are  the  following : 

Integral  rational  functions.  Exponential  functions. 

Rational  functions.  Inverse  circular  functions. 

Algebraic  functions.  Logarithmic  functions. 
Circular  functions. 

The  reader  is  already  familiar  with  the  simpler  properties  of 
these  functions,  which  we  may  call  the  elementary  functions.  We 
wish,  however,  to  restate  some  of  them  for  the  sake  of  clearness. 

187.  In  applied  mathematics  we  deal  with  a  great  variety  of 
quantities,  as  length,  area,  mass,  time,  energy,  electromotive  force, 
entropy,  etc.  In  a  given  problem  some  of  these  quantities  vary, 
others  are  fixed  or  constant. 

The  measures  of  these  quantities  are  numbers. 

In  certain  parts  of  pure  mathematics  we  study  the  relations 
between  certain  sets  of  numbers  without  reference  to  any  physical 
or  geometrical  quantities  they  may  measure.  In  either  case  we 
find  it  convenient  to  employ  certain  letters  or  symbols  to  which 
we  assign  one  or  more  numbers,  or  as  we  say,  numerical  values. 

A  symbol  which  has  only  one  value  in  a  given  problem  is  a 
constant. 

A  symbol  which  takes  on  more  than  one  value,  in  general  an 
infinity  of  values,  is  a  variable. 
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188.  The  set  of  values  a  variable  takes  on  is  called  the  domain 
qf  the  variable. 

It  is  often  convenient  to  represent  the  values  of  a  variable  by 
points  on  a  right  line  called  the  axis  of  the  variable,  as  explained 
in  123.  The  domain  of  a  variable  may  embrace  all  the  numbers  in 
9?9  or,  as  is  more  often  the  case,  only  a  part  of  these  numbers.  .  Very 
frequently  the  domain  is,  speaking  geometrically,  an  interval ;  i.e. 
the  variable  x  takes  on  all  values  satisfying  the  relation 

a<x<b. 

Such  an  interval  we  shall  represent  by  the  symbol 

(a,  6). 

Frequently  one  or  both  the  end  points  a,  (  are  excluded. 
Then  we  use  the  symbols 

(a*,  6)  for  a<x<b; 

(a,  6*)  for  a<x<b; 

(a*,i*)  for  a<x<b. 
Similarly, 

(a,  4-oo)  includes  all  x^a; 

(—00,  a)  includes  all  x^a; 

(—00,  -f  oo)  includes  all  x  in  JR. 

A  point  of  the  interval  (a,  b)  which  is  not  an  end  point  is  ttnthin 
the  interval. 

189.  Let  2;  be  a  variable,  whose  domain  call  D.  Let  a  law  be 
given  which  assigns  for  each  value  of  2;  in  2)  one  or  more  values 
to  y.     We  say  y  is  a  function  of  x,  and  write 

y=/(a:),  or  y  =  <^(a:),  etc. 

If  y  has  only  one  value  assigned  to  it  for  each  value  of  x  in  2>, 
we  say  y  is  a  one-valued  function^  otherwise  y  is  many-valued. 
The  variable  x  is  called  the  independent  variable  or  argument;  y  is 
called  the  dependent  variable. 
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We  must  note,  however,  that  y  may  be  a  constant. 

The  domain  of  the  independent  variable  x  which  enters  in  the 
law  defining  a  function  f{x)  is  also  called  the  domain  of  definition 
of  the  function. 

The  above  very  general  definition  of  a  function  is  due  to 
Dirichlet. 

190.  The  reader  is  already  familiar  with  the  graphical  repre- 
sentation of  a  function,  by  the  aid  of  two  rectangular  axes. 

Let  .,  . 

be  a  given  function  whose  domain  of  defini-  '     "    '^ 

tion  call  D. 

The  graphical  representation  of  D  is  a  set      

of  points  on  the  ^r-axis. 

Let  a  be  a  value  of  x  to  which  corresponds 
the  value  b  of  y.    The  point  P  in  the  figure 
whose  coordinates  are  a,  b  represents  the  value  of  the  function 
for  x  =  a. 

As  X  runs  over  the  values  of  its  domain  2>,  the  point  P  runs 
over  a  set  of  points,  which  we  call  the  graph  of  /(a;). 

191.  1.  Another  representation  of  a  function  is  the  following : 
We  take  two  axes  as  in  the 

'figure;  one  for  x^  one  for  y.      x 1^ 

In    this    representation,    the 

graph  oif(x)  is  a  set  of  points       £ £ 

on  the  y-axis. 

2.  The  reader  will  observe  this  important  difference  between 
the  two  modes  of  representation  just  given.  In  the  first  we  know 
for  each  point  P  of  the  graph  the  corresponding  values  of  both  x 
and  y.  In  the  second  mode  of  representation,  we  do  not  know 
in  general  the  value  of  x  corresponding  to  a  point  P  of  the 
graph,  and  conversely.  In  spite  of  this  deficiency,  we  shall  find 
that  this  second  representation  is  extremely  useful.  This  is 
especially  the  case  when  we  come  to  consider  functions  of  n 
variables. 
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D     1 
Fig.  1. 


O 

.JU. 


O 


Fig.  2. 


192.  Ex.  1.     Let  D  be  given  by 

0^a;:^l; 
while  y  is  given  by 

The  graph  of  y  in  the  first  mode 
of  representation  is  the  arc  of  the 
parabola  given  in  Fig.  1.  The  do- 
main of  definition  D  is  the  segment 
(0,  1)  on  the  a:-axis,  drawn  heavy  in 
the  figure. 

In  the  second  mode  of  representa- 
tion the  graph  of  y  is  the  segment  marked  heavy  on  the  y-axis 
(Fig.  2). 

193.  Ex.  2.   As  in  Ex.  1,  let 

y  =  A 

Let,  however,  the  domain  of  definition  D  embrace  only  the 
values  of  i    i    i    i 

In  the  first  representation  the  graph  of  y 
is  a  set  of  points  lying  on  the  arc  of  the 
parabola  of  Ex.  1. 

In  the  second  representation  it  is  the  set 
of  points 

on  the  y-axis. 


^»  h  h  "A» 


In  both  modes  of  representation,  the  representation  of  D  is  the 
set  of  points  ^ 

1.  h  h  h  h  •• 

on  the  :r-axis. 


'-n^ — 


Integral  Bationcd  Functions 
194.   These  functions  are  of  the  type 

where  the  a's  are  constants,  and  m  is  a  positive  integer  or  0. 


(1 
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Such  functions  are  called  polynomialB  in  algebtfa. 

The  number  m  is  called  the  degree  of  the  polynomial  y. 

When  wi  =  1,  we  have 

y  =  Oo  +  a^x.  (2 

The  graph  of  2)  is  a  straight  line.     For  this  reason  an  integral 
rational  function  of  the  first  degree  is  called  linear. 
When  m  =  0  or  when  a^  =0  in  2),  we  have 

y  =  Oo,  a  constant.  (3 

We  still  say  y  is  a  function  of  x.  In  fact,  3)  states  that  for 
each  value  of  x^  the  corresponding  value  of  y  is  Oq. 

The  graph  of  3)  is  a  line  parallel  to  the  ir-axis.  Since  the 
equation  1)  assigns  to  y  a  value  for  each  value  of  x^  the  domain  of 
definition  of  y  embraces  all  numbers  of  9i.  Speaking  geometrically, 
as  we  often  shall  in  the  future,  it  includes  all  the  points  of  the 
a;-axis. 

Since  1)  assigns  only  one  value  to  y  for  each  value  of  x,  y  is  a 
one-valued  function. 


195.    In  algebra  we  learn  that  if  a  polynomial 

P^  =  a,  -f  «ia;  +  —  a^  (1 

vanishes  for  x  =  a,  we  can  write 

where  Pa,.i  is  a  polynomial  of  degree  m  —  1.  We  learn  also  in 
algebra  that  a  polynomial  of  degree  m  cannot  vanish  more  than  m 
times,  without  being  identically  0,  in  which  case  all  the  coefficients 
in  1)  are  0. 

Should  1)  vanish  for 

^=«i>«r-««*  (2 

we  have 

The  numbers  2)  are  called  ro<^  or  M€ro%  of  P^. 
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Rational  Functions 

196.  The  quotient  of  two  integral  rational  functions  of  x  is 
called  a  rational  function. 

Their  general  type  is  given  by 

where  the  a's  and  &'s  are  constants  and  m,  n  are  positive  integers 
orO. 

The  expression  1)  involves  division  by  zero  for  those  values  of 
X  for  which  the  denominator  vanishes.  The  domain  of  definition 
D  of  a  rational  function  includes  therefore  all  points  on  the  2;-axis 
except  the  zeros  of  the  denominator.  These  zeros  we  shall  call 
the  poleB  of  y.  Since  1)  assigns  only  one  value  to  y  for  each  point 
of  D,  a  rational  function  of  x  is  one-valued. 

The  degree  of  y  is  the  greater  of  the  two  integers  m,  n ;  suppos- 
ing, of  course,  that  a^,  h^^O. 

When  y  is  of  the  first  degree,  it  is  called  linear.  The  type  of  a 
linear  rational  function  is,  therefore, 

_  gp  4-  a\X 
^      io  +  M' 

The  rational  function  includes  the  integral  rational  function  as 
a  special  case. 

In  fact,  let  the  numerator  be  divisible  by  the  denominator,  then 
1)  reduces  to  a  polynomial.  This  takes  place  in  particular  when 
the  denominator  reduces  to  a  constant. 


Algebraic  Functions 

197.    We  say  y  is  an  algebraic  function  of  x  when  it  satisfies  an 
equation  of  the  type 

where  n  is  a  positive  integer,  and  the  i2's  are  rational  functions 
of  X, 

The  degree  of  y  is  n. 
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Let  us  give  to  a;  a  definite  value  xssa.  If  a  is  a  pole  of  any  of 
the  B%  the  equation  1)  has  no  meaning  for  this  point,  and  it  does 
not  lie  in  the  domain  of  definition  of  y. 

Suppose  a  is  not  a  pole  of  any  of  the  i2's. 

Then  each  R^  takes  on  a  constant  value,  say  A^^  and  1)  goes 

overinto  j^  +  A^-^+-+A^.^  +  A,  =  0,  (2 

an  equation  with  constant  coefficients  of  degree  n. 

Equation  2)  may  have  no  real  roots.  In  this  case  a  does  not 
belong  to  the  domain  of  definition  of  y.  On  the  other  hand,  2) 
cannot  have  more  than  n  real  roots  for  a;  =  a. 

These  considerations  show  that  y  is  at  most  an  ^-valued  function 
whose  domain  of  definition  embraces  all  or  only  a  part  of  the  a>axis. 

If  we  clear  of  fractions  in  1),  we  may  write  it 

where  now  the  coefficients  of  y  are  polynomials  in  z.     Evidently 
either  1)  or  3)  may  be  used  as  definition  of  an  algebraic  function. 

198.  The  algebraic  functions  include  the  rational  functions  as 
a  special  case. 

For,  if  n=  1,  the  equation  1)  of  197  takes  on  the  form 

tf  +  Ri^O, 
or  y  =  -  By 

But  —  B^  is  any  rational  function. 

199.  An  expression  which  can  be  formed  from  x  and  certain 
constants  by  the  four  rational  operations  and  the  extraction  of 
roots,  each  repeated  a  finite  number  of  times,  is  called  an  explicit 
algehraie  function. 

Such  a  function  is 

Obviously  1)  can  be  obtained  from 

X,  a,  &,  c,  (2 
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by  the  aid  of  the  five  operations,  addition,  subtraction,  multiplica- 
tion, division,  and  the  extraction  of  roots,  each  repeated  only  a 
finite  number  of  times. 

It  is  known  that  every  explicit  algebraic  function  y  satisfies 
an  equation  of  the  type  197, 1).  Hence  every  explicit  algebraic 
function  is  an  algebraic  function,  by  197. 

The  converse  is,  however,  not  true ;  every  algebraic  function  y 
cannot  be  brought  into  the  form  of  an  explicit  algebraic  function. 

This  is  due  to  the  fact  that  equations  of  degree  n  >  4  cannot,  in 
general,  be  solved  by  the  extraction  of  roots,  or,  as  we  say,  do  not 
admit  of  an  algebraic  solution. 

SOO.  All  functions  which  are  not  algebraic  functions  are  called 
tramcendental  functions. 

The  terms  algebraic  and  transcendental  may  also  be  applied  to 
the  numbers  of  91. 

Any  number  a  which  satisfies  an  equation  of  the  type 

of  -f  a^Tf-^  -f  a^-'^  H h  a^_ix  -h  a*  =  0,  (1 

where  n  is  a  positive  integer,  and  the  a^s  are  rational  numbers,  is 
called  an  algebraic  number.  All  other  numbers  of  9t  are  transcen- 
dental numbers. 

When  n  =  l,  the  equation  1)  defines  a  rational  number;  the 
rational  numbers  are  special  cases  of  algebraic  numbers. 

Circular  Functions 

201.   As  the  reader  already  knows,  the  circular  functions  may 
be  defined  as    the  lengths   of    certain  lines 
connected  with  a  circle  of  unit  radius. 

Thus,  in  the  figure 

sin  X  =s  CE^  cos  x  =  OE^  tan  x  =  AB, 

etc.  We  have  shown  in  Chapter  II  how  the 
rectilinear  segments  AB^  CE^  etc.,  are  meas- 
ured. It  has  not  yet  been  shown,  however, 
how  to  measure  arcs  of  a  circle,  i.e.  how  to 
each  arc  as  AC,  a  number  x  may  be  attached,  as  its  measure. 
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This  will  be  given  later.  No  inconvenience  can  arise  if  we  assume 
here  a  knowledge  of  this  theory  inasmuch  as  the  reader  is  perfectly 
conversant  with  its  results,  which  are  all  we  need  for  the  present. 

Arcs  measured  in  the  direction  of  the  arrow  are  positive ;  those 
measured  in  the  opposite  direction  are  negative. 

If  we  suppose  the  point  C  to  move  around  the  circle  in  a  positive 
direction  starting  from  a  fixed  point  A  as  point  of  reference,  it  has 
described  an  arc  whose  measure  is  2  tt, 

TT  =  3.14159265... 

when  it  reaches  A  again.  If  it  still  continues  moving  around  the 
circle,  it  has  described  an  arc  =  4  tt  when  it  reaches  A  for  the 
second  time.  On  reaching  A  for  the  third  time  the  arc  described 
is  6  TT,  etc.  Thus  to  each  positive  number  in  {R  corresponds  an 
arc;  also,  conversely,  to  each  arc  measured  in  the  direction  of  the 
arrow  corresponds  a  positive  number  in  JR. 

With  arcs  measured  in  the  negative  direction  are  associated  the 
negative  numbers  of  SRi  and  conversely. 

202.  From  this  mode  of  defining  the  circular  functions  we  con- 
clude at  once  the  following  properties  : 

The  domain  of  definition  of  sin  x^  cos  x  embraces  all  the  numbers 
of  SR. 

The  domain  of  definition  of  tan  x  embraces  all  numbers  of  9t 
except 

g-f-WTT,  (1 

where  m  =  0,  ±1,  ±2,  •••. 

In  fact,  for  these  arcs,  the  secant  OB  is  parallel  to  the  tangent 
line  AB,  and  therefore  cuts  off  no  segment  on  it.  Thus  for  these 
values  of  the  argument  x^  tan  x  is  not  defined. 

Similarly,  secx  is  not  defined  for  these  sam6  values  1);  while 
cosec  X  is  not  defined  for 

x^mir.         m  =  0,  ±1,  ±2,    .•  (2 

From  similar  triangles  we  have  for  all  x^  except  these  singular 
values  in  1)  or  ^), 

sin  a:                    1  1 

tana;=T- ,  seca;= -,  cosec  2:== 


cosx  cos  2;  sm:r 
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We  observe  that  these  relations  involve  division  by  0,  for  the 
singular  values  1)  or  2). 

From  the  above  definition  of  the  circular  functions  we  see  that 
they  are  one-valued  functions  of  x, 

203.  The  graphs  of  the  three  principal  functions  sin  a;,  cos  a;, 
tan  x^  are  given  below. 
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304.  The  next  most  important  property  of  the  circular  function 
is  their  periodicity. 

In  general  we  define  thus : 

Let  a>  be  a  constant  :^0.  Let  /(a;)  be  a  one-valued  function 
whose  domain  of  definition  D  is  such  that,  if  x  is  any  point  of  D, 
so  is 


If 


x+moD^        7w=±l,  ±2,  ••• 

/(a:  +  «)=/(a;)  (1 

for  every  x  in  D,  we  say  /(a?)  is  periodic^  and  admits  the  period  ©. 
If  (»  is  a  period  of  /(a:),  so  is  m<o. 

7W=  ±  1,   ±2,  ••• 
For, 

f(x  +  2  ©)  =/[(a;  -h  ©)  +  ©]  =f(x  +  ©)  =/(a;), 

hence  2(»  is  a  period.     Similarly,  3  a),  4a>,  •••  are  periods. 
On  the  other  hand, 

/(a: -  «)  =/((a: -  a>)  +  «)  =/(z). 
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Hence  f(x)  admits  the  period  — «,  and  so  —  2a>,  —  3«,  etc. 
If  all  the  periods  that  f(x)  admits  are  multiples  of  a  certain 
period  c&,  this  is  the  primitive  period  of  f(x)^  or  the  period  of  fix). 
From  trigonometry  we  have : 

The  period  of  sinx^  co»x^  ii  2 ir;  the  period  of  tanx  i»  w. 

205.   1.  If  f(x)^  g(x)  admit  the  period  a>,  then 

f(x)±9(x\  (1 

fix)9(ix\    ^    gCx)^0,  (2 

admit  also  the  period  cd. 
For  example,  let 

We  have 

h(x  -h  «)  =/(a;  -h  «)  4-^(a;  -h  «)  =  f(^x)  •{•  g(x)  =  A(a;). 


2.  If  the  period  of  f(x)  i$  co,  the  period  off^ax)  is  ^.     ffere  a 
any  num 

For,  let 


M  any  numi^r  ^0,  * 


and  let  t  be  any  period  of  g^x). 
Then 

"""  /K^  +  T))=/(a2:). 

This  gives,  setting  _ 

Thus  ar  is  a  period  of  /(a:) ;  and-^erefore 

ar  =  ma>.         m  an  integer. 
Hence 

a  ^ 

As  -  is  obviously  a  period  of  g(x)^  it  is  the  period  of  ^(a;),  by  8). 

a 
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8.  Suppose  in  1,  that  cd,  instead  of  being  any  period  of  /  and  g^ 
is  the  period  of  these  functions.  It  is  important  to  note  that  we 
cannot  infer  that  therefore  to  is  the  period  of  the  functions  in  1),  2). 

Ex.  1.  Let 

/(a5)  =  8inaf,  ^(x)  =  4  sin  x  ooa^  x. 

The  period  of  theee  f anctionB  is  2  r. 
Yet  the  period  of 

^(x)  =  ^(x)  — /(x)  =:  BinSx 

"V- 

Ex.2.  Let 

/(x)  =  sin  X,  ^(x)  =  ooe  X. 
Then 

*(x)=/(x)^(x)  =  l8ln2x. 

The  period  of  /  and  ^  is  2  «- ;  the  period  of  A  is  r. 

Ex.  8.   Let  /(x),  ^(x),  be  as  in  Ex.  2.     Let 


The  period  of  A  is  again  «-. 
Ex.  4.   Let 


*(«)=^=»"*- 


/(x)  =  sin*  X,  ^(x)  =  ooa^  x. 
The  period  of  /,  ^  is  r. 
^""^  A(X)=/(X)  +  (^(X)  =  1, 

which  lias  no  primUive  period. 

206.    From  the  periodicity  of  the  circular  functions  we   can 
prove  that 

The  circular  functions  are  transcendental. 

Consider,  for  example, 

y  =5  sin  X. 

If  this  is  algebraic,  let  it  satisfy  the  irreducible  equation 

y"  +  ^i(^)y""'  +  -  +  ^-W  =  0-  (1 

Replace  here  :r  by  a;  +  2mir^  m  an  integer. 
If  we  set  _  ,       ^      ^      ^ ,  V 

1)  gives,  since  y  is  unaltered, 

y"  +  Ti(x)}r'  +  •••  +  T^i^">  =  0-  (2 
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As  y  satisfies  both  1)  and  2),  it  satisfies  their  difference 
(/Ji  -  7\)y"-*  +  ...  +  (ij^ _  t;)  =  0. 

Thus  y  satisfies  an  equation  of  degree  <n,  which  is  not   an 
identity.     As  we  assumed  1)  is  irreducible,  this  is  a  contradiction. 

207.  Another  important  property  of  the  circular  function  is 
their  addition  theorem^  which  is  expressed  in  the  formulae 

sin  (a;  -f-  y)  =  sin  x  cos  y  4-  cos  x  sin  y, 

cos  (a:  -f-  y )  =  cos  x  cos  y  —  sin  x  sin  y, 

,  ^        tan  X  -h  tan  y 

tan  (a:  -h  y)  =  -. ^    ^  ^    ^  > 

^        "^^      1  — tan  a;  tan  y 

etc. 

208.  1.  Let  f(x)  be  a  one-valued  function  whose  domain  of 
definition,  2),  is  such  that  if  x  is  any  point  of  2>,  so  is  —  x. 

Let  /(-^)=/(^), 

for  every  x  in  2).     We  say,  then,  that /(a:)  is  an  even  function. 
If 

/(-^)  =  -/W, 

we  say/(rr)  is  an  odd  function. 
Obviously, 

The  functions  sin  a;,  tan  x  are  odd^  while  cos  x  is  even. 

2.  Letting  0,  Oj,  0^  represent  odd  functions^  and  JE,  E^t  E^  even 
functions^  we  have: 

0'0^  =  E^,    E'E^^E^s     O'E^O^, 
For  example : 
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The  Exponential  Functions 

i.    Let  a  >  0  be  a  constant ;   the  exponential  functions  are 
defined  by 

The  domain  of  definition  of  y  is  SR,  and  y  is  a  one-valued 
function. 

When  a  =  1,  the  corresponding  exponential  function  reduces  to 
a  constant,  viz. :  ^ 

y  =  l. 

The  graphs  of  y  fall  into  two  classes,  according  as  a  ^  1. 


An   important  exponential   function  is  that  corresponding  to 
^^^*  e  =  2.71818  ... 

210.   1.  The  only  properties  of  the  exponential  functions  which 
we  care  to  note  now  are  the  following  : 

The  exponential  function  is  nowhere  equal  to  0,  or  any  negative 
number. 
See  165,  2. 

2.  The  addition  theorem  is  expressed  by 

afa^  =  a'+«'. 


One-valued  Inverse  Functions 

211.  1.  The  two  remaining  classes  of  functions,  viz.  the  logarith- 
mic and  inverse  circular  functions,  are  inverse  functions.  Before 
considering  them,  -we  wish  to  develop  the  notion  of  inverse  June- 
tions  in  general. 
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2.  Let/(z)  be  a  one- valued  function  defined  over  a  domain  2).* 

«  /(=«^')>/(:r') 

for  every  pair  of  values  of'  >txf  in  D,  we  say  /(a?)  is  an  increa^vg 
function  in  2). 
If  on  the  contrary 

we  say /(a:)  is  a  decreasing  function. 

If/  is  either  an  increasing  or  a  decreasing  function  in  D,  but  we 
do  not  care  to  specify  which,  we  say  it  is  univariant. 

These  definitions  are  extensions  of  those  given  in  108.  The 
corresponding  extension  of  the  terms  monotone^  monotone  increas- 
ingy  monotone  decreasing  to  function  is  obvious. 

8.  Ex.  1.  For  the  domain  2>  =  f  —  ^ .  ^V  sin  x  is  an  increasing  function. 
For  the  domain  2>  =  |  ^,   —\  sin  x  is  a  decreasing  function. 

Ex.  2.  For  the  domain  2>  =  9t,  a'  is  an  increasing  function  if  a  >  1 ;  it  is  a  de- 
creasing function  if  a  <  1.    Thus  whether  a  ^  1,  a*  is  a  univariant  function  in  9{. 

212.  Let  . ,  .  ,^ 

y=/W  (1 

be  a  one-valued  univariant  function,  defined  over  a  domain  D. 
Let  E  be  the  domain  over  which  the  variable  y  ranges. 

We  put  the  points  of  D  and  E  in  correspondence  with  each 
other  as  follows :  two  points  x^  y  shall  correspond  to  each  other, 
or  be  associated,  when  they  satisfy  1). 

Then  to  a  given  x  corresponds  only  one  y,  since  f(x)  is  one- 
valued.  On  the  other  hand,  to  a  given  y  corresponds  only  one  x^ 
since /(x)  is  univariant. 

Thus  to  any  x  oi  D  corresponds  one,  and  only  one,  y  ot  E ; 
conversely,  to  any  y  ot  E  corresponds  one,  and  only  one,  x  of  2). 

213.  The  considerations  of  the  last  article  have  led  us  to  one 
of  the  most  important  notions  of  modern  mathematics,  that  of 
correspondence. 

*  Such  an  expression  as  this  will  be  constantly  employed  in  the  future.  It  does  not 
mean  that  D  includes  all  the  values  for  which /(«)  may  be  defined,  but  only  such  values 
as  one  chooses  to  consider  for  the  moment. 
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Let  A  and  B  be  two  sets  of  objects.  Let  us  suppose  that  A 
and  B  stand  in  such  a  relation  to  each  other,  that  to  any  object 
a  of  A  correspond  certain  objects  J,  6',  6",  •••  of  B;  and  to  any 
object  b  of  B  correspond  certain  objects  a,  a',  a",  •••  of  A. 

Then  A  and  B  are  said  to  be  in  correspondence. 

If  to  each  a  corresponds  only  one  &,  and  conversely,  the  corre- 
spondence is  one  to  one  (1  to  1),  or  uniform. 

If  to  each  a  correspond  m  objects  of  B,  and  to  each  b  correspond 
n  objects  of  A^  the  correspondence  is  m  to  n. 

In  many  cases,  to  each  element  of  A  correspond  an  infinity  of 
objects  of  jB,  or  conversely. 

214.    Let  us  return  to  212.    The  correspondence  we  established 

between  the  points  of  D  and  JS  is  uniform.    This  fact  may  be  used 

to  define  a  one-valued  function  ^(y),  over  the  domain  H.    In  fact, 

let  X  correspond  to  y.     Then  y(y)  shall  have  the  value  a;,  at  the 

point  y.     Then  .  ^ 

a;  =  ^(y). 

The  function  y,  just  defined,  is  called  the  inverse  function  off 
Evidently  y  is  a  one-valued  function  in  JS.     It  is  also  uni- 
variant. 

In  fact,  to  fix  the  ideas,  suppose /is  an  increasing  function. 
Then,  if  ,        ,, 

we  have  ,        .. 

Suppose  now  y  were  not  an  increasing  function.    Then  for  at 

least  one  pair  of  points, 

!/'<!/''.  (1 

we  would  have 

We  cannot  have  a/  =  a;";  for  then  y'^y'\  which  contradicts 
1).  We  cannot  have  x'  >  a:" ;  for  then  y'  >  y",  which  again  con- 
tradicts 1). 

We  have  thus  the  theorem : 

Let  y  ssf(x)  be  a  one-valued  univariant  function^  defined  over  a 
domain  D.  Let  E  be  the  domain  of  the  variable  y.  Then  the 
inverse  function^  x  =  g(jf^'i  i^  one-valued  and  univariant  in  E. 
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215.  The  notion  of  inverse  functions  developed  in  212  and  214 
is  quite  general.  It  will  perhaps  assist  the  reader  if  we  take  a 
very  simple  case. 

For  the  domain  D  let  us  ^.- 

take  an  interval  I=(a^  J). 
For  /(a:),  let  us  take  an 
increasing  function,  with 
graph  as  in  the  figure.  The 
domain  of  y  is  then  the  in- 
terval c7=(a,  /8).  That  the 
correspondence  between  the 
points  of  I  and  J*,  as  defined 
in  212,  is  uniform,  is  seen 
here  at  once.  For,  to  find 
the  points  y  corresponding  to  a  given  a;,  we  erect  the  ordinate  at 
X.  This  cuts  the  graph  but  once,  viz.  at  P.  There  is  thus  but 
one  point  yinJ  corresponding  to  the  point  x  in  L 

Similarly,  to  find  the  points  a:,  corresponding  to  a  given  y,  we 
draw  the  abscissa  through  y.  This  cuts  the  graph  but  once, 
viz.  at  P. 

There  is  thus  but  one  point  x  in  /corresponding  to  a  given  y  in  J. 

That  the  inverse  function  is  one-valued,  and  is  an  increasing 
function  in  Ji  is  at  once  evident  from  the  figure. 


The  Logarithmic  Functions 

216.    1.  We  saw  in  209  that  the  exponential  functions 

y=a',   a>0,  ^1 

are   one-valued  univariant  functions  for   the   domain  91.      The 
domain  of  the  variable  y  is  the  interval  i'=(0*,  -f  oo).     See  188. 

Then,  by  214,  the  inverse  of  the  exponential  functions  are  one- 
valued  univariant  functions,  defined  over  /.  By  174,  these  inverse 
functions  are 

^^^^Zay^  (1 

and  are  called  logarithmic  functions  with  base  a.      In  higher 
mathematics  it  is  customary  to  take  a  =  e=  2.71818  •••     When 
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no  ambiguity  can   arise,  we  may  drop  the   subscript  a  in  1). 
Unless  otherwise  stated,  we  shall  suppose  the  base  is  e. 

2,  The  graph  of  the  logarithmic 
function 

y=loga? 

is  griven  in  the  figure. 

3.  The  only  other  property  of  log  a; 
which  we  wish  now  to  mention  is  their 
{Addition  theorem^ 

loga?y  =  loga?  +  logy. 


Many^aliced  Inverse  Functions 

817.  The  circular  functions  give  rise  to  many-valued  inverse 
functions.  It  is  easy  to  extend  the  considerations  of  212  and  214 
80  as  to  arrive  at  the  notion  of  many-valued  inverse  functions  in  all 
its  generality. 

Let 

y=/(^)  (1 

be  a  one  or  many  valued  function,  defined  over  a  domain  D.     Let  - 
the  domain  of  the  variable  y  be  K     We  put  the  points  of  D  and 
U  in  correspondence  as  follows :  two  points  x,  y  shall  correspond 
to  each  other  or  be  associated  when  they  satisfy  1).     Then,  to 
each  y  ol  E  correspond  one  or  more  values  of  x^  say 


X^  X  ^  QCf  , 


(2 


We  define  now  a  function  y(y)  over  E  by  assigning  to  g  the 
values  2)  of  x  associated  with  each  point  y  of  E. 
Then 

x^g(jf)  (8 

is  the  inverse  function,  defined  by  1). 

The  equation  8)  may  be  considered  as  the  solution  of  1)  with 
respect  tea;. 
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218.   To  illustrate  the  rather  abstract  considerations  of  the  last 
article,  let  us  consider  the  following  simple 
case,  from  a  geometric  standpoint. 

Let  the  graph  of 

be  that  in  the  figure. 

Then  D  =  (a,  6),  and  I!=  (a,  )8). 

The  greatest  number  of  values  of  y  for  a  gfiven  2;  in  D  is  3. 
Hence  y  is  a  three-valued  function.  Let  y  be  a  point  of  ^.  To 
find  the  points  of  D  associated  with  it,  we  draw  the  abscissa 
through  y.  Let  it  cut  the  curve  in  the  points  P,  P',  P", -•• 
The  projections  a:,  a/,  a;",  •••  of  these  points  P  on  the  a;-axis  are 
the  points  sought. 

The  greatest  number  of  values  x  corresponding  to  any  y  of  J? 
is  4.     Hence  the  inverse  function 


is  a  four- valued  function. 


^^9iy) 


219.   Let  us  consider  the  function  y  =/(a:)  defined  by 


or 


y=±Va?-l. 


-f-co 


Its  graph,  given  in  the  figure,  is  a 
hyperbola. 

To  a  value  of  a:  >  1,  or  a;  <  —  1,  correspond  two  values  of  y, 
marked  y  and  y'  in  the  figure.  The  domain  D  of  a;  is  marked 
heavy  in  the  figure,  and  embraces  all  the  points  of  the  a;-axis, 
except  (—  1*,  1*).     The  domain  -&  of  y  is  the  whole  y-axis. 

To  any  point  y  ol  E  correspond  two  values  of  a:,  faUing  in  D. 

The  inverse  function  x  =  ^'(y),  thus  defined,  is  a  solution  of  1) 
or  2)  with  respect  to  a?,  viz. : 


a:  =  ±vT+y. 

The  correspondence  which  the  equations  1)  or  2)  establish 
between  the  points  of  D  and  ^  is  a  2  to  2  correspondence. 
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290.  The  preceding  example  illustrates  the  fact  that 

The  inverse  of  an  algebraic  function  which  is  not  a  constant  is 
an  algebraic  function. 

To  prove  this  theorem,  let  y=/(a:)  be  defined  by 

i'oWy"+A(^)y"-*+  ..+p,(2:)=o,  (1 

where  the  P*b  are  polynomials  in  x^  with  constant  coefiScients. 
The  inverse  function 

^  =  5'(y)  (2 

also  satisfies  1).     Let  us  arrange  1)  with  respect  to  x.     If  m  is 
the  highest  degree  of  x  in  this  equation,  we  get 

Qo(y)^  +  ©iCy)^-'  +  •  •  +  em(y)= 0.  (3 

As  2)  satisfies  8),  the  inverse  function  2)  is  an  algebraic  func- 
tion also. 

In  this  example,  y=/(a;)  is,  in  general,  an  n- valued  function, 
while  X  =  ^(y)  is  an  m- valued  function. 

The  correspondence  that  the  equation  1)  or  8)  establishes  be- 
tween the  points  of  D  and  H^  the  domains  of  the  variables  x^  y,  is 
thus  an  n  to  m  correspondence. 

The  Inverse  Circular  Functions 
321.    These  are  the  functions 

sin"* a:,  cos"* re,  tan~*«,  etc. 
We  prefer  to  follow  continental  usage,  and  denote  them  respec- 

Arcsina:,  Arc  cos  a?,  Arctga:,  etc. 

We  shall  not  take  the  space  needed  to  treat  all  these  functions ; 
we  take  one  of  them.  Arc  sin,  as  an  illustration.  The  others  may 
be  treated  in  the  same  way. 

We  start  with  the  equation 

y=ssin»,  (1 

whose  graph  is  given  in  208. 
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The  domain  2),  over  which  sin  x  is  defined,  is  9{ ;  the  domain  of 
yis  J?  =  (-l,  1). 

Let  y  be  a  point  of  E.  If  x^  is  one  of  the  associated  points  of 
D,  all  the  points  of  D  associated  with  y  are  given  by 

a:oH-2w7r,  (2 

m  =  0,   ±1,   ±2  ... 
TT  —  a:Q  -f  2  WTT,  (3 

as  is  shown  in  trigonometry. 

Thus,  to  a  gfiven  value  of  y  there  are  a  double  infinity  of  values 
of  X. 

The  inverse  function  defined  by  1),  viz. : 

X  =  Arc  sin  y, 

has  the  interval  JE?  =  (—  1,  1)  for  its  domain  of  definition.  It  is 
an  infinite-valued  function  whose  values  for  a  given  y  are  given 
in  2),  3). 

222.  The  graph  of 

y  =  Arc  sin  x 

is  given  in  the  adjoining  figure. 

The  reader  will  observe  that  this  graph  can  be  got  at 
once  from  the  graph  of  sin  x  (see  203)  by  turning  it 
around  and  changing  the  axes. 

This  property  is  obviously  true  of  the  graph  of  any 
inverse  function. 

Thus,  if  the  graphs  of 

^,  cos  a:,  tanrr,  etc., 
are  gfiven,  we  may  get  at  once  the  graphs  of 

log  a?.  Arc  cos  x,  Arctga?,  etc. 

223.  The  treatment  of  many-valued  functions  is  much  simplified 
by  employing  the  notion  of  a  branch  of  the  function.  This  will 
be  explained  when  we  have  considered  the  notion  of  continuity. 
For  the  present,  however,  we  wish  to  define  what  are  called  the 
principal  branches  of  the  inverse  circular  functions. 
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Looking  at  the  graph  of  Arc  sin  x  given  in  222,  we  see  we  can 
define    a    one-valued   function    over    the 
interval  (—1,  1)  by  taking  those  values 
of  Arc  sin  x  which  fall   in  the  interval 

(TT    7r\ 
"T  2)' 

The  function  so  defined  is  called  the 
principal  branch  of  the  Arcsin  function. 
We  shall  denote  it  by  arc  sin  x. 

Its  graph  is  given  in  the  adjoining 
figure. 


arcsinx 


f 


224.  1.  The  principal  branch  of  Arc  cos  x 
is  formed  of  those  values  of  this  function 
which  fall  in  the  interval  (0,  tt). 

The  one-valued  function  so  defined 
over  the  interval  (—1,  1)  is  denoted  by 
arc  cos  x. 

Its  graph  is  given  in  Fig.  1. 

2.  The  principal  branch  of  Arctgx  is 
formed  of  those   values  of   this  function 

which  fall  in  the  interval  (— ^  ?)• 

The  one- valued  function  so  defined  over  (— oo,  oo)  is  denoted  by 
arc  tg  x. 


o         +1 
arc  coax 


^^^^^ 

^  _,^ 

00 

Fio.  2. 

Its  graph  is  given  in  Fig.  2. 


arctgx 


FUNCTIONS  OF  SEVERAL  VARIABLES 

The  Rational  and  Algebraic  Functions 

225.  In  the  list  of  the  elementary  functions  given  in  186,  the 
■first  three,  viz.  the  integral  rational,  the  rational,  and  the  alge- 
l}raic  functions,  are,  in  general,  functions  of  several  variables. 
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For  simplicity,  we  treated  them  first  as  functions  of  a  single  varia- 
ble. We  wish  now  to  define  them  in  all  their  generality.  At 
the  same  time  we  shall  consider  the  general  notion  of  functions  of 
several  variables  and  certain  related  geometric  ideas. 

226.    1.  An  integral  rational  function  of  n  varieties  x^^  x^  •••  a;„ 
is  an  expression  of  the  type 

y  =  Ax{\c^  •••  x^*  H-  Bx^x^*  •••  a;/*  H h  Lx^^  •••  a;„*».     (1 

Here  A^  B^'**  L  are  constants,  and  the  exponents  m,  Z,  •••  e  are 
positive  integers  or  0.     Such  functions  are 

2  x^^  -f  a^a  +  5  x^x^^,  (2 

ax^x^^  H-  hx^x^  +  cx^  -f  dx^x^x^.  (3 

We  may  write  1)  in  the  form 

y  =  ^A^,m,^,^^X^^X^^  ' ' '  XfT''  (4 

where  the  summation  extends  over  all  the  terms  of  y. 
A  still  shorter  notation  is 

y  =  2  Ax^'^iX2^  •  •  •  a:„"*»  (5 

which  may  be  employed  when  no  ambiguity  can  arise. 
The  greatest  of  all  the  sums  of  the  exponents 

is  the  degree  of  y. 

Thus  the  degree  of  2)  is  8 ;  the  degree  of  8)  is  18. 

2.  When  the  degree  of  each  term  of  1)  is  the  same,  it  is  said  to 
be  homogeneous. 

F=  ^Ax{^x^ ...  x^ 

he  homogeneous  and  of  degree  m.  If  in  F  we  replace  x^  by  \Zj,  — 
Xft  by  Xxni  and  denote  the  result  by  jP,  we  have 

For,  _ 

F:=^  l.AV^'^'-'^'^x^'^ ...  Xn"^. 
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But,  for  all  the  terms  of  F^ 

^1  "f"  •  •  •  "f"  ^»  ^  wi. 

Hence  _ 

F^  V^^Ax^x ...  a:^"*-  =  V^F. 

3.  When  y  is  of  degree  1,  we  have 

y  =  a^x^  +  a^^  +  •••  +  a^^  +  a^j. 

It  is  said  to  be  a  linear  integral  function  of  the  rr's.     If  a^  =  0,  it 
fc^^comes 

"^^hich  is  the  general  type  of  a  linear  hamogeneotid  integral  function 
^:>i  the  x's. 

In  algebra,  integral  rational  functions  are  called  polynomials. 

227.    1.  To  get  a  value  of 

y  =  I,Ax{^  •••  x^'^n  (1 

^^e  give  to  each  of  the  variables  x  a  certain  numerical  value,  as, 

x^-a^,  x^=a^,    '..   x^  =  a^.  (2 

These  values  put  in  1)  give  the  corresponding  value  of  y,  say 

When  n  =  1,  2,  8,  we  can  represent  geometrically  the  values  2) 
ly  a  point  on  a  right  line,  a  point  in  a  plane,  or  a  point  in  space, 
xespectively,  viz.  the  point  a  whose  coordinates  are  a^  or  a^,  dgi 
or  dp  Oy  flg.  If  we  give  the  2;'s  diiBferent  sets  of  values,  we  get 
different  points  in  1,  2,  or  3  dimensional  space.  As  in  tlie  case 
of  one  variable,  we  can  say  y  has  the  value  b  at  the  point  a. 

2.  It  is  convenient  to  extend  these  and  other  geometric  terms, 

employed  when  the  number  of  variables  n  =  1,  2,  3,  to  the  case 

when  n>3.     Thus  any  complex  of  n  numbers,  a^,  a^,  •••  a«,  is 

called  a,  point;  a^,  a^  •••  are  called   its  coordinates.     We  denote 

the  point  by  ,  . 

^  -^  «  =  («!,  a^.  •••  a  J. 

The  aggregate  of  all  possible  points,  the  x's  running  over  all 
the  numbers  in  9J,  we  call  an  n-dimensional  space  or  an  n-way 
^pace;  and  denote  it  by  9J„.  Later  we  shall  extend  the  terms 
distance^  sphere^  cttie,  etc.,  to  9{»-     Cf.  244.     The  reader  is  not  to 
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suppose  for  a  moment  that  there  really  is  an  n-dimensional  space, 
or  an  n-dimensional  cube,  in  the  ordinary  empirical  sense  of  the 
word  ;  but  to  bear  in  mind  that  these  terms  are  merely  names  for 
certain  numerical  aggregates. 

3.  Employing  this  geometrical  language,  we  may  say  that, 
The  integral  rational  function  of  several  variables^  my  n  variables^ 

is  a  one-valued  function  whose  domain  of  definition  enlaces  all  the 

points  of  9J^. 

228.  As  in  the  case  of  one  variable,  the  rational  function  of 
several  variables  is  the  quotient  of  two  integral  rational  functions 
in  these  variables.     Its  general  expression  is,  therefore, 

Its  domain  of  definition  embraces  all  the  points  of  9i^,  except  those 
points  at  which  Q-  vanishes^  which  we  call  poles  of  R.  For  all  points 
of  this  domain^  R  is  a  one-valued  function. 

If  ?n'  is  the  degree  of  jF,  and  m"  is  that  of  6f,  the  degree  of  R 
is  the  greater  of  the  two  integers  m\m^^ . 

When  the  degree  of  R  is  1,  it  is  called  a  linear  rational  function. 
Its  general  expression  is 


(2 


n^n 


We  say  R  is  homogeneous  when  F  and  G  are  homogeneous. 
We  have  evidently,  as  in  226,  2, 

R(\x^,  Xajj,  •••  Xa:J  =  X'i?(a:i  •••  a? J,  (3 

where  t  is  an  integer,  positive,  negative,  or  zero. 

229.  The  definition  of  an  algebraic  function  of  n  variables  is  an 
obvious  extension  of  tliat  given  for  one  variable,  in  197.  Thus 
y  is  an  algebraic  function  of  x^^  a^j,  •••  a;„,  when  it  satisfies  an  equa- 
tion of  the  type 

where  the  coefficients  R  are  rational  functions  of  a?i-"T^,  and  n  is 
a  positive  integer. 


FUNCTIONS  OF  SEVERAL  VARIABLES  IN   GENERAL     148 

For  any  point  a:  =  a  in  9J^,  for  which  none  of  the  denominators 
of  the  M's  vanish,  y  has  at  most  n  values. 

Thus  y  is  at  most  an  n-valued  function.  Its  domain  of  definition 
embraces  all  points  of  9J„  except  the  poles  of  the  coefficients  U,  and 
those  points  for  which  1)  has  no  real  root. 

Functions  of  Several  Variables  in  General 

230.  We  can  give  now  the  definition  of  a  function  in  n  vari- 
ables. Let  x^(xyt  Xj,  •••  x^  range  over  the  points  of  a  certain 
domain  D,  viz.  over  9J,  or  a  part  of  it.  Let  a  law  be  given  which 
assigns  to  y  one  or  more  values  for  each  point  of  D.  We  say  y  is 
a  function  of  a?i,  ic^,  •••  a?^,  and  write 

y=/(^r-^»)»  or  y=<^(a:i    -a?,),  etc. 

When  no  ambiguity  can  arise,  we  may  even  write 

y=/(a:),  y  =  <^(a;),  etc., 

where  x  stands  for  the  n  variables  x^-'-x^. 

The  meaning  of  the  terms  of  189,  viz.  one-valued  and  many- 
valued^  independent  variables  or  argument^  dependent  variable^ 
domain  of  definition  of  the  function^  when  applied  to  several  vari- 
ables, needs  no  explanation. 

231.  We  explain  now  the  graphical  representation  of  functions 
of  several  variables. 

We  take  n  H- 1  axes,  one  for  each  of  the  variables  y,  x^,  a^,  •••  x^. 

., ^ — ^ 


_,o «. 


J^ 


«. ' 

y ^ tl 

The  representation  of  a  point  a?i  =  a^  •••  a:^  =  a^,  is  a  complex  of 
n  points  a^^^a^^  as  in  the  figure.  The  value  of  y,  say  y=6,  is 
represented  by  the  point  6  on  the  y-axis.  This  representation, 
although  unsatisfactory  in  some  respects,  is  still  often  useful. 
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232.   When  n  =  2,  we  have  two  other  modes  of  representation. 
Let  the  function  be 

We  take  three  axes,  z^^  x^^  y,  as  in  ana- 
lytic geometry,  of  three  dimensions.  To  the 
set  of  values  of  the  independent  variables 

x^  =  a„  x^  =  a, 


corresponds  the  point  a  =  (dp  03)1  whose 
coordinates  are  a^^  a,.  The  value  i  of  y  at  this  point  we  lay  off 
on  the  ordinate  through  a.  As  x  runs  over  its  domain  D,  y  will 
ordinarily  trace  out  a  surface  in  9{,. 


233.   The  other  mode  of  representation  is  by  means  of  a  plane 
and  an  axis. 

The  domain  of  the  independent 
variables  we  represent  by  points  in 
the  x^x^  plane,  while  y  is  represented 
by  points  laid  off  on  a  separate  axis, 
as  in  the  figure. 


234.    When  n  =  3,  we  may  employ 
the  following  representation. 


\a 


be  defined  over  a  domain  2). 

To  represent  2),  we  take  three  rec- 
tangular axes. 

To  the  set  of  values 

h         o 

I         I 

a?!  =  ay,    x^  =  a^    x^  =  a^ 

corresponds  the  point  a,  whose  coordinates  are  a^  a,,  a^, 
values  of  y  we  lay  off  on  a  separate  axis,  as  in  the  figure. 


'*®* 


The 


235.  From  the  elementary  functions  of  one  variable  we  can 
build  an  infinity  of  functions  of  several  variables.  We  give  some 
examples  which  illustrate  the  various  domains  of  definition  that  a 
function  of  several  variables  may  have.     We  shall  take  n  =  2. 
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Ex.  1. 


-"«(3+^-4 


For  points  within  the  ellipse  E^  whose 
equation  is  ^      ^2 

the  argument  of  2  is  negative.  For  points  on  E  the  argument  is  0. 
As  the  logarithmic  function  is  defined  only  for  positive  values  of 
the  argument,  the  domain  of  definition  D,  of  2,  is  the  region 
shaded  in  the  figure.     Its  edge,  or  E^  does  not  belong  to  D. 

236.  Ex.  2. 

Since  log  uv  is  not  defined,  unless  uv>Q^u  and  v  must  be  both 
positive,  or  both  negative.  The  domain  of  definition  D,  of  2,  is 
thus  the  regfion  shaded  in  the  figure.  Since 
utr  =  0  on  the  edge  of  D,  these  points  do  not 
belong  to  2). 

237.  Ex.  3. 

z  =  tan  J  Tnry . 
Since  tan  u  is  not  defined  when 

W  =  -  -f  WTT, 

w  =  0,  ±1,  ±2,  ... 

we  see  the  domain  of  definition 
of  z  includes  all  the  points  of 
the  xy  plane,  except  a  family 
of  hyperbolas  o      .  1 


236. 


Composite  Functions 
1.  An  extremely  useful  notion  in  many  investigations  is 


that  of  2^  function  of  functions,  or  composite  functions 


Let 
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be  defined  over  a  domain  X  in  w-dimensional  space  9J^.     Let 

be  a  point  in  an  m-dimensional  space  9?^. 

While  X  runs  over  Jf,  let  u  run  over  a  domain  U.     Let 

y  =  Kvi-0  (1 

be  defined  over  U.  Then  y  is  defined  for  every  point  x  in  X 
We  may,  therefore,  consider  y  as  a  function  of  the  a?'s  through  the 
m's.     We  say  y  is  a  function  of  functions^  or  a  composite  function. 

2.  When  speaking  of  composite  functions,  we  shall  always  sup- 
pose, even  without  further  mention,  that  the  domain  of  definition 
of  1)  is  at  least  as  great  as  U. 

3.  When  x  ranges  over  X,  m,  as  we  said,  runs  over  the  domain 

U.     It  is  convenient  for  brevity  to  call  U  the  image  of  X. 

Example.  ^ 

Ml  =  xi«2,  Us  =  sec  xij  fit  =  e*!. 

y  =  log  wi  +  tan  — • 

Here  ui,  Us,  us  are  defined  for  all  the  points  of  dtsi  for  which 

Xi  :^  0  or  I  +  tiiir,        m  =  0,   ±1,   ±2,  ... 

while  y  is  defined  for  all  the  points  of  Stsi  for  which 

Uit^O,  and  !^=^^  +  nir.        n  =  ±l,  ±2,  ... 

239.  The  notion  of  a  composite  function  is  sometimes  useful  in 
transforming  a  function  as  follows.     Let 

The  variable  x  may  enter  F  in  certain  combinations,  so  that  if 
we  set  .  .  .  .    .  . 

y  goes  over  into  ^ .  ^ 

Example. 

^* 

u  =  — , 

Xs 

then 

y  =  au«-  ii^+  logu  =  (?(u). 


/ 
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Limited  Functions 

240.  Let/(a;i  •  •  •  x^  be  defined  over  a  domain  2).    If  there  exists 
a  positive  number  M^  such  that 

\f\<M, 

for  every  point  of  D,  /  is  said  to  be  finite  or  limited  in  D ;  other- 
wise J  is  unlimited  in  D. 

Ex.  1. 

/(as)  =  Bin  X. 

Since 

I  sin  z|  <  1,         X  arbitrary, 

sin  X  is  a  limited  function  for  any  domain. 

Ex.  2. 

/(af)  =  ao  +  aix+  ... +  o,x",        a«:^0, 

is  limited  in  any  domain  (—  G^  O)^  where  G'  is  some  fixed  positive  number. 
It  is  unlimited  in  the  domain  (0,  +ao),  for  example. 

Ex.  3.  ^/  X      1 

is  defined  for  every  x  ^^  0.  ^ 

It  18  limited  in  any  domain  as  (a,  go),  if  a  <  0. 
It  is  unlimited  in  (0*,  1),  for  example. 

241.  Letfix^  •••  a:„),  g{xy^  •••  x^  be  limited  functions  in  a  domain 
I>        Then  .  . 

f±9^     fg 

<^re  limited  in  D. 

^  \9\>a>0 

in  Z>,  then  ^ 

i»  Itrnited  in  D. 
Since/,  g  are  limited  in  D,  let 

p  \n\9\<M. 

'°  \f±9\<\f\  +  \9\<^M. 

ttonce/±^  is  limited  in  D. 

^^^  I/^l  =  l/l-bl<^. 

Hence ^  is  limited  in  D. 

=  rr7<  -r* 


f 

Hence  —  is  limited  in  D. 
9 


"\9r^ 


CHAPTER  V 
FIRST  NOTIONS  CONCERNING  POINT  AGORSOAT£S 

Preliminary  Definitions 

242.  In  elementary  mathematics,  the  functions  employed  i 
usually  defined  by  simple  analytic  expressions.  Their  nature 
simple,  and  their  domains  of  definition  receive  little  attention, 
the  theory  of  functions  we  take  a  higher  standpoint,  and  consic 
functions  defined  by  any  law,  as  explained  in  189  and  280.  Si: 
functions  are  not  tied  down  to  an  analytic  expression;  indei 
we  may  not  know  how  to  form  their  analytic  expressions. 

From  this  point  of  view,  the  domain  D  over  which  the  functi 
is  defined  or  spread  out  is  often  of  great  importance.  Frequen 
we  choose  first  the  domain  2),  and  then  define  a  function  for  1 
points  of  D. 

The  domain  of  definition  of  a  function  of  n  variables  may  be  a 
set  or  aggregate  of  points  in  JR^.  We  wish  to  treat  now  the  m- 
elementary  properties  of  such  aggregates  which  we  call  po 
aggregate%, 

243.  1.  Two  point  aggregates  A,  B  are  equal,  when  every  po 
of  A  lies  in  B^  and  every  point  of  B  lies  in  ^4.     In  this  case, 

^"*«  A  =  B. 

2.  If  every  point  of  B  lies  in  A  but  not  every  point  of  A  lies 
-B,  we  say  jB  is  a  partial  or  ivh-aggregate  of  A^  and  write 

A>B  ov  B<A. 

3.  If  A  does  not  exist,  t.#.  if  it  contains  no  points,  we  write 

^  =  0. 
148 
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As  the  symbol  0  also  stands  for  the  origin,  we  shall  write,  in 
case  of  ambiguity,  .  _  ^^. 

wlien  we  wish  to  indicate  that  A  consists  of  the  origfin  alone. 
'X'he  fact  that  A  contains  at  least  one  point,  we  indicate  by 

4.  Let  A^  B  he  two  point  aggregates  having  no  point  in  com- 
mon.    The  aggregate  formed  by  their  reunion  is  called  their  sum^ 

and  is  denoted  by  >«  .    n 

•^  A'{'  B. 

5.  If  £  is  a  partial  aggregate  of  Ay  the  aggreg^ate  formed  by 
removing  all  the  points  of  B  from  A  is  called  the  difference  of  A^ 
By  and  is  denoted  by  J  _«  » 

It  is  also  called  the  complement  of  B. 

6.  If  a  or  a^  for  example,  are  general  symbols  for  the  points  of 
aa  aggregate,  we  can  represent  the  aggregate  by 

}a{  or  \x\. 
Thus,  if 

^^  can  write 

Or  if  A  =  ai^  asi  ot,*** 

^e  can  write  A  =  {a»}. 

244.  Definitions  of  configurations  in  n-way  space.  Cf.  227,  2. 
!•    Let  a  =  (aj  •••a,j),  6  =  (6i  •••6^)  be  two  points  of  SH„.     We  say 

V(ai-6i)»-f  •••  +  (a,-6J2  (1 

^  'the  distance  between  a,  i ;  we  denote  it  by 

Dist  (a,  6)  or  a,  b, 

2.  The  points  x  satisfying 

a?j-ai  =  X(6i-ai)      ...      a:„  -  a»  =  X(6„  -  a„)  (2 

^^  on  a  right  line  i,  viz.  the  line  determined  by  the  two  points 
<ii  6.    Here  X  runs  over  all  the  numbers  of  9J. 
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When  X  =  0,  x=a;  when  X  =  1,  x  =  b.  Voiuis  x,  for  wliich 
0<X<1,  form  II  segment  or  interval  (a,  b)  of  L,  Such  points  are 
said  to  lie  between  a,  b. 

An  aggregate  lying  on  a  right  line  is  called  rectilinear, 

3.  If  three  points  a,  J,  c  lie  on  a  right  line,  we  have  from  2) 

that 

^-^:^^  =  ^<^^^;         t,ic  =  l,2,  ...n.  (3 

0  —  a.      0  —  a 

and  conversely,  if  3)  holds,  a,  J,  ^  lie  on  a  right  line. 

4.  Let  a,  b  be  two  points  on  the  line  i,  and 
r=Dist(a,  J). 


Then 


^  r  r 


are  the  direction  cosines  of  the  line  L,     Obviously, 

5.  The  points  z  defined  by 

(^i-«i)'+-+(a:„-a„)2  =  r2,         r>0. 

lie  on  a  sphere  S  whose  center  is  a  and  whose  radius  is  r. 
The  equation  of  S  may  also  be  written 

Dist  (a,  a;)  =  r. 

The  points  x^  such  that 

Dist  (a,  ii;)<r 
lie  mthin  S.     If 

Dist  (a,  z)  >  r, 

2;  lies  without  S.     If  2;  lies  on  or  within  S^  it  lies  tn  /S^. 

6.  The  points  a;,  such  that 

form  a  cube^  with  center  a  iind  edge  e. 
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7.  The  points  a;,  such  that 

form  a  TeQtaxig\A2Lr  parallelopiped  or  cell  whose  edges  are  of  length 


8.   The  cube 


Vn  Vn 


IS    called  the  inscribed  cube  O  of  the  sphere  S^  of  radius  r,  and 
<^e¥itier  a. 

Every  point  a;  of  C  is  in  S.     For, 

9,  Let  the  cube  (7  be  given  by 

The  points 
^i^o  called  the  vertices. 
^s  one  vertex, 

*^  oalled  the  opposite  vertex. 

The  line  joining  a  pair  of  opposite  vertices  evidently  passes 
^Ixi-ough  the  center  of  C.     It  is  called  a  diagonal. 

The  length  of  a  diagonal  is 

10.  The  distance  between  two  points  a,  6  in  (7  is  greatest  when 
^Ix^y  are  opposite  vertices.  For,  each  term  (a^  —  b^y^  in  1)  has  then 
^^^  greatest  value,  viz.  a^. 

11.  If  «p  e^  •••  e^  are  the  lengths  of  the  edges  of  the  parallele- 
piped in  6,  we  say  the  product 

^  iU  volume. 

In  case  the  parallelopiped  is  a  cube  of  edge  o-,  its  volume  is  a". 
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12.  The  points  X  defined  by 

^1^1  +  •••  +  ^w>^n  +  rf  =  0  (4 

lie  in  m  jrfmtf.     The  two  planes  4)  and 

are  f^rMd^ 

tAS.   Let  a«  &t  c  be  three  points  in  ^^. 

Let 

^«Dist(6,  tf),  J5=Dist(a,  tf)i    (7=  Di8t(J,  a). 

When  •• «  1,  2,  8,  we  have 

^  ^  J5  +  (7. 

Here  the  inequality  sign  holds  unless 
.4.  Bs  0  He  on  a  right  line  L. 
We  show  now  that  1)  holds  for  every  n.* 
To  this  end,  set  ^ 

where  a^  it  ^t;   *=!,  2,  •••  n,  are  the  coordinates  of  a,  6,  c. 
Now,  il«  =  ai24....4.a^a=2a,a; 

From  2),  we  have  also 

A^  =  2(A  +  7c)^  =  2/3.2  4.  27.2  +  2  2/3,7c.  (5 

Thus  to  prove  1),  we  have  to  show  that 
A^<B^^  (72  +  25(7, 
or,  using  8),  4),  6),  that 
2)92+ 27.'+ 2  2/3.7c<2/3.2+ 27.2 + 2  V08?T^^^^ 

*  If  the  reader  finds  the  demonstration  difficult,  let  him  go  through  it,  taking 
n  =  2  or  8.  We  recommend  this  in  the  case  of  any  demonstration  which  the  reader 
flods  too  hftrd  for  general  n. 


k 
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This  shows  that  it  will  suffice  to  prove  that 

(^/3.%y<^/3?^y^  (6 

To  do  this,  we  start  from  the  inequality 

(A7.-/3.7.)'>0.  (7 

£y  244,  3,  the  inequality  sign  holds  for  at  least  one  pair  of 
ixn^c^lices  i,  «,  unless  a,  (,  c  lie  on  a  right  line. 
IFrom  7),  we  have 

/3.V  +  /3.V>2/3A7.7..  (8 

Xet  us  form  all  the  relations  of  this  type,  letting  t,  k  run  over 
"tti.^  indices  1,  2,  •••,  n,  and  keeping  t  :^  /c. 
If  we  add  these,  we  get 

2/S.V>22/9A7.7,.         »#*•  (9 

On  the  other  hand, 

2/9« .  27,«  =  W  +  ...  +  /S,«)  W+"'+  7,«)  =  2^.V  +  2/3.V. 

Hence,  by  9), 

2A»  •  27.'  5  2/9.V  +  2  2/3A7.7..  (10 

But  '»'« 

(2^.7.)«=  (/3i7i  +  -  +  /3.7«)»  =  2AV  +  2  2/3A7.7.. 

This  in  10)  gives  6). 

246.  A  point  z  for  which  Dist  (a,  x)  is  small,  is  said  to  be  near 
a.  What  is  to  be  considered  as  smcUl^  depends  on  the  problem  in 
liand. 

The  points  x^  such  that 

Dist  (a,  x)  <  p,        p  >  0. 

form  an  aggregate  called  the  domain  of  the  point  a,  of  norm  p.     It 
is  denoted  by  t^  ^  ^  t^/  n  t^ 

For  example,  in  Wj,  Dp(a)  is  the  interval  (a  —  p,  a  -f  p). 
In  9ly  J^piP'^  embraces  all  points  in  a  circle  of  radius  p,  and 
center  a ;  in  St^,  it  embraces  all  points  in  a  sphere  of  radius  p. 
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We  sometimes  wish  to  exclude  the  point  a  from  its  domain . 
When  this  is  done,  the  domain  is  said  to  be  deleted;  we  denote  it 

by 

^  D*(^a)     or    2>*(a). 

247.   Let  -4  be  a  point  aggregate  in  9i„. 

Let  p  be  any  point  in  5R„.  We  say  p  is  an  inner  point  of  A  if 
every  point  in  some  domain  of  p  lies  in  A^  i.e.  if  there  exists  a 
p  >  0  such  that  every  point  of  Df^ip)  lies  in  A.  The  point  p  is  an 
outer  point  of  A  if  no  point  of  D^p^  lies  in  A^  however  small 
p  >  0  is  taken.  Finally,  p  is  ^frontier  point  of  A  if  in  every  Df^(^p)^ 
however  small  p  >  0  is  taken,  there  is  at  least  one  point  of  A  and 
one  point  not  in  A.  Every  point  of  9?^  is  either  an  inner,  an 
outer,  or  a  frontier  point  of  A.  The  frontier  points  of  a  cube  or 
parallelopiped  form  its  wwrface. 


248.  Ex.  1. 


^  =(«,«. 


£i- 


P\ 


Pt 


Here  any  point  pu  such  that  a  <  pi  <  /3,  is  an  inner  point.    Any  point  p^,  soch 
that P2>p  OTpz<(t,  is  an  outer  point. 
The  frontier  points  are  a  and  /9. 

Ex.  2.  A  embraces  the  rational  points  in  (a,  /3).  Here  all  points  p,  such  that 
p  <  a  or  p  >  /3,  are  outer  points.  The  points  of  A  are  all  frontier  points.  For,  if 
a  be  any  point  of  A,  there  are  irrational  points  in  every  Dp{a),  however  small 
p>0  is  taken,  by  84. 

In  this  example  A  contains  no  inner  points. 

Ex.  3.   A  embraces  all  the  points  in  9^21  both  of  whose  co&rdinates  are  rational. 

Here  every  point  p  of  9^2  is  &  frontier  point.  In  fact,  consider  a  little  circle  C  of 
radius  p  >  0  and  center  p.  Evidently  p  contains  points  in  A  and  points  not  in  A^ 
however  small  p  is  taken. 

In  this  example  there  are  no  outer  and  no  inner  points  of  A. 


249.   Let  b  be  an  inner  point  of 

/?=  D^Ca). 
A  =  2)a(6) 

p  =  Dist  (a,  J). 


Then 
lies  within  S  if 
where 


K 
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The  theorem  is  proved  if  we  show  that  the  points  y  of  A  satisfy 

the  relation  t^-  -^  ^      ^ 

Dist(a,y)<<r.  (2 

But,  by  245, 

Dist  (a,  y )  <  Dist  (a,  6)  -f  Dist  (6,  y) = p  -f  S. 
Thus,  by  1),  the  relation  2)  is  valid. 

250.  1.  Let  A  be  a  point  aggregate,  and  p  any  point  in  SR^. 
The  points  of  A^  lying  in  Dp(^p^^  form  the  vicinity  of  jt?,  of  norm  p. 
It  is  denoted  by  rr  ^   ^         xrx   n 

Thus  -D(  jf>)  embraces  cUl  points  near  jt?,  while  V(p}  includes  only 
points  of  A^  near  p. 

Example.     Let  ^  =  1,  },  |,  ••• 

Here  Dp(0)  is  the  interval  (— p,  p),  while  Fp(0)  is  the  set  of  points 

i         I  1 

m'  m  +  l'   »!  +  2* 

where  m  is  the  least  integer  such  that  —  ^  p* 

The  point  p  may  or  may  not  lie  in  VC^p'),  We  sometimes  wish 
expressly  to  exclude  it.  When  this  is  done,  the  resulting  aggre- 
gate is  the  deleted  vicinity  of  p;  it  is  denoted  by 

V*Cp)  or   r»(;>). 

251.  When  treating  functions  of  a  single  variable  x^  we  have 
often  to  consider  the  behavior  of  the  function  on  one  side  of  a 
point  a.  This  leads  us  to  split  the  domain  and  vicinity  of  a  into 
two  parts,  forming  a  right  and  left  hand  domain ;  a  right  and  left 
hand  victnity  of  a. 

The  right  hand  domain  and  vicinity  we  denote  respectively  by 

RDCa},   RVid). 

The  left  hand  domain  and  vicinity  are  denoted  by 

iZ>(a),   ir(a). 

The  point  a  lies  in  both  the  right  and  left  hand  domain.  It  lies 
in  both  the  right  and  left  hand  vicinity  if  a  lies  in  V(ja).  It 
Bhould  be  remembered  that  these  terms  refer  only  to  rectilinear 
aggregates. 
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353.  1.  A  point  aggregate  is  said  to  be  finite  when  it  oontaiTv 
only  a  finite  number  of  points.     Otherwise  it  is  infinite. 

A  point  aggregate  A  is  said  to  be  limited  when  all  its  points  LJ 
within  a  certain  sphere  or  cube,  having  the  origin  as  center. 

This  definition  is  equivalent  to  saying  that  the  coordinates  e= 
^  '"  An)  of  every  point  of  J.,  are  numerically  less  than  some  po^s 
tive  number  M.  If  A  is  not  limited,  it  is  said  to  be  unlimited 
Obviously :  Every  finite  aggregate  is  limited. 

Ex.  1.  ^  =  1,  2,  3,  ... 

is  an  infinite  unlimited  aggregate. 

Ex.2.  ^  =  1,  i,  J,  .-. 

is  an  infinite  limited  aggregate. 

Ex.  3.  A  =  points  of  the  interval  (a,  fi) 

is  an  infinite  limited  aggregate. 

2.  In  the  case  of  a  rectilinear  aggregate  A,  it  may  happen  tfcK= 
the  coordinates  of  all  its  points  x  are  less  than  some  number  .2M 
We  say  A  is  limited  to  the  right. 

If  the  coordinates  of  all  the  points  x  are  greater  than  son^ 
number  JV,  we  say  A  is  limited  to  the  left. 

Ex.  1.  ^  =  10,  9,  ...,  2,  1,  0,  -1,  -2,   -3,  ..- 

is  limited  to  the  right. 

Ex.  2.  ^  =  -6,  -4,  -3,  -2,  -1,  0,  1,  2,  3,  ... 

is  limited  to  the  left 

353.  1.  It  is  sometimes  convenient  to  divide  an  interval  into 
equal  subintervals  or  a  square  into  equal  subsquares,  and,  in 
general,  an  nt-dimensional  cube  T  into  equal  subcubes. 

For  wi  =  1,  2,  3,  this  needs  no  explanation.  When  m  is  >  3,  the 
matter  is  still  very  simple.    The  cube  ^^      ^^ 

r  is  graphically  represented   by  m     *>  p^ 

equal  segments  on  the  x^---  x^  axes.     *i a      fit         

We  divide  T  into  cubes  whose  sides     *«  '  — 


are  1/nth  those    of    T   by   dividing  ~^^     '^^  ' 

each  of  these  segments  into  n  equal    ^-^       *  

parts.     One  of  these  subcubes  is  then  represented  by  the  points 
which  fall  in  a  set  of  m  segments  as  a^fi^  ••   a^^. 
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2.  Instead  of  a  cube  T  in  SR,^,  we  may  wish  to  divide  the  whole 
of  9l„  into  cubes.     The  meaning  of  this  is  now  evident. 

8,  Let  A  be  any  point  aggregate  in  dt^.  Let  us  divide  SR^  into 
cubes  of  side  £.  This  also,  in  general,  divides  A  into  partial  aggre- 
gates. This  division  of  A  into  partial  aggregates  we  shall  call  a 
cvbieal  division  of  A^  of  norm  S. 

4.  If  instead  of  dividing  ^^  into  cubes,  we  had  divided  it  into 
rectangular  parallelepipeds  wliose  edges  are.  ^  8,  we  shall  say  that 
we  have  effected  a  rectangular  division  of  5R^,  of  norm  B. 

5.  The  partial  aggregates,  into  which  A  falls  after  a  cubical  or 
rectangular  division,  may  also  be  called  cells. 


Limiting  Points 

2M.  1.  One  of  the  most  important  notions  connected  with 
point  aggregates  is  that  of  a  limiting  point  Let  ^  be  a  point 
aggregate  in  9tm-  ^^y  point  p  of  St^  is  ^  limiting  point  of  A^  if 
however  small  p>0  is  taken,  -Dp(/?)  contains  an  infinity  of  points 
otA. 

If  every  domain  of  p  contains  at  least  one  other  point,  p  is  a  limit- 
ing point  of  A. 

For,  let  a  be  a  point  of  A  different  from  p.  Let  0<p<  Dist(j[?,  a). 
Then,  by  hypothesis,  D^Cp^  contains  some  points  a^  of  A^  besides/?. 
het  0<pj<  Dist  (|),  Oj).  Then  2>p  (/?)  contains  some  point  a^  of 
A^  besides  p.  Continuing  in  this  way,  we  see  that  the  infinite 
aggregate  of  distinct  points 

«i'  ^2'  ^  •" 
alllie  in  2)p(ji>). 

2.  The  following  may  also  be  taken  as  definitions  of  a  limiting 
point: 

J^  F^Cjo)  is  infinite^  however  small  p  is  taken^  p  is  a  limiting  point 
of  A;  OTy 

If  ^*(l>)>0,  however  small  p  is  taken^  p  is  a  limiting  point 
of  A. 
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3.  If  J!?  is  a  limiting  point  of  A  and  p  itself  lies  in  A,  it  is  called 
a  proper  limiting  point  If  p  is  not  in  -4.,  it  is  called  an  improper 
limiting  point. 

Any  point  of  an  aggregate  A  which  is  not  a  limiting  point  is  an 
isolated  point. 

4.  Let  -4  be  a  rectilinear  aggregate,  and  a  one  of  its  limiting 
points.  If  no  point  of  A  falls  in  (a*,  a  +  S)  or  in  (a  — 8,  a*),  S>0 
sufficiently  small,  a  is  called  a  unilateral  limiting  point.  Other- 
wise a  is  a  bilateral  limiting  point. 


255.  Ex.  1. 


^^1,  i,i,i,- 


Here  the  origin  is  a  unilateral  limiting  point  ot  A,    As  0  does  not  lie  in  A^  it 
is  an  improper  limiting  point. 

Ex.2.  ^=0,  1,  i  1,  J,... 

The  origin  is  a  proper  unilateral  limiting  point  of  A. 

Ex.  3.  ^  =  totality  of  rational  numbers. 

Every  point ;)  in  91  is  a  bilateral  limiting  point. 

If  p  is  a  rational  point,  it  is  a  proper  limiting  point  of  ^.     If  p  is  an  irrationaL 
point,  it  is  an  improper  limiting  point. 


Limiting  Points  connected  with  Certain  Functions 

356.    We  give  now  a  few  examples  of  point  aggregates  whicba 
come  up  in  the  study  of  certain  functions. 

Let  y=sin  — 


The  domain  of  definition  of  this 
function  embraces  all  points  on  the 
a;-axis  except  a;  =  0. 

It  oscillates  between  —  1  and  -f  1. 

The  points 

a; sap  a^,  a,,  ••• 

for  which  y  takes  on  a  particular  value,  as  y  =  0,  form  a  poii 
aggregate  whose  limiting  point  is  a;  s  0. 

In  any  domain  of  this  point,  y  oscillates  from  + 1  to—  1 
infinite  number  of  times. 
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257.    Let  . 

y  =  8in -.  (1 

sin- 

^When  a;  S5S  0,  or  when 

'  1 

sin  -  =  0,  (2 

y  Is  not  defined,  since  for  these  points,  1)  involves  division  by  0. 
The  points  x  for  which  2)  holds  are 

±i,    ±-i-,    ±^,...  (3 

This  is  a  point  aggregate  whose  limiting  point  is  x  =  0. 

As  X  approaches  one  of  the  points  — ,  y  oscillates  with  increas- 

wir  J 

^^^g  rapidity.    At  the  same  time  these  points,  — ,  become  infinitely 

^^nse  as  x  nears  the  origin.     The  domain  of  definition  of  y  is  the 
^^Bxis  except  the  origin  and  the  points  3). 

'WB.   Let  ^^     ,;^       1 

y  =  sin _. 

sin -. 

sin- 

X 

This  expression  does  not  define  y,  because  of  division  by  0, 
'^hen 

ir  =  0,  (1 

or  when  x  satisfies 

(2 

(8 


or 


sin  -  = 

X 

=  0, 

sin- 

X 

0. 

ed 

by  1)  and  2) 

are 

A 

=  0,  ±1,  ± 

TT 

1 
2,r'  •• 

Qonsidered  in  257. 
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It  is  easy  to  see  that  the  points  x  defined  by  8)  form  an  aggregate 
B  such  that  each  of  the  points  of  ^  is  a  limiting  point  of  B.     In 

fact,  let  X  approach  the  point  ±  — •    As  it  does  so,  sin-  becomes 

1        nTT  X 

smaller  and  smaller ;  hence becomes  larger  and  larger. 

sin  - 

^  1 

Thus  in  the  domain  of  the  point  i — » 


sin- 


1 
sin- 

X 


oscillates  infinitely  often  between  —  1,  1,  and  in  particular  3)  is 
satisfied  infinitely  often. 

Thus,  the  domain  of  definition  of  y  includes  all  points  of  the 
X-axis  except  the  points  A  and  B. 

About  each  point  of  B^  y  oscillates  infinitely  often.  Thes^ 
points  of  infinitely  frequent  oscillation,  themselves  cluster  infi- — 
nitely  thick  about  each  point  of  A ;  while  the  points  A  clustec^ 
infinitely  dense  about  the  origin.  Let  the  reader  try  to  pictur^^- 
to  himself  how  the  graph  of  y  looks  about  the  points 


±— ,  and  0. 
nir 


259.   1.  The  functions  of  257  and  258  are  formed  from  that  o:l 
256  by  a  process  of  iteration. 

In  fact,  let 


then 


^=ssin-=  ^(a;); 

X 


sin 


Similarly, 


sin 


f    1 
sin- 


1 

sin 


.    1 

sin- 

X 


=  <?[^(x)]. 


=  ^}<?[<?(a;)]{,  etc. 
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It  is  customary  to  write 

e^Qc)  for  eieix)-], 

^(x)  for  ^[^(a;)],  etc. 
2.  As  another  example  of  iteration,  let 

Then 

^(x)=log(loga:), 

^(x)  =  log[log(log  x)],  etc. 
360.   Let 

y=8in-=:^(a:). 

^e  have  noted  the  domain  of  definition  of 
0(x),  ^(x),  0^{x). 

In  general,  let  -4.,^  be  the  domain  of  definition  of  0^(x).  Each 
point  of  -4^_i  is  a  limiting  point  of  -4„,  and  6^(^x)  oscillates  in- 
fixiitely  often  about  each  point  of  A^, 

261.  To  get  functions  of  two  variables  having  more  compli- 
c^^ted  domains  of  definition,  we  may  apply  the  process  of  iteration 
t<^  the  function  of  237. 

Let  ^(a:y)  =  tan  J  irxy. 

We  saw  0  was  not  defined  for  points  on  the 
family  of  hyperbolas 

^  ay=2m-^l.        w  =  0,  ±  1,  ±  2,    .. 

Let  us  consider  the  domain  of  definition  D^  of 

^(^y)  =  tan  (J  TT  tan  J  irxtf). 

Through  any  point  P  of  one  of  these  hyperbolas  J7)  pass  an 
arbitrary  right  line  L, 

At  any  point  Q  on  the  line,  such  that 

d(a;y)=  2n  +  1,         n=  0,  ±  1,  ... 
^  is  not  defined. 

But  the  points  Q  have  P  as  limiting  point. 
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Derivatives  of  Point  Aggregates 

262.    1.  Let  -4  be  a  point  aggregate.     The  limiting  points  q-^E 

A,  if  it  lias  any,  form  an  aggregate,  which  is  called  the  first  deriv 

ative  of  -4,  and  is  denoted  by  A'. 

Ex.  1. 

"^"2'    3'    4'    6' 
A'  =  l, 
Ex.  2. 


j_3     4     6     6         _  fn+11  . 
1     n     J 


._!      3141616  _ri      n  +  11 

^"2*    2'    8'    3'    V    V    6'    6'     ""In'    ~ir  \ ' 

A'  =  0,  1. 
2.  When  -4.  is  a  finite  aggregate, 

^'  =  0. 

But  A  may  be  infinite  and  yet  have  no  derivative. 

Ex.  3. 

^  =  1,  2,  .3,  4,  ... 
is  such  an  aggregate. 

263.  1.  The  first  derivative  A'  may  have  limiting  points;  their 
aggregate  is  called  the  second  derivative  of  A.    It  is  denoted  by  A^'. 

-4"  may  have  limiting  points ;  these  give  rise  to  the  third  deriv- 
ative  A"\  etc. 

Ex.  1.  rill 

^=  J~+i  I;       m,  n  =  1,  2,  3,  ... 

[m     nj 

Let  m  be  arbitrary  but  fixed  ;  then  —  is  a  limiting  point  of  A.  For  A  contains 
the  points  *** 

i  +  1     1  +  1     i  +  !     i  +  1     ... 
m  m     2     m     3     m     4 

whose  limiting  point  is  obviously  -1. 
Thus,  "* 

^'={0,  i|;        m  =  l,2,3,... 

while 

^"  =  (0),  (1 

and 

A'"  =  0.  (2 

As  explained  in  243,  3,  the  equation  1)  means  that  A^'  consists  only  of  the  origin, 
while  2)  indicates  that  A^"  has  no  points  at  all. 
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Ex.  2.  A  —  rational  points  in  an  interyal  /; 

A*  =  /.    See  266,  Ex.  3. 
A»'  =  l  A"'  =  I,   ... 
Thus  A  has  derivatives  of  every  order,  each  being  /. 

2.  If  A,  A\'"  A^"^^  >  0,  while  ^<'»+^>  =  0,  A  is  of  order  m. 

264.  Every  limited  infinite  point  aggregate  has  at  least  one  limit- 
ing  point. 

1.  For  simplicity  let  us  consider  first  the  case  that  the  aggre- 
gate A  lies  in  the  interval  /=  (a,  6).  We  divide  /  into  halves. 
One  of  these  halves,  call  it  /j,  contains  an  infinity  of  points  of  A. 
Divide  I^  in  halves.  One  of  these  halves  must  contain  an  infinity 
of  points  of  A.  In  this  way  we  may  continue  bisecting  each  suc- 
cessive interval,  without  end.     We  get  thus  an  infinite  sequence 

of  intervals  _    -. 

i,  ij,  ij,  •••  (^1 

^acli  lying  in  the  preceding,  whose  lengths  converge  to  0. 

Hy  127,  2,  the  sequence  1)  determines  a  point  a.  This  point  a 
lies  in  every  interval  of  1).  Since  each  I>{a)  contains  some  /„, 
it  contains  an  infinity  of  points  of  A.  Hence  a  is  a  limiting  point 
of  A. 

2.  The  extension  of  this  demonstration  to  St^  is  now  readily 
naade.  Since  A  is  limited,  it  lies  in  a  certain  parallelopiped  -P, 
viz 

l>y  252.     We  divide  now  P  into  two  parts 

H<Xx<\Q>^-a^,   a^<x^<\  .••  a^<x^<\,  (2 

and 

In  one  of  these  there  must  lie  an  infinity  of  points  of  A,  To 
fix  the  ideas  suppose  it  is  the  parallelopiped  2)  which  we  call  Qy 

Qx  differs  from  P  only  in  having  one  coordinate,  viz.  x^^  restricted 
^  an  interval  half  as  big  as  the  original. 

We  now  divide  Q^  into  two  parts, 

«i<a;i<  J(6i-ai),  a^<x^<\ih^-a^,  a^<x^<h^*"  (8 
ana 
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In  one  of  these,  say  it  is  the  parallelopiped  Q^  defined  by  8),  an 
infinity  of  points  of  A  must  lie.  Q^  differs  from  P  in  having  now 
two  of  its  coordinates  restricted  to  intervals  only  half  as  large  as 
the  original  ones. 

We  may  continue  in  this  way  restricting  the  remaining  coor- 
dinates 273  •••  x«,  to  intervals  half  as  big  as  the  original  ones. 
We  get  parallelopipeds  ^3,  ^4  •••  Qn^  in  each  of  which  lie  an 
infinity  of  points  of  A. 

Let  us  set  P^  =  Q^.  This  parallelopiped  lies  in  P  and  has  each 
edge  just  half  as  big  as  the  corresponding  edge  of  P. 

We  may  now  subdivide  P^  just  as  we  did  P.  After  n  bisections 
we  get  a  parallelopiped  P^^  which  lies  in  P^,  which  contains  an 
infinity  of  points  of  A,  and  whose  edges  are  one  half  as  big  as 
those  of  Pj. 

Continuing  this  process  indefinitely,  we  get  a  sequence  of  paral- 
lelopipeds p    p     P      . 

which  determines  a  point  a  =  Qa^c^  •••  o^).    This  point  is  evidently 
a  limiting  point  of  A  by  the  same  reasoning  as  employed  in  1. 

265.  If  A  is  a  limited  aggregate  of  the  nth  order^  A^*^  is  finite. 

For  if  A^*^  were  infinite,  being  limited,  it  must  have  at  least  one 
limiting  point,  by  264.  Then  -4.<~+^>>0,  which  contradicts  the 
hypothesis. 

366.  Let  A  be  any  point  aggregate.  Then  A^<A\  i.e.  all  the 
limiting  points  of  A*  are  proper. 

1.  For  simplicity,  let  us  first  consider  a  rectilinear  aggregate. 
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Letp  be  any  point  of  A";  we  lay  it  off  on  tlie  A^  A'  axes  a 
as  in  the  figure. 


1^ 
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To  show  that  p  lies  in  A\  we  have  to  show  it  is  a  limiting  point 
of  A^  Le.  in  any  little  interval  ^  about  p  there  lie  an  infinity  of 
points  of  A*  Let  I  be  any  little  interval  about  p  on  tlie  A'  axis. 
As  p  iatL  limiting  point  of  A\  /contains  an  infinity  of  points  of  A'. 
Let  q  be  one  of  these.  Let  us  lay  q  off  on  the  A  axis.  Since  j  is  a 
limiting  point  of  A^  any  little  interval  as  J  contains  an  infinity  of 
points  of  A.  Now,  however  small  K  is  taken,  there  exist  inter- 
vals J  lying  within  K  which  contain  an  infinity  of  points  of  A. 
Hence  K  contains  an  infinity  of  points  of  A^  and  j?  is  a  limiting 
point  of  A.    Thus  jt?  lies  in  ^'. 

2.  The  extension  of  this  demonstration  to  91^  is  obvious.  To 
show  that  p  lies  in  A'^  we  have  to  show  that  D^P^  contains  an 
infinity  of  points  of  A^  however  small  €  is  taken.  To  this  end,  let 
/>-<€.  Let  y  be  a  point  of  A'  in  Df,(p^.  Then  i)«r(j)  contains  an 
^^finity  of  points  of  A^  however  small  a  is.     But  if 

-^^(y)  lies  in  D^CP^y  ^7  249.     Hence  DXp^  contains  an  infinity 
^^  points  of  A. 

3.  We  have  just  shown  that  A'  lies  in  ^'.  It  is,  however,  not 
^^cessary  that  A'  lies  in  A. 

Thus,  if  -4.  SS5 1,  ^,  ^,  —,  A'  =  (0),  and  this  does  not  lie  in  A. 

267.  Extreme  vaiuea  of  a  domain.  1.  Let  the  variable  x  range 
^"^^er  a  rectilinear  domain  2)  which  is  limited  to  the  right. 

We  form  a  partition  (^,  i?)  as  follows :  in  A  we  put  all  num- 
^^^rs  of  {R  which  are  ^  any  number  in  D;  in  5  we  put  all  numbers 
^^  91  which  are  >  any  number  of  2). 

Let  this  partition  be  generated  by  /i  [130]. 

We  call  fA  the  maximum  of  x  or  of  2>,  and  write 

/i  =  Max  X  =  Max  D. 
The  fact  that  a  domain  U  is  not  limited  to  the  right  may  be 

^^tere  x  ranges  over  E. 

2.  Let  D  be  limited  to  the  left.  We  form  a  partition  (-4,  B) 
^y  putting  in  -4.  all  numbers  of  {R  which  are  <  any  number  of  D, 
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and  in  B  all  numbers  which  are  ^  any  number  of  D.     If  the  num- 
ber X  generates  this  partition,  we  call  X  the  minimum  of  x  ot  of  D^ 

and  write  ^      ^,.  n*-     t^ 

X=  Mina?  =  Min2>. 

The  fact  that  a  domain  E  is  not  limited  to  the  left  may  be 

denoted  by  ,,.  mt-    t\ 

^  Min  X  =  Mm  2>  =  —  oo, 

where  x  ranges  over  E. 

Ex.  1.  i>=(a,  6),  a<6. 

Min  X  =  a.        Max  x  =  &. 
We  note  that  x  takes  on  both  its  minimum  and  maximum  yalues  in  />. 
Ex.2.  2>  =  (0,  1,  i,  f  i,  I,  },  J,  ...). 

Minx  =  0.        Maxx  =  l. 
Here  x  takes  on  both  its  maximum  and  minimum  values. 
Ex.  3.  2>=(a*,  6*). 

Min  X  =  a.        Max  x  =  6. 
Ex.4.  />=(i,  f  J,  },  i,  t,  ...). 

Min2>  =  0.        Max2>  =  l. 
In  Exs.  3,  4,  X  takes  on  neither  its  minimum  nor  its  maximum  values. 

268.  1.  The  maximum  and  minimum  values  of  x  are  called  its 
extreme  valiiee  or  extremes. 

Let  e  be  an  extreme  of  D.  If  the  point  e  is  an  isolated  point 
of  2>,  e  is  called  an  isolated  extreme^  otherwise  e  is  a  non-isolated 
extreme. 

Evidently  an  isolated  extreme  of  D  lies  in  D. 

2.  When,  however,  «  is  a  non-isolated  extreme,  it  may  or  may 
not  lie  in  2).     In  this  case  we  have  the  theorem : 

if  e  be  a  finite  non-isolated  extreme  of  2),  it  is  an  extreme  of  ly, 
the  first  derivative  of  D. 

To  fix  the  ideas,  let  t,,      y. 

e  =r  Max  D. 

Since  e  is  not  isolated,  it  is  a  limiting  point  of  2>,  and  hence 
lies  in  ly. 

Since  no  re  of  D  is  >  e,  no  rr  of  jy  is  >  e.     Hence 


e  =  Max  2>'. 
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3.  We  have  obviously  the  following : 

J^t  every  x  of  D  he  ^fi^  while  for  each  e  >  0  there  exi%t8  in  D  an 

r  z^^  /i  —  €.     Then  ^^      ^ 

fi  =  Max  D. 

^A  similar  theorem  holds  for  a  minimum. 

-4.  Let  Sro  be  such  that 

Mina;<3H<Maxa;; 

w^  call  9R  a  mean  value  of  x^  or  a  mean  of  x^  and  write 

Sro  =  Mean  x. 

S69.  1.  Let  e  be  an  extreme^  finite  or  infinite^  of  the  function 
^C^iTj-.a:^)  with  respect  to  a  limited  domain  D.  Then  there  exists  a 
point  a,  not  necessarily  in  2>,  siu;h  that  e  is  the  extreme  off  in  any 
^^^i^yinity  of  a,  however  small. 

The  demonstration  is  precisely  analogous  to  that  given  in  264. 
%  If  D  contains  its  limiting  points^  the  point  a  lies  in  D. 

Various  Classes  of  Point  Aggregates 

270.  Each  point  p  of  an  aggregate  A  is  either  an  isolated  point 
^x^  a  limiting  point  of  A.  Let  us  call  A,  the  aggregate  of  the 
former  points  and  Ax  the  aggregate  of  the  latter  points. 

'^^^^  A  A      X      A 

A  =  A,  +  Ak. 

If  Ak  =  0,  then  A  =  A^,  and  A  is  an  isolated  aggregate. 
If  A^^  0,  then  A  =  A^i  and  A  is  dense* 
A  may  contain  all  its  limiting  points ;  it  is  then  complete. 
If  A  is  dense  and  complete,  it  is  perfect     It  then  contains  all 
^ts  limiting  points,  and  every  point  of  A  is  a  limiting  point. 

A  point  aggregate  such  that  each  of  its  points  is  an  inner  point 
^  called  a  region.     Cf.  247. 

It  is  sometimes  convenient  to  consider  the  aggregate  formed  of 
'^  t'egion  and  its  frontier  points.  Such  an  aggregate  is  called  a 
^^^^''npUte  region. 

y^OT  example,  the  interior  of  a  circle  forms  a  region.  If  we  add 
^ts  circumference  we  get  a  complete  region. 


\ 
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271.  Ex.1.  ^  =  1,  i,ii    • 
is  an  isolated  aggregate. 

Ex.2.  ^  =  0,  1,  },J,  ... 

is  a  complete  aggregate. 

Ex.  3.  ^  =  the  rational  numbers  in  a  certain  interraL 
A  is  dense^  but  not  complete. 

Ex.  4.  ^  =  the  interval  (a,  6). 
A  is  perfect, 

Ex.  5.  y4  =  the  interval  (a*,  6). 
^  is  denae^  but  no<  complete. 

Ex.  6.   A  region  is  dense^  but  not  complete. 
A  completed  region  is  perfect 

Ex.  7.   In  the  interval  (0, 1)  remove  the  points  0,  1,  ),  },  ••• 
The  remaining  points  form  a  region. 

Ex.  8.   In  the  plane  9^2  let 

A  =  ai,  as,   ... 

be  an  aggregate  having  a  single  limiting  point  a.    Let  us  suppose  that  a  does  n€>tf 
lie  in  A.    About  each  an  let  us  describe  a  circle  Cn  of  radius  so  small  that  no  X^cw 
circles  have  a  point  in  common.     The  aggregate  formed  of  the  points  of  9ts  xeithitt 
each  circle  C«  is  a  region  r^. 

The  aggregate  formed  of  all  the  regions  r,  is  also  a  region. 

272.  1.  An  interesting  example  of  a  rectilinear  perfect  aggre- 
gate lying  in  an  interval  3(  and  yet  not  embracing  all  the  points 
of  %  is  the  following,  due  to  Cantor. 

Let 

a  =  •  ctid^d^'" 

be  expressed  in  the  triadic  system  [144],  restricting,  however,  the 
numbers  a^,  a,,  •••  to  the  values  0,  2.  Then  A  =  \a\  is  such  an 
aggregate,  as  we  now  show. 

We  can  get  a  good  idea  of  this  aggregate  as  follows. 


Let  the  interval  (1,  4)  be  of  unit  length.  We  divide  it  into 
three  equal  segments,  (1,  2),  (2,  3),  (3,  4).  The  points  1,  3  are 
points  of  A.  No  point  of  A  falls  within  the  middle  segment 
(2,  3).    We  have  therefore  marked   this  segment  heavy  in  the 
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fig-i.ire.     We  now  divide   the  segments  (1,  2)  and  (3,  4)  into 
tiix*ce  equal  segments, 

(1,5),   (5,6),   (6,2),  and   (8,7),   (7,8),   (8,4). 

nrhe  end  points  6,  8  are  points  of  A.    No  point  of  A  falls  within 
tli€3  segments  (5,  6),  (7,  8),  which  are  therefore  marked  heavy. 

In  this  way  we  can  continue  indefinitely  subdividing  the  seg- 

iTi^xits  within  which  a  point  of  A  falls.     Consider  the  end  points 

o€     a  heavy  interval,  say  the  interval  (6,  6).     Its  right  hand  end 

poxnt  is  obviously  a  number  of  A  having  a  finite  representation. 

It^s  left  hand  end  point  is  a  point  of  A  whose  representation  is 

iri.  finite. 

To  show  now  that  A  is  perfect,  let  us  begin  by  showing  that 
^^rery  point  a  of  ^  is  a  limiting  point. 

I/Ct 

^>e  a  point  having  a  finite  representation  [144,  5]. 
Obviously,  a  is  the  limit  of  the  sequence, 

a'  =«ai'«»a,2, 

a"=.ai---a,02, 

a"' =.«!... a,002. 


Let 


d  =  *  d-tdtJOLo 


t^^  a  point  whose  representation  is  infinite.     It  is  obviously  the 
J^ixaiit  of  the  sequence. 


a'  = 

•«i» 

a"  = 

•aio. 

a>"  = 

•  aia^v 

Hence  every  point  of  ^1  is  a  limiting  point.  On  the  other  hand 
^  contains  all  its  luniting  points. 

For  every  limiting  point  «  of  ^1  is  either,  1®,  an  end  point  of 
^le  black  intervals,  or,  2^,  not  such  a  point. 
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In  case  1°,  a  is  obviously  a  point  of  A, 

In  case  2®,  if  a:^0,  we  can  find  a  monotone  sequence  of  point 
in  A. 


a' 

= 

•a,. 

a" 

z=. 

•«,aj, 

a"' 

=  ■ 

'  <'l<'2<*8» 

whose  limit  is  a. 

On  the  other  hand,  the  limit  of  this  sequence  is 

which  is  a  number  of  A.  Hence,  a  is  in  A, 
Should  a  =  0,  this  method  is  inapplicable. 
But  obviously  a  =  0  is  in  -4. 

2.  It  is  easy  to  generalize  the  above  example  as  follows. 

be  expressed  in  an  m-adic  system  restricting  the  numbers  0^,0^     -^ 
to  a  part  of  the  system, 

0,1,2,  ...  m-1; 
for  example, 

0,  2,  4,  6,  .- 


CHAPTER  VI 

LIMITS  OF  FUNCTIONS 

FUNCTIONS  OP  ONB  VARIABLE 

Definitions  and  Elementary  Theorems 

273.  1.  We  extend  now  the  notion  of  limit,  by  defining 
i-^nits  of  functions.  We  begin  by  considering  functions  of  a 
ingle  variable  x. 

Let  /(rr)  be  a  one-valued  function  defined  over  a  domain  L. 

-•et 

^  =  ai,  a^,  ag    ••  (1 

^  any  sequence  of  points  of  D,  such  that 

lim  a^ssa;         a  finite  or  infinite^       a^  ^  a. 

If  the  sequence 

/(«i).  /(«q).  /K)   -  (2 

las  a  limit  i;,  finite  or  infinite,  always  the  same,  however  the 
sequence  A  be  chosen,  we  say  i;  x%  the  limit  of  f(x)for  a;  =  a  and 
^rrite 

i;  =  lim/(a;), 

Dr,  more  shortly, 

i;  =  lim/(a:). 

We  also  say /(a;)  approaches  or  converges  to  tf  as  a  limits  when  x 
approaches  a  as  a  limit.     This  may  be  expressed  by  the  symbol 

2.  If  for  some  sequence  1)  the  limit  of  2)  does  not  exist,  we 
say  the  limit  oif(x)  for  rr  =  a  does  not  exist. 
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8,  Since  the  limit  of  2)  must  be  tf  however  the  sequences  1) 
ai*e  chosen  (provided,  of  course,  they  have  a  as  limit  anda^^^a), 
we  have  the  theorem  : 

Let  A==\an\^  -B={J«J    be  two  seq^iences  lying  in  D;  let  a^^z^a^ 

*!.  =  «• 

//  lim/(a„)=^lim/(J,), 

then  limf{x)^foT  a;  =  a,  doe%  not  exist. 

274.  1.  It  is  sometimes  convenient  to  restrict  the  sequences 
A  =  «!,  flj,  •••  so  that  all  the  points  a^  lie  to  the  right  of  a.  la 
this  case  we  call  i;  a  right  hand  limit  and  write 

ri  =  lim  f(pc)  or  i;  =/(a  -h  0)  or  i;  =  iJ  lim  f(jc)  or  rf  =  R  lim/(a:). 

If  we  restrict  the  sequences  A  to  lie  to  the  left  of  a,  we  call  rj  a 
left  hand  limit  and  write 

i;  =  lim/(a;)  or  i;^/(a— 0)  or  i;  =  ilim/(a:)  or  i;  =  Z  lim /(a:). 

Obviously  if 

lim /(a;)  =  i;,       finite  or  infinite.         (1 
then 

L  lim  f(x)  =  R  lim  f(x)  =  i;.  (2 

Conversely  ft  if  2)  holds  ^  1)  does  also. 

2.  Right  and  left  hand  limits  are  called  unilateral  limits.     If 

we  do  not  care  to  specify  on  which  side  of  a  the  limit  is  taken,  we 

can  denote  it  by 

UlimfCxy 


275.  1.  When  considering  infinite  limits  or  limits  for  a:=  ±oo, 
it  is  often  convenient  to  suppose  the  axes  terminated  to  the  right 
and  left  by  two  ideal  points  -f-  Qo,  or  —  oo,  respectively.  We  call 
these  the  patfUs  at  infinity. 

We  call  the  interval  (6!^,  -f-oo)  the  domain  of  -foo,  and  denote 
it  by 

We  call  &  the  norm  of  2>(-f  »). 
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Let  ^  be  a  point  aggregate  Ipng  on  our  axis.  Those  of  its 
points  which  fall  in  1)  we  call  the  vicinity  of  -f  oo  for  the  aggre- 
gate A.     We  denote  it  by 

Vod+coy  (2 

Similar  definitions  hold  for 

!)(,(- cx>)  and  F;,(-oo).  (3 

2.  When  O-  increases,  the  intervals  (6!^,  +  cx>)  or  (Q-^  —  oo)  are, 
in  a  way,  diminishing.     It  is  convenient,  for  uniformity,  to  say 

*^**  2><,(±oo),  r^(±oo) 

are  arbitrarily  small  when  O-  is  taken  arbitrarily  large,  positively 
or  negatively,  according  to  the  sign  of  oo. 

276.  Corresponding  to  the  two  ideal  points  ±  oo,  we  shall  intro- 
duce two  ideal  numbers^  which  we  also  denote  by  ±  oo.  These 
numbers  are  respectively  greater,  positively  or  negatively,  than 
any  number  in  {R.     We  say  they  are  infinite. 

The  system  formed  by  joining  ±  oo  to  the  system  91  we  denote 
by«. 

We  shall  perform  no  arithmetical  operations  with  these  ideal 
numbers. 

277.  1.  Most  of  the  theorems  established  in  Chapters  I,  II 
for  sequences  may  be  extended  easily  to  theorems  on  limits  of 
functions. 

For  convenience  of  reference  we  collect  the  following.  The 
reader  should  remember  that  a  theorem  relating  to  limits  for  a 
I^oint  x  =  a  may  be  changed  at  once  into  one  relating  to  a  left  or  a 
right  hand  limit  at  a. 

lim  f(x)  =  a,   lim  g(x)  =  /3.         a  finite  or  inf. 
Then  "^  ~ 


lim/^=a^. 
See  49,  50,  61,  98. 


w     ^^«- 
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3.  In  F*(a),  a  finite  or  infinite^  let 

/(^)<5'(^)<A(^)- 
lim  f(x)  =  lim  h(x)  =  X. 

lim  g(x)  =  X. 


Let 

Then 


See  107. 
4.  Let 

be  finite.     If 


lim /(a:)         a  finite  or  i'nf. 


thtn  X  <  lim  f{x)  <  fi. 

See  106,  1.  "^ 


5.  Let 


lim  /(a;)  =  a,    lira  g(x^  =  ±  ao.     a  /wite  or  inf. 


f 
Then  lim(/ ±5^)=  ±00,        lim  -  =  0. 


^a=^0, 
See  137. 
6.  Let 


lim  fg=±cc. 


lim  /(a;)  ^  0,   lim  g(x)  =0.        a  /ntte  or  ii|f. 


]f  g(jt)  has  one  sign  in  F*(a), 

lim  —  =  ±  00. 
See  137. 

7.  Jn  F*(a),  a  finite  or  infinite^  let 


See  138. 


li°i  ^(a;)  =  +  00, 
lim/(a;)=  +  00. 


SECOND  DEFINITION  OF   A  LIMIT  176 

8.  In  F*(a)  let  f(x)  he  limited  and  monotone.     Then 

/(a  +  0),        /(a-0) 
exist  and  are  finite. 
See  109. 

Second  Definition  of  a  Limit 

lini  f(x)  =  i;,         a  finite  or  inf. 

there  exists  for  each  e  >  0  a  vicinity  P^*(a)  sueh  that 

li;-/(a:)l<€  (1 

in  r*(a). 

For  let  D  be  the  domain  of  definition  of  /(a;).  Let  A  =  Jf }  be 
fclxe  points  of  D,  if  any  such  exist,  for  which  1)  is  not  satisfied. 
X^«t  us  suppose  at  first  that  a  is  finite.     Let 

Min|f-a|  =  /.. 

If  /i  >  0,  let  0  <  S  <  /i,  then  1)  holds  in  V^*(^ay 

If  /i  =  0,  let  t     t     t 

Cr  Cy  Cs'  '" 

l>^  a  sequence  in  A,  whose  limit  is  a.     Then 

^^d  this  contradicts  the  hypothesis. 

Thus,  when  a  is  finite,  there  exists  always  a  vicinity  Fi*(a)  for 
"^vhich  1)  holds. 

Suppose  a  =  +  cx>.     Let 

Max  f  =  ft. 

If  fi  is  finite,  let  0'>  fi.     Then  1)  holds  in  F^(+  oo). 
IfM=r  +  QO,  let  t     t     t      .. 

^V    ^2'    ^8' 

be  a  sequence  in  A  whose  limit  is  +  ^  •     Then 

and  this  contradicts  the  hypothesis. 

A  similar  reasoning  applies  when  a  =  —  cx>. 

2.  We  wish  expressly  to  note  that  in  passing  to  the  limit  x=sa 
the  variable  x  never  takes  on  the  value  x^a. 
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279.  The  converse  of  the  theorem  278  is  obviously  true,  viz. : 

If  for  each  c  >  0  there  exists  a  vicinity  Fi*(a),  S  >  0,  a  finite  or 

infinite,  such  that 

\ri-f(x)\<e 

in  Fi*(a),  then 

lini/(a:)  =  i;. 

280.  1.  From  278  and  279  we  see  that  we  can  take  the  follow- 
ing as  definitions  of  a  limit : 

The  limit  of  f(x)  for  x=a  is  rj  when  for  each  € >  0  there  exists  a 

8  >  0,  siu^h  that 

|/W-i7|<€  (1 

in  V^*ia). 

This  condition  we  shall  express  as  follows : 

€>0,    S>0,    |/(a:)-i;|<€,    V.^day  (2 

Such  a  line  of  symbols  is  to  be  read  as  above. 

2.  2%«  limit  of  f(x)  for  a;  =  +  oo  t«  i;,  when  for  each  €  >  0  there 
exists  a  Q'>0^  such  that  1)  holds  in  Vo(^  +  co). 

This  condition  we  shall  express  thus : 

€>0,   a>0,    |/(a;)-i;|<€,   VoC+<^y 

3.  The  limit  of  f(x)  for  a;  =  —  oo  i«  ly,  when  for  each  €  >  0,  there 
exists  a  G<0,  such  that  1)  holds  in  Fi?(— oo). 

This  condition  we  shall  express  thus : 

€>0,    (y<0,    |/(aj)-i;|<€,    F;,(-oo). 

lim/(a;)  =  +  oo ,         a  finite  or  infinite, 
there  exists  for  each  O->0  a  vicinity  F*(a),  such  that 

in  r»(a). 

For,  let  A  s:  {f  I  be  the  points  of  i>,  if  any  such  exist,  for  which 
1)  does  not  hold. 
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1^.  Let  a  be  finite.     Let 

Min  If  —  a|  =  ft. 

If  /i  >  0,  let  0  <  S  <  /i.     Then  1)  holds  in  Fi*(a). 
If/i  =  0,let  .       . 

L>^^  a  sequence  in  A  whose  limit  is  a.     Then 

lim/(f«)^-hoo; 

8^:K::md  this  contradicts  the  hypothesis. 

2^  iet  a  =  -hoo.     Let 

Max  f  =  ft. 

If  /i  is  finite,  let  0->fi;  then  1)  holds  in  Fi,(+  cx>). 

If  fi  is  infinite,  let  ^      . 

Cn    fy    — 

1:>^  a  sequence  in  A  whose  limit  is  +  oo.     Then 

lim/(fJ=jfc  +  c]o; 


fcd  this  contradicts  the  hypothesis. 
A  similar  reasoning  holds  when  a  =  —  oo. 

The  reader  will  observe  that  this  demonstration  is  analogous  to 
that  of  278. 

2.  The  converse  of  1)  is  obviously  true,  viz. : 

If  for  each  (^  >  0,  there  exists  a  vicinity  V*(a)<i  a  finite  or  infinite^ 

f(x)  >  a 

*^   V*(a),then 

lim/(a;)  =  +  oo. 

mmma 

282.   1.  From  281  we  see  that  the  following  definitions  of  limits 

^ay  be  taken :  r     /•/  n      ^        -^ 

hm/(a;)  =  +  oo,  if 

Jlf>0,    S>0,    f(x)>M,     V,*(,d), 

^Mch  in  full  means:  if  for  each  M>0,  large  at  pleasure^  there 
«ri«t«  a  S  >  0,  such  that  f(x)  >Min  V*ia'). 
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2.  lim/(a;)  =  —  oo,  if 

M<0,     8>0,    f(x)<M,     r,*(a); 

i.e.  if  for  each  3f<0  there  exists  a  S>0,  such  thaX  /(x)  < M 
r,*(a). 

3.  lim/(a:)  =  +oo,  if 

4.  lini/(a:)  =  —  00,  if 

Jlf<0,      (y>0,    f(x)<M.      f^(;(  +  oo). 
6.  lim/(a:)  = -foo,  if 

Xsa-« 

jf>o,   (y<o,  f{x)>M,   f;,(-oo). 

6.  lim/(a:)  =  —  oo  ; 

■■■— « 

7.  The  limit,  finite  or  infinite,  of /(a?)  for  a;=  -f  oo  or  —  oo  i 
be  represented  by 

/(  +  Qo),    /(-cx)), 
respectively. 

283.   By  the  aid  of  the  ideal  points,  with  their  associate  domi 
and  vicinities,  we  may  sum  up  all  the  preceding  six  cases  in 
general  statement : 

i;  =  lim/(a;)         a,  i;  finite  or  infinite^ 

when^  D(ri)  being  taken  small  at  pleasure^  there  exists  a  vieii 
F'*(a),  stich  that  fix)  lies  in  I)(ji)  when  x  runs  over  V*(a^. 

See  275,  2. 

The  reader  should  observe  that  the  two  demonstrations  of 
and  281  are  perfectly  parallel.     It  is  easy,  by  employing  the  c 
vention  of  275,  2,  to  formulate  the  demonstration  given  in  27) 
as  to  include  the  cases  treated  in  281,  and  so  make  the  la 
unnecessary. 


K 
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284.   In  order  that  lim/(a;)  exists^  a  finite  or  infinite^  it  is  necea- 

wry  and  $ufficient  that  for  each  €>0  there  exi$t$  a  vicinity  V*(^a')^ 

ich  that 

|/(xi)-/(x^|<e,  (1 

ryr  any  pair  of  points  x^^  rr,  in  V*(ji). 
It  x%  necessary.     For,  if 

V  =  lini/(rr), 

tien  for  each  €  >  0  there  exists  a  F*(a),  such  that 

or  any  z  in  F'*(a).     Let  ar^,  rr,  be  two  points  in  V*(a).     Then 

\v-AxO\<l,  k-/(^,)|<|- 

Adding  these  two  inequalities,  we  get  1). 

It  is  sufficient.     For,  let  a^  a,,  •••  be  a  sequence  of  points  in 
*(a),  having  a  as  limit.     Then  tlje  sequence 

J  regular  by  1).     It  therefore  has  a  limit  i;. 
Then 

€>0,     tw',     |i;-/(aj|<|.       n>m'.  (2 

Let  J5=s6|,  Jj,  —  be  any  sequence  of  points  in  V*(a)  whose 
UJttit  is  a.     Then,  by  1), 

|/(0 -/(*•)  I  <|-       n>^".  (8 

Adding  2),  8),  we  have 

\v-f(Pfd\<^'      n>m,   m>m',m".     (4 

But  since  B  was  an  arbitrary  sequence,  the  relation  4)  states 

•hat 

tf  =  lim/(a;). 
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Oraphical  Representation  of  Limits 

285.  The  graphical  representation  of  limits  of  sequences  ex — 
plained  in  43,  44,  and  124  may  be  readily  extended  to  limits  ofl 
functions. 

Let  the  graph  oif(x)  be  referred  to  rectangular  coordinates. 

Let  D  be  the  domain  of /(x),  and  let 


lim/(x)  =  Z. 


Then  the  condition 


€>0,  S>0,         |/(a:)-Z|<€,         V,*ia), 

has  the  following  geometric  interpretation : 

About  the  line  y  =  Z  construct  a  band 
(shaded  in  the  figure)  of  width  2€,  €  being 
small  at  pleasure.  Then  there  exists,  corre- 
sponding to  this  €,  an  interval  of  extent  2  i 
(marked  heavy  in  the  figure),  such  that  f(x) 
falls  in  the  €-band  for  each  x=^a  oi  D  falling  in  the  S-interval. 
In  general,  as  €  is  made  smaller  and  smaller,  B  becomes  smaller 
and  smaller.  But  for  each  €-band,  however  small,  there  corre- 
sponds a  S-interval  of  length  >  0. 


286.    Let 


lim  /(rr)  =  +  oo. 


ij 


Draw  the  line  y  =  -Jf,  where  M>  0  is  large 
at  pleasure.  Then  there  exists,  corresponding 
to  this  M,  a  S-interval,  marked  heavy  in  the 
figure,  such  that  /(rr)  falls  in  the  JIf-band 
(shaded  in  the  figure)  for  each  x^a  of  D,  o  d  a  i 
falling  in  the  S-interval. 

As  Mis  taken  greater  and  greater,  the  corresponding  S-interval 
becomes,  in  general,  smaller  and  smaller.  But  for  each  Jtf,  how- 
ever large,  there  corresponds  a  S-interval  of  length  >  0. 


287.    Let 


lim/(rr)  =  Z. 
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Draw  the  line  y  =s  Z,  and  construct  an  e-band,  as  in  figure, 
each  €  there  exists  a  (7>0,  such  that 
f{z)  falls  in  the  €-band  for  each  x  of 
D,  falling  in  the  interval  (ff,  +  oo). 

These  examples  will  suffice  to  illus- 
trate  the  graphical   interpretations   of 
limits,  when  /(x)  is  plotted  in  rectangu-    . 
lar  coordinates. 


For 


288.  1.  When  the  graph  of  y=/(^a;)  is  given  by  means  of 
two  axes,  as  explained  in  191,  the  geometric  interpretation  of 
limits  of  f{x)  will  be  made  clear  by  the 
following : 

Let 


d    a    a 

'     I     ■ 


\imf(x)^l. 


(1  o 


e    I    € 
■     I     ' 


About  y  =  Z  we  mark  off  the  €-interval ;  about  a;  =  a  we  mark 
off  the  S-interval. 

Then  1)  requires  that/(x)  falls  in  the  €- interval  for  each  value 
of  27  n^  a  in  D,  falling  in  the  5-interval. 


2.  Let 


lim/(a;)  =  4-ao. 


On  the  y-axis  we  mark  off  at  pleasure  the  point  M>  0.  Then 
for  each  M  there  exists  a  S-interval,  such  that  /(a:)  falls  in  the 
interval  (-MJ  +  oo),  for  each  x=^  a  ot  D  falling  in  the  S-interval. 


289.   Let 


then 


lim/(a;)  =  Z.         I  finite  or  infinite, 

x=sa'\-bu,        4^0,  (1 

lim/(rr)=:Z.  (2 


For,  while  x  ranges  over  the  domain  D  on  the  x-axis,  u  ranges 
over  a  domain  A  on  the  u-axis. 

The  two  axes  x  and  u  stand  in  1  to  1  correspondence  by  virtue 
of  1).  To  the  point  2;  =  a  on  the  rr-axis  corresponds  the  point 
u  =  0  on  the  u-axis. 
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^^  /(a;)=/(a  +  6«)  =  K«).  (3 

Then  if  x  and  u  are  corresponding  points,  /  has  the  same  value 
at  X  as  ^  has  at  u.     To  fix  the  ideas  let  I  be  finite.     From 

€>0,   S>0,    |Z-/(a;)|<€,   in  Fi*(a), 
follows 

^  K-<^(u)|<€,   in  ra^*(0),  (4 

where  Sj  =  -  S. 

0 

But  from  3),  4)  follows  2). 

lim/(a;)=Z.         I  finite  or  infinite. 

Let  ^ 

u 
Then 

and  conversely.  ^  q 


This  follows  at  once,  as  in  289, 


z- 


J. 


by  observing  that  to  points  in  the  o     jb 

shaded  interval  on  the  rr-axis  corre- 
spond points  in  the  shaded  interval  on  the  u-axis. 

2.  Let 


Let 

Then 
and  conversely. 


lira  /(a;)  =1.         I  finite  or  infinite. 

1 


u 


i21im/(2:)  =  ?, 


291.    1.  As  a  result  of  289  and  290,  we  may,  by  the  aid  of  the 
transformations,  ^ 

u=iax-{-/3y   and  w  =  -i 
transform  ^ 

lim  into   lim, 

^lim   into   72  lim,   ilim,   or  lim. 
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Similarly, 

lim   into  i21im   or   Zlim. 

2.  In  particular,  any  limit  a;  =  a  or  ±00  may  be  transformed 
into  one  with  respect  to  x  =  0. 

292.  Let  u  =  ^(rr),  and 

lim  tt  =  J.        a,  J  finite  or  infinite.     (1 

Let  y=z  f(u)y  and 

lim  y  =  iy.  iy  finite  or  infinite.     (2 

Then  if  ^(x)^  J  tn  F*(a), 

lim  y  =  iy.  (3 

To  fix  the  ideas,  suppose  a,  i,  17  are  finite. 
Then  since  2)  holds, 

€>0,   cr>0,    |y-i7|<€,    F;*(J). 

But,  by  1), 

cr>0,   S>0,    0<|u-J|<cr,    Fi*(a). 

Hence  while  x  ranges  over  Fi*(a),  y  lies  in  i).(^)'     Thus 

€>0,   S>0,    |y-i7|<€,    Fi*(a). 

But  then  3)  holds. 

The  case  that  any  or  all  the  symbols  a,  i,  17  are  infinite  is  per- 
fectly analogous. 

293.  Let  u  =  ^(2:),  and 

lim  u  =  i.         a  /mte  or  infinite. 

Let  y=f(u)j  and 

lim  y  =  17. 

If  fib:)  ^V.  then 

lim  y  =s  17. 

•*• 

This  follows  as  in  292. 


dad 

X ^— "— L 

fl-    6    fl- 
w «      ■      ■ 

y u-i-L- 
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294.    1.  Let  y^f(x)  he  a  univariant  function  in  a  unilateral 
vicinity  V*  of  a.     If 

U\imy=^l,  [274,2] 

then 

To  fix   the  ideas,  suppose  y  is  increasing 
in  the  left  hand  vicinity  of  a. 
Let  €  >  0  be  arbitrarily  small,  and 


9  z'  a 


a  —  €<d<a. 
Let  y'  correspond  to  a/.     Let  S  >  0  be  such  that 

Then,  while  y  remains  in  iFi*(J),  x  remains  in  LD^(a). 

2.  Let  y^f(x)  be  univariant  in  F*(a),  where  a  is  a  bilateral 
limiting  point  of  V*.    If 

lim  y=^by 

then 

lim  2;  =  a. 

ir-» 

The  demonstration  is  analogous  to  that  of  1. 


Examples  of  Limits  of  Functions 
895.   1.  lim  sin  x^O. 

For,  however  small  €  >  0  is  taken,  there  exists  an  arc  S  >  0  such 
that 

|sina:|<€.         |ir|<S. 

2.  limcosx  =  l. 


For,  however  small  €  >  0  is  taken,  there  exists  an  arc  S  >  0  such 

that 

1  — cosa:<c.  |a;|<S. 
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396.   1.  lim  sin  x  =  sin  a.  (1 

For,  let 

x=ia  +  u. 
Then 

sinrrss  sin  (^a  +  u)=  Qina  cosu  +  cos  a  sin  u.  (2 

Since 

lim  sin  x  =  lira  sin  (a  +  u), 

Ska  «(aiO 

and 

lim  sin  u  =  0,  lim  cos  u  =  1, 

equation  2)  gives,  on  passing  to  the  limit,  1),  by  289. 

2.  Similarly, 

lim  cos  X  =  cos  a. 

WT.   1.  i  lim  tan  x  =  +  oo.  (1 

For,  in  liF*(w/2),  tana;>0. 

A  ^  sin  05 

As  tan  X  = » 

cos  a; 

and  lim  sin  a:  =  1,  lim  cos  a;  =  0, 

•-'/a  «-'/* 

^e  have  1),  by  277,  6. 

2.  Similarly, 

^lira  tana:  =s  — 00. 

298.    1.  lime's!. 

This  follows  at  once  from  172. 

2.  lime*=e^ 

For,  let 

x=:a  +  u. 
Then,  by  289, 

lim  «*  =  lim  e*"*^  =  e*  lim  e* 

=  •-,  byl. 
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3.  lime's +Q0. 

This  follows  at  once  from  169. 

4.  lime's  0. 


For,  let 

X- 

-1 

U 

Then 

5.  Obviously,  as  in  1, 

lime's 
2, 

R\\m\,  by  290, 

"'*  e« 
:  0,  by  277,  6. 

2; 

lim  a'  = 

1 

6. 

/(^)= 

e^  +  l 

MlimfCx) 

=  +  1, 

Zlim/(a;)  =  - 

1. 

399.   1. 

Let 

lim/(a;)  =  i;.         iy  >  0. 

2%en 

lim(/(2:)y  =  1,^ 

This  follows  directly  from  171. 
2.  In  r*(a),  Zee  /(a:)  >  0.     Let 
lim/(a;)  =  0. 

lim  (/(«))"  =  0,  n>0. 

=  1,  M  =  0. 

=  -|-c».        fi<0. 

300.    1.  lim  log  rr  =  log  fl.      a>0. 

This  follows  at  once  from  178. 
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2. 

lim  log  X  = 

+  00. 

This  follows  at 

once  from  179. 

3. 

E  lim  log  z  = 

—  00. 

For,  set 

•  «0 

1 

Then 

a:  = 

u 

It  lim  log 

X  =  lim  log  -  = 

—  lim  log  u  = 

Msoo 

—  00. 

4.  Let 
Then 

\imfCx)  = 

i?>0. 
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lim  log/(a:)  =  log  t/  =  log  liiii/(a!). 
This  follows  at  once  from  178. 


301.   1. 


iim5ia*=i. 


cbO       X 

From  geometry,  we  have 

Area  0^C<  Area  05 (7<  Area  OBD. 
Hence,  for  0<a;<7r/2, 

J  sin  a:  cos  x<^  x<^  tan  rr ; 


or 


COSX<-T < 


As 


sin  X     COS  X 


It  lim  cos  x^  It  lim =  1, 

•«o  s-0  cos  X 


W€  have,  by  277,  8, 
Set  in  1), 

Then 


««o  sm  X 


a?=  —  w. 


iJlim^^  =  ilim^^=l. 
•-0  sin  X         »-o  sin  u 


(1 


(2 
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From  1),  2)  we  have 

li 

>-o  sin  X 


lim^^=l. 


Whence,  by  277,  2, 


lim21II*=l. 


«->0        X 

2.  From  1  we  have  readily 


For, 


setting 


..0       hx  0 


sin  ax  _a   %\nax 
bx        h      ax 

a   Ann 
h      u 

u^ax. 
tan  2; 


302.  iim55IL5=i.  (i 

•-0        x 

*'^^»  tan  rr     sin  a;      1  (2 


But 


X  X         COS  X 


mmii     X  ff-o  coso; 


Thus,  passing  to  the  limit  in  2),  we  get  1),  by  277,  2. 

A/iQ                        i.     sin  (a;  4- A)  —  sin  a:  ^- 

303.  lim ^        T  =  cosa5.  (1 

^^^'  sin  (a;  -f  A)  -  sin  x  ^  2  cos  (a:  4-  ^  A)  sin  ^  A 

A  A 


Also 


lim 


lim  cos  (a;  +  i  A)  =  cos  a; ; 
U^28iniA^Ij^8iniA^j 

W)  A  ^  A 

Passing  to  the  limit  in  2),  we  get  1). 


(2 


3M.   1. 

For, 

2. 
For, 
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^^l-cosa:^!, 
-M>        a^a  2 

1  --  cos  a;  _  2  siii^  I  z  _  l/sin  \  x^ 


lim 


tan  a;  —  sin  a;     1 


tan  a?  —  sin  a?     tan  a;  1  —  cos  a? 
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305.   1. 
Here 

^rhile 


lim  e"*  cos  a;  =  0. 

lim  e-  =  0,  by  298,  4, 
lim  cos  X 


(1 


cloes  not  exist.     We  cannot,  therefore,  apply  the  theorem  277,  2, 
that  the  limit  of  the  product  is  the  product  of  the  limits. 
We  therefore  proceed  thus : 

—  e"*  <  e~'  cos  X  <  «"*. 

Apply  now  277,  8.     This  gives  1). 

2.  We  may  see  the  truth  of  1)  geometrically. 

Let 

yi  =  «"'i  yj  =  cos  z, 


«nd 


y  =  e—  cos  a;  =  y^y^. 


Let  us  draw  the  graphs  (7,  C"  of  ±  y^ 

To  get  y,  we  multiply  y^  by  the 
factor  y,,  which  takes  on  all  values 
between  —  1  and  -f- 1.  Thus  y  oscil- 
lates between  the  curves  C,  C. 

As  (7,  C  approach  nearer  and  nearer  the  a;-axis,  the  amplitude 
of  the  oscillations  converges  to  0. 
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The  Limit  e  and  Related  Limits 
306.    1.  We  saw  in  110  that 

limri  +  -Y  =  «;  w  =  l,  2,  8,  — 

Let  us  consider  now  the  more  general  limit 

Each  X  will  lie  between  two  integers  n,  n  +  1 ;  or 
n<x<n  +  \. 


Then 
and 

But 
and 


n  X  n-f- 1 


(•-r>('-^r>('-.4T)- 
(-.4T)--(>%4ir-77^ 

Thus  8),  4)  give  in  2), 
Now,  by  1), 


n  +  1 
1 


1  + 


»  +  l 


Um(l  +  l)-  =  lim(l4-^J 


Also, 


imfl  +  -  )=  lim q — =  1. 


lim 


w  +  1 


Hence  6)  gives 


ii.(i+i)'=, 


307. 

Tor,  let 
Then 
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Jlim(l+^)'  =  e.  (1 

z^  —  u. 

('-S'=(-r=('n4TT 


»vhere 


w  —  1  =  V. 
But,  when  a;=  — qo,  w=  +  qo,  and  hence  r=  +  QO. 

E^e  ^et  1),  on  passing  to  the  limit  in  2). 
3«6.   From 


lim^l+-)  =«, 


get,  setting  ^ 


u 


1^ 
i21im(l4-w)"=e.  (1 


It': 


rom 


'^^  get,  setting  ^ 


u 


1 
Xlim(l4-w)"  =  «.  (2 

Prom  1),  2)  we  have 

lim(l+a:)'  =  «.  (8 
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\ 


1 

lim(l  +  aw)"  =  «*.  <1 

For,  1  ± 

y  =  (l  +  ua;)"  =  {(l+ua;)-'}' 


where 


v  =  ux. 


But  1 

lim(l+vy=:e. 

Hence,  by  299, 

•^  limy  =  «'. 


310. 

For, 


li„»l2i(l±f)  =  li„,log(l+:,)i 


1 

=  log  lira  (1 4-  a;)',  by  800,  4) 

«=loge,  by  808,  8) 
=  1. 

a*— 1 
311.  lim =  log  a.         a  >  0. 

Set 

w  =  a'— 1. 
Then 

lim  w  =  0, 

by  298,  5.    Then,  by  292, 

=  1,      by  310. 
But 

log  a'  =  x  log  a. 
This  in  2)  gives  1). 
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312.  ^.^(i+.y-i^^  ^^ 


(2 


From  310  we  have 

Let 

Then,  by  299, 

lim  ti  =  0. 

Hence,  by  292,  we  get  from  2) 

iog(i  +  xy 
'iS-'a  +  xy-i    ^' 

lim(^  +  ->:-^  =  ^  (3 

log(l  +  x)       '^  ^ 

log(l+a:y  =  Mlog(l+a:). 
i^xit,  by  810, 

lim  z — T^r— — r  =  1.  (4 

log(l+a:) 

-N^ow 

(l4.a:y,l  ^  (l+a;)M,l  a; 

log(l4-a;)  ""  X  log(l+rF)' 

^^assing  to  the  limit  and  using  4),  we  get  1)  for  the  case  that 
'  ^=5*=^  0.     The  case  that  /i  =  0  is  self-evident. 

PUHCnOlfS  OP  SEVERAL  VARIABLES 

Definitions  and  Elementary  Theorems 

3l3.   For  the  sake  of  clearness,  we  have  treated  first  the  limits 

*^^^    functions  of  a  single  variable.     We  consider  now  the  limits  of 

*^rictions  in  m  variables.     The  extension  of  the  definitions  and 

^^aiilts  of  the  preceding  sections  is,  for  the  most  part,  so  obvious 

^^at  we  shall  not  need  to  enter  into  much  detail.     Should  the 

^ader  have  trouble  with  the  case  of  general  in,  let  him  first  sup- 

P^>«e  m  =  2  or  3,  when  he  can  use  his  geometric  intuition  as  a 

guide. 
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314.  In  the  case  of  a  single  variable,  we  have  seen  how  useful 
the  ideal  points  ±  oo  proved.  In  the  treatment  of  limits  of  func- 
tions of  several  variables,  we  shall  find  it  extremely  advantageous 
to  adjoin  an  infinity  of  ideal  points  to  9?^  as  follows : 

Let  il  =  aj,  a,,  ^3,  •••  be  an  infinite  sequence  of  points  in  91m* 

^^^  a.  =  (a'.,a".,...a.<-)). 

lim  aj  =  Oj,  •••  lim  a/*"^  =  a^; 

•=00  •SBOO 

^v  *"  ^mt  fi^'ite  or  infinite. 
We  say  the  limit  of  the  sequence  A  is 

a  =  («i  •••««.)*  (1 

and  write 

a  =  lim  a^. 

11=90 

If  any  of  the  coordinates  of  a  are  infinite,  we  say  a  is  an 
infinite  point.     This  fact  may  be  briefly  denoted  by 

ass  GO, 

the  symbol  oo  being  without  sign. 

There  is  no  point  in  9?^  corresponding  to  an  infinite  a.    We 

therefore  introduce  an  infinite  system  of  ideal  points,  one  for  each 

complex,  .c% 

ai,aj,...«^,  (2 

in  which  one  at  least  of  the  symbols,  a«,  is  ±cx).     Such  ideal  points 

we  represent  also  by  1),  and  « ^ 

call  the  m  symbols,  2),  their     -oo.< fi- h-oo 

coordinates.      If    we    employ       "* 

the    graphical    representation     "*'*  •  ^® 

of  231,  we  suppose,  according  to  275,  that  each  axis  is  terminated 
by  the  ideal  points  -|-<»  and  —  oo. 

Thus,  any  complex  of  m  points,  one  on  each  axis,  such  that  at 
least  one  of  these  m  points  is  an  ideal  point,  is  the  representation 
of  an  ideal  point  in  9{m* 

The  system  of  points,  formed  of  9?^  and  the  ideal  points,  we 
denote  by  9^^. 

These  ideal  points  are  also  called  points  at  infinity. 
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315.  1.  The  domain  of  an  ideal  point  a^Qa^  -"a^)  is  the  aggre- 
gate of  points  x^(xi"'Zn')^  whose  coordinates  lie  respectively  in 
the  domains  ^  ,    ^        ^    ^     . 

It  may  be  represented  by  -Dp,...^(«). 

Example.    Let  ni:=4,  and  a=(— oo, 

1, 2,  +  co).    The  domains  in  which  the       ^o  <  ■  \^ ►4. 00 

coordinates  Xi,  Xs,   xt,  X4   range,  are  ^1               ^ 

marked  heavy  in  the  figure.  "°°'* ^    K  '    K ^  ^* 

Here  pi  is  an  arbitrarily  large  nega-      -oo^ ^ — 1     1     1 ^.^.oo 

tiye  number;  pt  and  pa  are  arbitrarily      ^^^ .Q     »       ,  *      ^  ^  ^ 

small  positive  numbers;  p4  is  an  arbi-  ^4 
tiarily  large  positive  number. 

2.  The  points  of  an  aggregate  A,  which  lie  in  -Dp,.../»^(«)i  a  being 

a  point  at  infinity,  form  the  vicinity  of  a,  for  that  aggregate.     We 

represent  it  by  wr       ^  ^ 

F;^...^(a). 

316.  1.  Let  y^f(xi'"X^  be  defined  over  a  domain  2>.     Let 
^  s  aj,  Oji  "*  be  a  sequence  of  points  in  2>,  and  let 

lim  a^^a.         a  finite  or  infinite. 

If 

lira/(a„)  =  1;,         1;  finite  or  infinite. 

is  always  the  same  however  A  be  chosen,  a  remaining  fixed  and 
a^  ^ a,  we  say  1;  i«  the  limit  of  y  for  x=a;  and  write 

i;  =  lira/(a;i...a:^), 

or,  more  briefly, 

ff  =  lim/(a:i -x^),  oriy  =  lim/(a;); 

or, 

K^i"'^m)^V^  or/(a:)  =  i;. 

2.  Just  as  in  the  case  of  a  single  variable,  we  can  show  that  this 
definition  is  equivalent  to  the  following : 

1;  =  li m/ (a:^  •  •  •  a:^),         1;  finite  or  inf. 

nihen^  taking  D(rji)  arbitrarily  small,  there  eonsts  a  vicinity  F*(a), 
iuch  that  y  remains  in  2>(i?)  when  x  is  in  F*(a).     See  278-288. 
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317.  1.  The  theorems  of  277  and  284  hold  for  functions  o^ 
several  variables  as  well  as  for  a  single  variable. 

2.  The  generalized  theorem  of  292  may  be  stated  thus : 

Let  «*i  =  <^i(a^i-a^n)i  -  «*m=  <^«.(a^i-a?«); 

and 

lim  Uj  =  6j,  •••  lim  u^  =  b^^ 

Let  ~  '^ 

and 

lim  y^ri* 

Letu^b  in  V* (a).     Then 

lim  y  =  17. 

Here  a,  6,  1;  may  be  finite  or  infinite. 

The  demonstration  is  perfectly  analogous  to  that  in  292. 

A  Method  for  Determining  the  NonrExistence  of  a  Limit 

318.  To  determine  whether 

17  =  li ra/(a:i  •  •  •  a:^),         a,  17  finite  or  inf. 

even  exists,  is  often  a  difBcult  matter.  The  following  simple  con- 
sideration analogous  to  273,  2,  3  will  sometimes  show  very  easily 
that  17  does  not  exist.  Let  W  be  some  partial  vicinity  of  a  exclud- 
ing a.  We  may  denote  the  limit,  when  it  exists,  of  f(xi'"X^  for 
x^a  when  x  is  restricted  to  W by 

?=:lim/(ari.-.a:^). 

Then  f  must  exist,  finite  or  infinite ;  and  however  W  is  takej 
we  must  have 

»;  =  ?. 

Thus,  in  case  f  does  not  exist,  or  is  different  for  different  H 
we  know  that  17  does  not  exist. 
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319.  Ex.  1.  _ 

We  Mk,  does 

lim/ 

^xifit?    As  partial  yicinity  of  the  origin,  take  points  on  a  line 

^ ;  y  =  ax.         X  :^  0. 

Then 


^hicb  varies  with  a ;  Ue,  with  X. 

Hence  the  limit  in  question  does  not  exist 

320.   Ex.2.  2«< 

^^"'^'^ 

Does 

lim/  a 

».f-0 

exist? 
If  we  take  ss  partial  vicinity  of  the  origin  points  on  the  line 

Z;  y  =  az, 

we  get  -J 

lim/(x,  y)  =  lim  X .  — ^  =  0.  (2 

Thus,  however  X  is  chosen,  the  limit  2)  is  always  the  same.  We  cannot,  how- 
ever, infer  that  the  limit  1)  exists,  since  our  method  only  shows  the  non-existence 
of  the  limit 

Instead  of  the  family  of  right  lines  Ir,  let  us  take  a  family  of  parabolas 

-F^;  y«  =  ax. 

Then  ^2  a 

lim/(x,  y)  =  lim  — =^ =  — =—;, 

P-"^'*'^     .-0x2(1 +  a«)     1  +  a^ 

^^hich  varies  with  the  particular  parabola  chosen. 
Hence  the  limit  1)  does  not  exist 


321.  Ex.  3. 

Does 

^zistf 

/(x,y)  =  log^. 
lim/ 

Letx,  yUeontheline 

Then 
Hence 
which  varies  with  X. 

a  -  X  =  X(a  -  y). 
Ax,y)=log\. 
Um/(x,y)  =  logX, 

«iy<«. 


x>o. 


Iterated  x^  ^„^e  Aot«^ 


,t^oUinv^»^  utn^lSlTT^^ 


„,««ft»^«» 


aittetett^ 
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324.  The  following  is  a  case  where  a  change  in  the  order  of 
I>cu9sing  to  the  limit  does  not  change  the  result. 

Let 

lim  /(a:,  y)=v^  V  finite  or  inf.  (1 

\\mf{x,y)  =  g{x),      /or  0<la:-a|<«r.  (2 

lim/(a:,y)=rA(y),       /or  0<  |y- 6|<cr.  (8 

ThMk,  ~ 

lim  g{7^  =  lim  A(y)  =  17.  (4 

Let  ff  be  finite.    From  1)  we  have 

i;-€</(a:,  y)<i;  +  €,        in  Fa* (a,  6). 

In  this  relation,  pass  to  the  limit  x=:  a;  then 

i7-€^5r(a;)<i;-|-€,    for  0<\x -  a\<8. 
Hence 

lim5r(a:)  =  i;.  (6 

Similarly, 

UmA(y)=i;.  (6 

^rom  5),  6)  we  have  4). 
^£tfe  ly  s=  -h  00.     Then  from  1) 

f(x,y^>a,        in  r5*(a,  J). 
^Passing  to  the  limit,  for  2;  =  a,  we  have 

9ix)^G^,       forQ<\x-a\<h. 
Xlence 

Similarly, 

lim  h(x)  =  4-  00  =  ly. 

These  two  equations  give  4). 

Uniform  Convergence 

325.  1.  A  notion  of  utmost  importance  in  modern  mathematics 
^%  that  of  uniform  convergence.  Let /(iCj  •••  ^m*  ^1  •••  O  ^®  * 
^Unction  of  two  sets  of  variables,  ar^  •••  a:^  and  <j  •••  t^. 
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Let  /  be  defined  when  x=(xi  •••  rc^)  ruas  over  a  domain  2>, 
and  ^=  (^1  •••  O  runs  over  A. 
For  each  x  in  Z>,  let 

lim/(a:i  •••  x^;  t^  •••  Q  =K^i  •••  x^). 
Then  for  each  e  >  0  and  each  a:  in  2>  there  exists  a  S'  >  0,  such 

\f-ff\<€  (1 

for  any  t  in  Fi'*(T). 

Evidently  if  1)  holds  for  S',  it  holds  for  any  S",  such  that 
0<S"  <S'.  Of  all  the  values  S'  for  which  1)  holds  at  x,  let  S  be 
the  maximum.  Then  for  a  given  e,  £  is  a  well-defined  function 
of«.     In  A  let  UinS^B,. 

Then  S^  ^  0.  If,  however  small  e  is  taken,  the  corresponding  S^ 
is  >0,  we  say  /  converges  uniformly  to  g  in  D;  or  is  unifomiljf 
convergent. 

Hence,  if  /  is  uniformly  convergent  in  2>,  there  exists  for  each 
€>OaS>0,  such  that 

\f(x^  ...  x^;  t^  ...  t^)-g(xy^  ...  a:,)|<€ 

for  any  t  in  V^*(t).     Moreover,  one  and  the  same  norm  B  suffices 
for  all  the  points  of  2>,  €  being  the  same. 

The  central  idea  of  this  case  of  uniform  convergence  may  be 
clearly,  if  somewhat  roughly,  brought  out  by  saying  that  if  the 
convergence  is  uniform  the  norms  S  for  which  1)  hold,  €  being 
small  at  pleasure,  but  then  fixed,  do  not  sink  below  some  definite 
positive  number,  when  x  ranges  over  D. 

2.  These  considerations  may  be  extended  to  the  case  that  r  is 
infinite  ;  we  therefore  define  as  follows : 

The  function  f(x^  •••  a:»;  ^i  *••  ^«)  converges  uniformly  ta 
g{xi  ...  a:^)  in  2>  as  t  =  t,  t  infinite;  when  for  each  €>0,  ther^ 
exists  a  set  of  norms  /e>i  -*-  pny  such  that  for  any  x  in  2>, 

\f(x^  ...  x^;  t^  ...  tj  -g(xi  —  0|<« 

In  this  case  of  uniform  convergence  we  may  say :  the  norms  p 
corresponding  to  infinite  coordinates  of  r  cannot  become  infinitel3r 
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great,  and  the  norms  corresponding  to  finite  coordinates  of  t  can- 
not become  indefinitely  small  as  x  ranges  over  2>,  for  any  given 
value  of  €. 

3.  When  f(x^  •••  x^\   t^  •••  t^  converges  uniformly  in  D  to 
ffCp^i  •••  x^^  we  denote  this  fact  by 

\\mf{x^  '"  x^\  fj  .  •  0=K^i   ••  ^nd^    uniformly. 

4.  If  /s  0  uniformly  in  D,  we  may  say  it  is  uniformly  evanescent 
in  D. 

326.  Ex.1.  , 

D=(0»,  1).        A=(-^*).        *>0. 

Kvidently  for  any  x  in  D 

lim/(a;,  0  =  i=fir(x). 

lino  ^ 

Hut  /(x,  ()  does  not  converge  uniformly  to  g(x)  in  D.  For  if  it  did,  for  each 
^  !>-  O  there  must  exist  a  3  >  0,  such  that 

B  =  |/Cx,0-(^(x)I=jJ^<.  (1 

^or  any  t  in  V^*(fi)  and  any  x  in  2). 

Xow  obviously,  t  being  fixed,  R  can  be  made  as  large  as  we  choose  by  taking  x 
'^e&i*  enough  0.     Hence  R  does  not  satisfy  1)  as  x  ranges  over  2>. 

In  fact,  as  is  seen  at  once,  in  order  to  have  i?  <  e,  it  is  necessary  to  take  3 
^xx^ailer  and  smaller  as  x  approaches  0.    In  this  case  then 

Min  3=0,        in  2>. 
337.    Ex.2. 

2)=(a,  6),  0<a<6.        A=(-A,  A),  *>0. 

'X*lii8  example  is  the  same  as  Ex.  1,  except  D  is  different. 
-A.fi  before  * 

lim/(x,0  =  -=17(x). 

1=0  X 

^&\it  now/(x,  0  converges  uniformly  to  g{x)  in  D, 
Xxi  fac^  in  K.»(0)  . 

a(a-  3) 

^^^^r«ver  x  is  in  2>.    But  we  can  take  3,  such  that 

Then  ^^^" 

^otr  any  t  in  ^^^(O)  and  any  x  in  2> ;  i^.  /  oonyerges  uniformly  in  2>. 
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328.  Ex.3.  . 


Here 


Hence  if  we  set 


we  have 


(1  +  tx^y 

D  =  {-a,  a).        A=(a,  +«). 
lim/(ae,  0=l  +  «'i        »=^0. 
=  0.        a;  =  0. 
fir(x)=0,        for  x  =  0 

=  1  +  ac»,        for  X  #  0, 


However,  /  does  not  converge  uniformly  to  ^  in  D.    For,  when  x  :?&  0, 

1 


i?  =  |/(x,0-i7(ae)|  = 


(1  +  x^y 


This  shows  that  as  x  approaches  0,  it  is  necessary  to  take  t  larger  and  largei 
order  that  i?  <  e. 

There  is  thus  no  norm  /),  such  that 

for  each  t  >  />,  and  any  x  in  D. 
In  this  case,  then, 

Max/»  =00. 

Remarks  on  Dirichlefs  Definition  of  a  Function 

329.  The  definition  of  a  function  given  in  189  and  230  does  i 
depend  at  all  upon  an  analytic  expression  for  the  function. 

At  first,  the  reader  who  has  been  used  only  to  functions  defii 
by  analytic  expressions,  may  be  inclined  to  regard  functions  i 
thus  defined  as  only  pseudo-functions^  or  at  least  of  little  imp 
tance. 

This  attitude  of  mind  must  be  overcome.  In  the  first  place, 
certain  parts  of  mathematical  physics,  e.g.  the  potential  theory 
is  of  great  importance  to  be  able  to  assign  values  to  a  function 
pleasure,  totally  disregarding  the  question  of  an  analytic  express 
for  it. 

Secondly,  as  the  reader  advances,  he  will  find  that  many  fu 
tions  which  he  might  well  believe  have  no  analytic  expression, 
indeed  have  very  simple  ones. 

We  give  now  a  few  examples  of  such  functions. 
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330.  1.  For  a:>0  let  y  =  l. 

For  a;  =  0  let  y  =  0. 
For  x<0  let  y  =  —  1. 

The  graph  of  this  function  is  given  -» 
in  the  figure.  ^__ 

An  analytic  expression  of  y  is 

2 
y  =  —  lim  arctg  (na:). 

This  function  is  much  used  in  the  Theory  of  Numbers.     We 
shall  call  it  signum  x  and  denote  it  by 

y=sgna;. 

When  tt,  V  :^  0  an  equation 

sgnussgnv 

simply  means  that  the  sign  of  u  is  the  same  as  that  of  v ;  while 

sgn  M  =  +  1 

is  only  another  way  of  saying  that  u  is  positive  etc. 

331.  For  x^^  let  y  =  1. 
For  a:=0  let  y  =  0. 

Its   graph    is   indicated   in   the  -^^ 

figure. 

An  analytic  expression  of  y  is 


y  =  lim 


nx 


1  -f-na; 

332.    Fora;  =  0,  ±1,   ±2,  ...  lety  =  0. 

For  n<a:<w  +  l,  y  =  (— 1)**.       n positive  integer  or  0. 
For  -(n  +  l)<a;<-n,  y  =  -(-iy. 

The  graph  of  y  is  indi- 
cated in  the  figure.  ^^^____      

An  analytic  expression  of 

yis  ^ ' " 

y  =  lim<^+"^^^>'"^.  - 

^      ~  (1  +  sin  irxy  +  1 
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333.  Let  /(a:),  g(x)  be  two  different  functions,  defined  over 
a  =  (0,  +  oo).  The  inexperienced  reader  might  well  believe  that 
we  cannot  form  an  analytic  expression  which  represents  f(x^  in 
one  part  of  H^  and  g(x)  for  another  part.  Such  an  expression  is, 
however,  the  following : 


In  fact : 


y=lim^(^)+K^X 
^      —        af +  1 


Then 


for  x>l,  y^f(x)y 

for  0<a:<l,  V^g(x), 

ioTx  =  h       y  =  J}/(i)+Kl)l- 

/(x)=a*,  g(x)=:om2rx. 
y  =  ai*,  for  ai  >  1, 
=  C08  2irX,  forO<x<l. 

334.  1.  For  rational  a;,  let  y=a;  for  irrational  «,  let  y  =  6, 
where  a,  (  are  constants.  This  function  was  introduced  by 
DiricMet. 

In  any  little  interval,  y  jumps  infinitely  often  from  a  to  6  and 
back.  It  seems  highly  improbable  that  such  a  function  should 
admit  a  simple  analytic  expression  ;  yet  it  does. 

We  have  already  seen  that  agnx  admits  a  simple  analytic 
expression. 

Consider  now 

y  =  a  +  (6  —  a)  lim  sgn  (sin^  1  irx').  (1 

For  any  rational  x^nlx  finally  becomes  and  remains  an  integer. 

Hence  sinnlwa?  =  0  for  sufficiently  large  n. 

Hence  y  =  a  f  or  any  rational  x. 

For  an   irrational  a:,  n\x  never  becomes  an  integer.     Hence 

Biu^nlirx  lies  between  0  and  1,  excluding  end  values. 

Therefore 

sgn  (sin^nl  TTx)  =  1 ; 

and  for  any  irrational  x^y^h. 
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Thus  1)  is  an  analytic  expression  of  Dirichlet's  function. 
The  reader  should  note  that  it  is  utterly  impossible  to  intuition- 
iXly  realize  the  graph  of  this  function. 

2.  Similarly,  we  see  that 

y  -fix)  +  (^g(x)  -/(a;))  lim  sgn  (sin^nlTra?) 

equals  f(x)  when  x  is  rational, 

and  equals  g(x')  when  x  is  irrational. 

335.   A  remarkable  function  is  the  following.     We  shall  call  it 
^c^Achy's  function^  and  denote  it  by  (7(a;),  viz.: 

==  0,  for  «  =  0. 

-A.S  a  limit,  we  can  write  it 

i__ 

(7(a;)  =  lira«  ^+- 

r  L- 

(7(a:)  =  lim  e  '* ' 


Xts    graph   is  given   in 
^^  figure.     Its  peculiarity 
its  remarkable   flatness 
^^j*  the  origin. 


Upper  and  Lower  Limits 

536.    1.  Let/(a:i  •••  x^)=f(x)  be  defined  over  2>. 
Xet  a  be  a  limiting  point  of  2> ;  a  and  D  may  be  finite  or  infinite. 
Let  -4  =  aj,  aj^  ••'  be  a  sequence  of  points  in  D  whose  limit  is  a, 
^ch,  however,  that 

i  =  lim/(a,) 


Exists,  finite  or  infinite.     There  are  an  infinity  of  such  sequences. 


\ 
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For  all  such  sequences,  let 

X  =  Min  X,        |i  =  Max  L. 

These  are  called  respectively  the  lower  and  wpper  limits 
/(a?!  •••  ar^)  at  a;  we  write 

X  =  lim  inf /(a?!  •  •  •  a:^)  =  lim/  =  lim/, 
/i  =  lira  sup/(a;i  •••  a:„)  =  lim/=  lim/. 

The  lower  and  upper  limits  X,  fi  may  be  infinite. 

2.  When  dealing  with  functions  of  a  single  variable,  we  « 
have  right  and  left  hand  upper  and  lotver  linUtaj  by  consideri*':^ 
only  values  of  a;  >  a,  or  <  a,  respectively. 

Then  

M  lim  sup/(a:)  =  lim  sup/(a:)  =  lim/(a:) 


=  iJlim/=/(a-hO) 

all  denote  the  right  hand  upper  limit  of  f(x)  at  a.     A  sim 
notation  is  employed  for  the  left  hand  limits. 


337. 

EXAMPLES* 

1. 

,    1 
y  =  sin  -  • 

X 

l|my=-l,              iimy=  +  l. 

2. 

»  =  (l-*»)8inl. 

lim  y  =  —  1,                lim  y  =  +  1. 

a 

y=(l+a:»)8mj. 

limy  =  -l.               limy=+l. 

4. 

See  883. 

x^(a  +  sin  -1-^  +  6  +  sin  -J- 

,.,^A ^iL -!. 

*  The  reader  will  do  well  to  roughly  sketch  the  graph  of  these  funoUona 

We  find: 
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y  =  a  +  8in -,         forx>l. 

X  —  1 


Henoe 


y  =  64-8ln— ^-,  /orO<x<l. 

X  —  1 

ijiimy  =  a  +  l;  L^y  =  b  +  1; 

J2]imy=ra  —  1;  XHmy  =  6  —  1. 

338.  1.    Let  X,  fi  be  the  lower  and  upper  limits  of  f(^x^  •••a;,„)  at 
t:=^a.     Then  there  exists  for  each  e  >  0  a  S  >  0,  siLch  that 

X-€</(iri...a;^)<M  +  €,         in  V,*(a% 

3,  finite  or  infinite. 

For,  in  the  contrary  case  there  exist  sequences  Assa^^  a^  •- 

such  that  ,.      ^,    ^ 

hm/(a,)<\, 

)r  lim/(aO>M. 

2.  Obviously  we  have  the  following : 

I^et  \  fihethe  lower  and  upper  limits  of  f(xi  •••  a:^)  at  a.     There 

tngt  two  sequences  A  =  a^^  a,,  •••,  B  =  b^^  b^^  •••  whose  limits  are  a, 

4^h  that  -.      -,    ^      ^     ,.      ^^,  , 

lim/(aJ=X,   lim/(6J  =  /A. 

nan  NBMo 

3.  Since  the  maximum  and  minimum  of  a  variable  exist,  finite 
r-  infinite,  we  have : 

The  upper  and  lower  limits  of  a  function  always  const  finite  or 

'^nite.     If  

lini/=lim/  =  Z, 

Um/«i. 


CHAPTER  VII 

OONTINniTT  AND  DISCONTIinJITY  OF  FUNCTIONS 

Definitions  and  Elementary  Theorems 

339.  1.  Let  /(a?!  •••«,»)  be  defined  over  a  domain  D.  Let 
a  =  (a^  •••  a^)  be  a  proper  limiting  point  of  2>.     If 

lim/(a;i  -  a:^)  =  /(ai  -  aj,  (1 

the  function/  is  continuous  at  a.     In  words :  (f  the  limit  of  f  at  a 
is  the  same  as  the  value  of  f  at  a^  it  is  continuous  at  a. 

The  reader  should  observe  that  a  is  not  only  a  limiting  point  of 
i>,  but  that  it  lies  in  2>. 

2.  The  condition  1)  may  be  expressed  in  the  c,  S  notation,  giv- 
ing the  following  definition  of  continuity :  f(x^  •••  x^  is  continuous 
^t  a,  if  for  each  e  >  0  there  exists  a  S  >  0,  such  that 

1/(^1  '••««)-  /(«i  •  •  •  «m)  I  <  €t         in  ra(a). 

8.  A  function  which  is  continuous  at  all  the  proper  limiting 
points  of  D  is  said  to  be  continuous  in  D.  We  suppose  that  D 
has  at  least  one  proper  limiting  point. 

4.  (Consider  the  function 

f(x  v^—     ^         at  points  different  from 
x^  +  y^         the  origin. 

=  0,       at  the  origin. 
We  saw,  819,  that 

lim/(a;,  y) 

does  not  exist.     Thus  /  is  not  continuous  at  the  origin. 
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At  the  same  time  /  considered  as  a  function  of  x  alone,  or  con- 
sidered as  a  function  of  y  alone,  is  continuous. 

This    example    illustrates,   therefore,   the    fact    that    because 
J{x^***x^  is  a  continuous  function  of  each  variable  separately, 
^we  cannot,  therefore,  assert  that  /  considered  as  a  function  of 
o^  •••  a;^  is  continuous. 
* 

340.    The  following  theorems  will  be  found  useful  in  determin- 
ing whether/(a;i-«'a;^^)  is  continuous  at  a  or  not. 

From  277, 1  and  317, 1  we  have  at  once : 

-^^/(^i"'^i»)i  5'(^i"*^»)  ^^  coTdinuoui  at  a.     Then 

f±g,  f-g, 

9 
«»^«  continuovM  at  a. 

S41.    From  292  and  317,  2  we  have  at  once : 

^^     <!(mtinwm9atx^a=i(ji^'''a^).    -4^  a:  =  a,  let 

tti  =  5j     ...     w„  =  i«. 

^^    ctmtinuaus  a*  w  =  6  =  (J^  •  •  •  6,„).     Then  y  coneidered  as  a  function 
^^J^  the  x^e  is  continuous  atx^a. 

In  a  less  explicit  form,  we  may  state  this  theorem : 

A  continuous  function  of  a  continuous  function  is  a  continuous 

842.  In  order  thatf(x^"*x^  he  continuous  at  a,  it  is  necessary 
*^»ad  sufficient  that  for  each  €>0  eonsts  an  undeleted  vicinity  V{a)^ 
^Meh  that  for  any  two  points  x\  x"  in  itj 

|/(a:')-/(=r")l<e- 
This  follows  at  onoe  from  284  and  317, 1. 


.       .v^AlJLNLlTY   AND  DISCONTINUITY  OF  FUNCTIONS 

Continuity  of  the  Elementary  Functions 
His     the  iht^yral  rational  functions  are  everywhere  contintums. 
^^^  y  =  af*,         n  positive  integer. 

l^h^u,  by  299,  y  is  continuous  at  every  point  x  in  JR.    Hence,  by 

in  everywhere  continuous.     Thus  the  theorem  is  proved  for  one 
variable. 
Let  y  =  XAx^'^x^**  •  ••  ar^S 

where  the  »'s  are  positive  integers  or  0. 
Each  term  of  y,  viz. 

f  =  Aa:i'i--a;^S  (1 

is  continuous  at  an  arbitrary  point  x.     For, 

let  Ui  =  a:i\     •••    w«  =  a?a,X 

» 
Then  the  term  t  becomes  the  product 

which,  considered  as  a  function  of  the  u%  is  continuous,  by  840. 
On  the  other  hand,  each  u^  is  a  continuous  function  of  the  x'a. 
Hence,  by  841,  f,  considered  as  a  function  of  the  aj's,  is  continuous 
at  every  point  x  in  9}^*  Hence  y,  being  a  sum  of  the  terms  tj  is 
continuous,  by  840. 

344.    The  rational  functions  are  continuums  everywhere  in  their 
domain  of  definition  2). 

We  saw,  in  228,  that  the  domain  2>  of 

^^Ax,^^"X^^-^F 

^    j.Bx^*i ...  x^*^   a 

embraces  all  points  of  '92^,  except  the  zeros  of  the  denominator, 
which  are  the  poles  of  y. 

By  848,  F  and  Q-  are  everywhere  continuous ;  hence,  by  840,  y 
is  everywhere  continuous,  except  at  the  poles  of  y. 


k 
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45.   1.   The  circular  functions  are  contintwus  at  every  point  of 

'r  domain  of  definition. 

<>om  202,  we  saw  that  sin  2:,  cos  a;,  are  defined  for  all  points 

R;  while 

,             sin  a;  ^         cos  a; 

tan  X  = ,  cot  X  =  -; — , 

cos  X  sin  2; 

1  1 

sec  X  = ,  cosec  x  • 


cos  X  sm  X 

defined  for  all  points  of  9t,  except  for  the  zeros  of  the  denomi- 
x)Ts  in  the  above  equations. 

from  296,  sin  x  and  cos  x  are  everywhere  continuous.  The  rest 
the  theorem  follows  now  from  840. 

1.  The  one-valued  functions 

arc  sin  a?,   arc  cos  a?,   arc  tg  a:,   arc  ctg  x 

J  continuous  at  every  point  of  their  domains  of  definition. 
This  follows  at  once  from  294. 

346.   1.  !%«  exponential  functions  are  everywhere  continuous. 
This  follows  at  once  from  298,  5. 

2.  The  logarithmic  functions  are  everywhere  continuous  in  their 
main  of  definition. 

Let  , 

y=:logfta:. 

rhen  , 

lence  y  is  continuous  at  a  point  a;,  if  log^a;  is.    But  this  is  con- 

lous  for  every  a;>0,  by  800. 

.^he  demonstration  also  may  be  given  by  294. 

Discontinuity 
47.   If  r     ^/  N 

88  not  exist ;  or  if  it  exists,  and  is  different  from  /(a),  should 
3e  defined  at  a,  we  say  /  is  discontinuous  at  a,  and  a  is  a  point 
iiseontinvity  off. 
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Discontinuities  are  of  two  kinds : 

Finite  discontinuities,  when  /  is  limited  in  F*(a). 

Infinite  discontinuities,  when  /  is  unlimited  in  every  V^(a). 

348.  We  consider  now  in  detail  some  of  the  ways  in  whict 
function  of  a  single  variable  f(x)  may  be  discontinuous  at 
point  a. 

Finite  Discontinuities 

1.  /(a  +  0)=/(a-0)=^/(a). 

Such  a  discontinuity  is  called  a  removable  discontinuity. 
Such  a  function  is 

considered  in  831. 

2.  /(a  -h  0),/(a  —  0)  exist,  but  are  different. 
Such  a  function  is 

considered  in  380. 


y  =  lim 


l  +  nx' 


y  =  sgnx, 


8.  If  /(a;)  is  defined  at  a,  and  /(a)  =/(a  +  0),  we  say  /  is  eon 
tintums  on  the  right,  at  a. 

If /(a)  =/(a  —  0),/  is  continv^ous  on  the  left^  at  a. 

4.  Either /(a  -h  0),  or /(a  —  0),  or  both  do  not  exist. 

Such  a  function  is  . 

y  =  sin  - . 

We  considered  this  function  in  266.     Here  neither  /(O  -f  0)  nor  /(O  ~  0)  < 
Also  /  is  not  defined  for  x  =  0. 


Infinite  Discontinuities 

349.    1.  As  X  approaches  a  from  either  side,  /(a:),  either 
tone  increases  or  mono-  y 

tone  decreases. 


Ex.  1. 

atO. 

Ex.  2. 
atO. 


'4. 


y  = 


-1 


INFINITE  DISCONTINUITIES 


218 


I.  Abx  approaohes  a,  /Qr)  increases  monotone  on  one  side,  and 
ureases  monotone  on  the  other. 


Sx.  3. 


ilx.  4. 


,=!, 


y  =  tanx. 


i.  As  2;  approaches  a,  y  oscillates 
initely  often  about  a  base  curve, 
onging  to  the  types  defined  in  1  or  2. 
illations  is  limited. 


The  amplitude  of  the 


Bx.  6. 

Sere  y  oecillates  aboat  the  base  curve 


y  =  ^+XBini,  atx  =  0. 

Xr  X 


the  amplitude  of  the  oaoUlations  converges  to  0  as  x  approaohes  0. 


ix.  e. 
=  0. 

[ere  y  oedUates  about 


y  =  -  +  8in-, 

X  X 


y=; 


0 


the  amplitude  of  the  oscillations  remains  the  same,  viz.  ±\  above  the  curve  1). 

.  The  discontinuities  considered  in  the  preceding  three  cases 

such  that  either  .. 

limy 

ifinite,  or  at  least  the  right  and  left  hand  limits  at  a  are  infinite 
L  of  opposite  signs.  Such  points  of  discontinuities  of  f(x)  are 
.ed  infinities;  we  also  say /(a;)  is  infinite  at  such  points. 

••  In  either  or  both  the  right  and  left 
id  vicinities  of  a,  y  is  unlimited,  while  the 
responding  (infinite)  limits  do  not  exist. 

5X.7. 


y  =  -  sin  - 
z       X 


x  =  0. 


lere  y  oeciUates  between  the  two  hyperbolas 

rbe  amplitude  of  the  oscillations  increases  indefi- 
ly  as  z  approaches  0. 
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Ex.  8.  y  =  l  +  lginl.        x  =  0. 

Here  y  oscillates  about  the  base  curve 

1 

The  amplitude  of  the  oscillations  increases  indefinitely  as  x  approaches  0. 

Ex.  9.  y  =  c*. 

Here 

£limy  =  0;    i?limy  =  +oo. 

1  1 

Ex.  10.  y  =  e«  sin  — 

^  X 

Here  £  lim  y  =  0 ;    i?  lim  y  does  not  exist 


Some  Properties  of  Continuous  Functions 

350.  1.  If  f{xy"X^  is  continuous  in  a  limited  perfect  donm^^Min 
2>,  it  is  limited  in  2). 

For  if/  were  not  limited, 

Max  I/I  =  +  00.  0 

Then,  by  269,  there  is  a  point  a  of  2>  in  whose  vicinity  1)  hol-^ 
This  is  impossible.     For,  since/  is  continuous, 

/(«i-0-€</(2:i...a:^)</(ai...a„)  +  € 
in  F(a). 

2.  The  theorem  1  does  not  need  to  be  true  if  2>  is  not  Iimit^2^ 
Example.  2)  =  (0,  +  oo) ,  f{x)  =  xK 

Here /is  continuous  in  Z>,  but /is  not  limited. 

3.  The  theorem  1  does  not  need  to  hold  if  2>  is  not  perfect*. 

Example.  2)  =  (0*,  1 ) ,  /(x)  =  - . 

Here /is  continuous  in  2),  but /is  not  limited. 

351.  1.  At  x=a  let  f(x^"-x^  be  continuous  and  ^0. 

in  F(a),  ^^  n  rr  n 

sgn/(a;i  •••a:^)=  sgn/Ca^  •••a^). 
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l^OT^  since  /  is  continuous  at  a,  we  have 

€>0,   S>0,    |/(^)-/(a)|<€,         Fi(a). 
flence 

/(«)-e</(a;)</(a)-h6. 

^ince  €  is  arbitrarily  small,  we  can  take  it  so  small  that 

/(«%  /(«)-€,   /(a)  +  e 

&IX    liave  the  same  sign. 

^.  The  theorem  1  gives  us : 

-^<  a?  =  a  Zet  /(zj  •  •  •  a:^)  be  continuous  and  ^  0.     Then  there  exists 

«    /o  >0,  such  that  . 

|/|>/>,         in  F(a). 

352.    Let /(a?!  •••aj,„)  be  defined  over  a  domain  2).     By  defini- 
'^^^^>"«i,  it  is  continuous  in  2>  when,  for  each  proper  limiting  point  x 

lim/(a:i  +  A^  •••  a;^  -f-  h^)=zfQx^  —  a?«), 

^«^^  points  x  +  h  lying  in  2>. 

3f  f(xi  +  Aj  •••  a:,„  +  A^)  not  only  converges  to  f(x^  '"^nd  ^^  -^» 
"'^Xt  converges  uniformly^  we  say /is  uniformly  continuous  in  2>. 

"We  have  now  the  very  important  theorem  : 

Jf  f(jJ^i  •••a^m)  *•  contimious  in  a  limited  perfect  domain  2>,  it  is 
'^^^^iformly  continuous  in  2>. 

Making  use  of  the  notation  of  325,  we  have  only  to  show  that 

ir.  =  Min  S,         for  2> 
^a    >0. 

Suppose  it  were  not,  i.e.  let  i^  =  0.     We  show  that  this  assump- 
tion leads  to  a  contradiction. 

For,  by  269,  there  is  a  point  a  in  2),  such  that  in  V(a) 

MinS  =  So  =  0.  (1 

This  is  impossible.     In  fact,  by  342,  there  exists  for  each  €>0, 
^  ^,  such  that  for  any  pair  of  points  x\  a/'  in  V^{a) 

|/(«')-/(a:")|<e.  (2 
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Let  S"  <  JS'.  Let  now  J  be  any  point 
in  V^ia). 

Then  every  point  a/'  in  Fi-(a/)  falls  in 
\\(^a),  by  249. 

Thus,  for  any  such  pair  of  points  a/,  a/', 
2)  holds. 

Thus,  for  no  point  a/  in  V^{a)  does  S 
sink  below  S",  and  this  contradicts  1). 


353.  Let  /(a?!  •••a:^)  he  contintums  in  the  limited  perfect  domain 
2>.  For  each  €  >  0  there  exists  a  cubical  division  of  D^  of  norm 
S  >  0,  such  that 

|/(x')-/(a/')|<e  (1 

for  any  pair  of  points  oJ^af*  in  any  one  of  the  cells  A  into  which  D 
falls. 

For,  since /is  uniformly  continuous  in  2>,  let  cr>0  be  such  that 
1)  holds  for  any  point  a/'  of  F^(a/).  Let  now  the  norm  of  the 
cubical  division  be 

Suppose  a/,  a/'  were  a  pair  of  points  in  some  cell  A,  such  that 
1)  does  not  hold.     Since 

Dist(a/,  a/')^SVm<cr,  by  244,  8,  9, 

a/'  lies  in  F;(a;').     But  then  1)  holds  for  a/,  a/'.     We  are  th 
led  to  a  contradiction. 


354.   1.  Let  f(xi"'X^)   be   continuous  in   the   perfect   limttec 
domain  2>.     Then  f  takes  on  its  extreme  values  in  2>. 

Before  giving  the  demonstration,  let  ua  Illustrate  the  content  of  this  theorem. 
Let 


Then,  for  D, 


2>  =  (0»,  l»),  and  y  =  aJ«. 
Maxy  =  +1,    Miny  =  0. 


But  y  does  not  take  on  either  of  these  extremes  in  D.    This  is  due  to  the  fact 
lUftl  D  ii^  utit  perfect. 
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8.  Let 


2>  =  (0,  +Qo),  and  y  = 


1 


1  +  x 
Max  y  =  1,    Min  y  =  0. 


Thus  y  takes  on  its  maximum,  viz.  at  x  =;  0,  bat  does  not  take  on  its  minimum. 
This  is  due  to  the  fact  that  D  is  not  limited. 


3.  Let 

and 


2>  =  (0,2), 


y  =  lim 


»«>x*  +  l 


This  function  is  a  particular  case  of  that  in 
For 


fop 
for 


Hence 


0<x<l,  y  =  x; 

x  =  l,  y  =  l; 
l<x<2,  y  =  0. 

Miny  =  0,    Max  =  1. 


-i^ 


The  function  takes  on  its  minimum  value  in  2>,  but  not  its  maximum. 
This  is  due  to  the  discontinuity  of  y  at  1. 

355.   1.  We  give  now  the  demonstration  of  354. 

Let  «  be  an  extreme  of  f{x^  •••  x^.  Then,  by  269,  there  is  a 
E>oint  a  in  2)  such  that  e  is  an  extreme  of  /  in  every  F^a). 

Thus,  taking  e  >  0  small  at  pleasure,  there  is  at  least  one  point 
^  in  any  F^a),  such  that 

i/(^)-«i<|-  (1 

Since  /  is  continuous  at  a,  there  is  a  5  >  0,  such  that  for  any  x 

1/(3^) -/(«)!< |-  (2 

In  2)  set  z  =  a/,  and  add  to  1) ;  we  get 

|/(a)-«|<e. 


Hence,  by  87,  5, 


/(«)  =  «. 


2.  As  corollary  we  have : 

Ltt  /(aj^'-'it^)  he  cantinuotis  and   >0  in  the  perfect  limited 

domain  D.     Then  i^r-    ^    rx  .     t% 

Min/>0,        inD. 
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356.  In  the  interval  21  =  (a,  6)  let  f(x)  be  cantiniums.  Let  it 
have  opposite  signs  at  a  and  b.  Then  f  vanishes  for  some  point  c 
within  21. 

Let  us  form  a  partition  (^,  B)  with  the  points  of  21.  The  class 
A  is  formed  thus.     Not  only  shall 

sgn/(a;)=8gn/(a)  (1 

at  every  point  of  A^  but  between  a  and  any  point  of  A  shall  1) 
hold.     In  B  we  throw  the  other  points  of  21. 

Let  c  generate  this  partition.  Then  in  any  F(c),  /  has  opposite 
signs.  But  if  /(<?)  were  ¥=  0,  by  351,  we  could  take  h  so  small 
that  /(a;)  has  only  one  sign  in  Fi.  This  leads  to  a  contradiction. 
Hence  f(c)  =  0. 

The  point  c  cannot  be  an  end  point  of  21,  for  at  these  points 
/:^0  by  hypothesis. 

357.  Let  f(x')  be  continuous  in  2(=(a,  6).  Let  itfin/(a:)  =  a, 
Maxf(x)=^P  in  21.  Then  f(x)  takes  on  every  valu^  in  (a,  )8)  at 
least  once^  while  x  passes  from  a  to  b. 

By  854,  /(a;)  takes  on  its  extreme  values  in  21.     Let,  therefore, 

To  fix  the  ideas,  let0<a</3. 

Leta<7<)8.     Set 

Ka?)  =  /(^)-7- 
Then  /  fx^n 

fl'(^')>0. 

Hence,  by  356,  g  vanishes  at  some  point  in  (a/,  a/').  At  this 
point /(a;)  =  7. 

368.  Let  jf=zf(x)  be  a  continuous  univariant  function  in  the  inters 
vol  (a,  6).  Let  a=:f(a)^  ^=/(6),  Then  the  inverse  function 
x^g(jy)  is  a  one-valued  univariant  continuous  function  in  (a,  ^). 

By  214,  ^(y)  is  a  one-valued  univariant  function  in  its  domain 
of  definition  E.  By  857,  ^  =  (a,  )8).  By  294,  ^(y)  is  continuous 
in  («,  /8). 
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The  Branches  of  Many-valued  Functions 

359.  Let  F(jc^  •••  a:,„)  be  a  many- valued  function  in  D.  We  can 
form  a  one- valued  f unction /(a?i  •••  a:„)  over  a  domain  A<2>  by 
assigning  to  /  at  each  point  of  A  one  of  the  values  of  F  at  this 
point,  according  to  some  law. 

A  common  way  to  do  this  is  to  assign  to /such  values  that  it  is 
aantiniuni8  in  A.  In  this  case  we  say  fQx^  •••  a;„)  is  a  branch  of  the 
many-valued  function  F. 

A  point,  at  which  two  or  more  branches  meet,  may  be  called  a 
branch  paint. 


360.  Ex.  1.   The  equation 


y^  =  x 


(1 


defines  a  two-valued  function  of  x  in  the  interval  (0,  +«). 
One  branch  is  the  one-valued  function 


the  other  branch  is 


-y/i. 


(3 


The  graph  of  2)  embraces  the  points  in  the  upper  half 
of  the  parabola  I) ;  the  graph  of  3)  is  the  lower  half  of 
this  parabola. 


361.    Ex.  2.  The  equation 

X*  -  ax^  +  6y«  =  0 

defines  a  three-valued  function  of  x  whose  graph  is  given  in  Fig.  1. 


FlQ.  1. 

8tni  preserving  the  continuity,  we  can  define  the  branches  of  y  in  several  ways, 
^ocordiDg  to  the  path  we  take  on  leaving  0. 
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In  any  case,  however,  we  must  stop  at  the  points  A,  B,  at  which  the  ordinate  is 
tangent  to  the  curve.  For,  if  we  passed  beyond  these  points,  we  would  no  longer 
have  a  one-valued  function. 

In  Figs.  2,  3,  4  we  illustrate  various  ways  of  choosing  a  branch. 


Fio.  2. 


Fio.  3. 


Notion  of  a  Curve 

362.  1.  In  elementary  mathematics  one  meets  with  a  great 
variety  of  curves.  Their  equations  may  be  expressed,  confining 
ourselves  for  the  moment  to  the  plane,  in  one  of  the  three  forms 


F(xt,)=0. 


(1 

(2 
(3 


When  the  curve  is  given  by  1)  or  2),  it  is  said  to  be  defined 
explicitly  ;  when  given  by  3),  it  is  said  to  be  defined  implicitly. 

We  observe  that  1)  is  a  special  case  of  2).     For  we  have  only  ^^j^ 
to  write 

x—u,  y  =  yjt{u), 
to  reduce  1)  to  2). 

When  the  curve  is  given  by  2),  it  is  said  to  be  expressed  in  Jtwfrcr^^ 
metric  form. 

We  note  that  1)  is  also  a  special  case  of  3).     For  we  have  orx"^^ 
to  set 

J'(xy)=y-/(a:), 

to  bring  1)  to  the  form  8). 


i 
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2.  It  is  customarily  thought  that  the  notion  of  a  curve  is  a 
very  simple  one;  but  we  shall  see  that  this  is  not  so.  On  the 
contrary,  it  is  a  very  obscure  and  complex  notion.  Reserving  the 
discussion  of  the  notion  of  a  curve  in  general  until  later,  it  is  well 
to  give  a  preliminary  definition. 

Let  <^(w),  -^(w)  be  continuous  one-valued  functions  of  u  for  an 
interval  81  =  (a,  6),  finite  or  infinite. 
Set 

Let  u  range  over  81.  The  points  P  whose  coordinates  are  a:,  y 
will  form  a  point  aggregate  which  we  call  a  curve.  The  point  Xy  y 
is  the  image  of  the  point  u. 

Ex.  1.  Let  0  (tf)  =  tt,  ^  (tf)  =  tt*.  The  curve  ao  defined  is  a  parabola  whose 
axis  is  the  y-axis. 

Ex.  2.    Let  0  (tt)  =  a  cos  tf ,  ^  (u)  =  6  sin  u.    The  curve  so  defined  is  an  ellipse. 

Still  more  generally  an  aggregate  of  a  finite  number  of  curves 
may  be  called  a  curve  C. 

Each  one  of  the  individual  curves  which  enter  in  C  may  be 
oalled  an  arc  or  part  of  C. 

If  a  curve  or  a  piece  of  a  curve  is  such  that  y  is  a  one-valued 
xnonotone  function  of  x^  we  shall  say  the  curve  or  the  piece  of  it  is 
Tnonotone.  In  the  same  way  we  shall  extend  the  terms  monx>tone^ 
increaainff^  univariant,  etc.,  to  curves  or  arcs  of  curves. 

3.  Let  u  range  from  a  to  b.  If  to  two  different  points  u\  m" 
of  81  =  (a,  i)  corresponds  the  same  point  P(a;,  y),  this  point  P 
will  be  called  a  multiple  point  of  (7. 

Let  the  coordinates  xy  take  on  the  same  pair  of  values  at  the  end 
points  of  81  =  (a,  6).  Then  C  is  called  a  closed  curve.  If  C  has 
no  multiple  points  in  (a,  6*),  we  shall  say  (7  is  a  closed  curve  with- 
out multiple  points. 

4.  The  extension  of  these  notions  .to  n-dimensional  space,  by 
setting  ,   ,  X  .   ,  V 

is  too  obvious  to  need  comment. 


CHAPTER  VIII 

DIFFERENTIATION 

FUNCTIONS  OF  ONE  VARIABLE 

Definitions 

363.   Let  y^fQjc)  be  defined  over  a  domain  D  for  which  a  is  a 
proper  limiting  point.     The  quotient 

Ax  x  —  a 

is  called  the  difference  quotient  at  a. 
If  we  set  a;  =  a  +  A,  we  have  also 


^y_f(ia  +  K)-f(a) 
Ax  A 


(2 


exist,  finite  or  infinite.     Then  17  is  called  the  differential  coeffieient 
of  f(jc)  at  a,  and  is  denoted  by 

Let  A  be  the  aggregate  of  points  in  2)  for  which  17  is  finite  or 
infinite.  The  corresponding  values  of  1;  define  a  function  of  a:, 
called  the  derivative  of  /(a;),  more  specifically,  the  first  derivative 
of  /(a;).     It  is  represented  variously  by 

/'(.),  2>./(.),   |,   |.  (4 
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function  f{x)  is  said  to  be  obtained  from  f(x)  by  the 
of  differentiation.  A  function  which  admits  a  derivative 
o  be  differentiable. 

f^ipc)  may  be  infinite,  the  reader  will  observe  that  its 
ie  in  «.     Cf.  276. 

[n  the  same  way,  the  right  and  left  hand  limits  at  2;  =:  a. 


R\\m 


Ay 


ilim 


Ay 
A5' 


B  to  right  and  left  hand  differential  coefficient  cU  a.     These 

)  in  turn  give  rise  to  right  and  left  hand  derivatives^  which 
denote,  prefixing  R  and  L  before  the  symbols,  4)  in  363. 
1  speaking  of  differential  coefficients  and  derivatives  in  the 
we  shall  mean  those  defined  in  363,  unless  the  contrary  is 
y  stated. 

jver,  much  that  we  prove  for  f(a)  and  f{x)  may  be 
at  once  to  the  corresponding  unilateral  differential  coeflBi- 
ad  derivatives. 


Geometric  Interpretations 
Let  P  and  R  be  the  points  on  the  graph  of 

mding  to  x^a  and  a:=a+Ax, 
IF=Ax=A,   ^Tr=Ay. 


)  secant  PR  makes  the  angle 

bhe  2;-axis,  ,         ^  .^ 

Ay     RW     .       . 


Fio.  1 


is :  the  difference  quotient  is  the  tangent  of  the  angle  that  the 
\ake$  with  the  x-aads. 
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Suppose  now  y  is  continuous  in  a  little  interval  about  2;  =  a ;  i 
the  secant  PR  approaches  a  limiting  position  PU^waR  approachei 
the  fixed  point  P  from  either  side,  we  say  PZ7  is  the  tangent  to  th( 
curve  at  P. 

Evidently,  if  f(a)  is  finite, 

f{a)  =a  lira  -—-  =  lim  tan  ^  =  tan  a, 

where  a  is  the  angle  that  the  tangent  line  makes  with  the  x-axis 
If  f\a^=  ±00,  the  tangent  line  is  parallel  to  the  y-axis. 


/(a)tm^oo 


Fio.  2. 


Fio.  S. 


Such  cases  are  shown  in  Figs.  2  and  8. 

The  point  P  is  a  point  of  inflection  with  vertical  tangent. 

For  an  example  of  such  a  function,  see  388,  5. 


366.  1.  When  the  differential  coefficient  at  a  does  not  exist 
finite  or  infinite,  the  right  and  left  differential  coefficients  may 
They  are  then  different. 

If  both  are  finite,  we  have  a  case  illustrated  by  Fig.  1. 

Such  a  function  is  ] 

/(x)=x?^,      for«#0; 

=  0,        for  X  =  0. 
J?r(0)  =  +1,   Zif(0)  =  -1. 


Here 


If  one  is  finite  and  the  other  infinite,  we  have 
a  case  illustrated  by  Fig.  2. 

The  points  P  in  Figs.  1,  2  are  called  angular  — "^^^^ 

p(nnU.  y^  Fio.  2. 


r 


NON-EXISTENCE  OF  DIFFERENTIAL  COEFFICIENT      225 

When  both  differential  coefficients  are  infinite,  but  of  op- 
e  signs,  we  have  a  ease  illustrated  by  Figs.  3,  4. 


B/(a)m^co 
Fio.  3. 


L/(a)'"*'€o 
J?/'(cO"-« 

Fio.  4. 


3re  P  is  a  «arp  unth  vertical  tangent. 

e  388,  3  for  an  example  of  such  a  function. 

In  Case  1  the  curve  has  not  one  but  two  tangents  at  P ;  viz. 
ht  and  a  left  hand  tangent  Case  2  may  be  considered  as  a 
al  or  limiting  case  of  1.     The  curve  has  a  tangent  at  P. 

both  cases  the  direction  of  motion  along  the  curve  changes 
ptly. 

hen  we  say  ^^a  curve  has  at  every  point  a  tangent,"  we 
ide  Case  1. 


Non-existence  of  the  Differential  Coefficient 

7.    1.  We  consider  now  some  examples  of  continvtovs  func- 
tor which  the  differential  coefficient  on  either  side  of  certain 
ts  does  not  exist. 
it 

f  or  2;  ^  0 ; 


y=/(a:)  =  xsin 
=  0, 


X 

for  a;  =  0. 


le  graph  F  of  y  is  given  in  the  adjoining 

e. 

ddently   T  oscillates  between  the  two 

y  =  ±a;,  (1 

increasing  rapidity  as  x  approaches  0. 
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For  x=^0,  y  is  evidently  continuous. 
For  2;  =  0,  y  is  also  continuous,  since 

lim  X  sin  —  =»  0. 

s-O  X 

At  the  origin  the  secant  line  OP  oscillates  between  the  t-^i^^^  o 
lines  1),  and  obviously  does  not  approach  any  fixed  position  as  ^^ 
approaches  0  from  either  side.     Thus  T  has  no  tangent  at  all  at    ^D, 

This  result  is  verified  at  once  analytically. 

For, 

-r^  =  sm  -T— ,         at  a?  =  0; 

Ax  Ax 

TT 

and  as  Aa:  =  0,  sin  -^  oscillates  infinitely  often  between  ±  !• 

2.  For  use  later,  let  us  find  -^  for  a?  =  — 

ax  n 


We  have,  setting  Ax  =  A, 


=  IS  +  *V°T 


Ax 


1   -h  wA     .  WTT 

Sin 


/</t  l-hnA 

But 

sin =  sin  WTT  — =  —  (—  l)»sin -• 

1  +  nh  \  l-hnAy         ^       ^         1  +  nA 

Hence,  setting 

rflirh 


l+7lA 


Ay         ^     -ix«      sinw 
Aa:  ^        ^  u 

and  thus  . 

,.     Ay          ^     iNn      T     sin  14 
lim  -r^  =  —  (  —  l)'»n7r  lim 

=  -(-iyn9r,  by  301. 
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TT 

Let      y  =/(x)  =  x2sin— ,  x^O; 


a:  =  0. 


=  0, 


ntly  y  is  everywhere  continuous 

0. 

raph  r  of  y  oscillates  between  the 

ibolas  - 

y^±Qfl 

reasing  rapidity  as  x  approaches  0. 
approaches  0,  the  secant  OP  oscillates  between  narrower 
rower  limits,  which  limits  converge  on  both  sides  toward 
is.     Evidently, 

/(0)  =  lim^  =  0; 
Lx 

as  a  tangent  at  0,  viz.  the  axis  of  x. 
*esult  is  verified  analytically  at  once. 

-r^  =  A2;sin-r—  at  0, 
A2;  A2; 


lim  Axsin-r— =  0. 


Let  ^  =  0,  ±1,  ±^,  ±i,  ... 
not  in  A^  let  y  =f(x)  =  2:  sin  -  sin . 

X  IT 

Sin— 

X 

in  A^  let  y  =  0. 

y  is  everywhere  continuous,  even  at  the  points  of  A. 
'  be  the  graph  of  y,  and  T  the  graph  of 

.      TT 

yj  =  x  Sin  —1 

ed  in  367. 

g.  1,  the  full  curve  represents  an  arc 

or    an    interval    /„  =  («„,  6„),    a^  =  -, 

n 

— -.      The  dotted  curve,  call  it  F',  is 

rical  to  F.  Fio.  1. 
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We  observe  now  that  y  is  obtained  by  multiplying  the  ordinate 
yi  of  r  by  the  factor 


y2  =  8in- 


TT 

Sin— 

X 


As  X  approaches  an  end  point  of  I^^ 


sin!!:  =  0. 


Hence  y^  oscillates  infinitely  often  between  ±  1.     The  effect  of 
the  factor  y^xn  y  =  y^y^  is  thus  to  bend  F  in  J]»  an 
infinite  number  of  times,  so  that  the  resulting  curve, 
a  portion  of  (7,  lies  between  T  and  P. 

This  is  represented  in  Fig.  2,  where  the  light  and 
dotted  curves  are  T  and  F',  and  the  heavy  curve  is  C. 

At  one  of  the  points  of  A^  as  a^,  the  secant  a^P 
oscillates  with  increasing  rapidity  as  P  approaches 
a^  from  either  side. 

Since  , 

^=-(-l)-n7r,  by  367,  2, 

the  tangents  to  F  and  F'  are  not  the  2;-axis.     Hence 

the  limits  of  oscillation  of  the  secant  do  not  converge 

to  0,  and  hence  the  secant  a^P  does  not  converge        Fig.  2. 

to  some  fixed  position  as  x  approaches  a^. 

Thus  y  has  no  differential  coefficient  at  any  point  of  A^  and  it^ 
graph  C  has  at  these  points  no  tangent. 

Since  0  is  the  limiting  point  of  A^  there  are  an  infinity  of  the^ 
singular  points  in  the  vicinity  of  the  origin. 


370.   Let^=0,   ±1,   ±2,  ... 

For  X  not  in  A,  let  y  =f(x)  =  2:^  gi^  _  ^[^ . 

•^  ^  X  .      TT 

For  X  in  A,  let  y  =  0.  ®^"  ^ 

The  reasoning  of  369  may  be  applied  here.     The  graph  of 
oscillates  between  the  two  curves 


IT 


discussed  in  368. 


yi  =  ±ir2sin-, 

X 
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There  is  no  tangent  at  the  points  ±1,  ±2,  •••  while  at  the  origin 
bli^ere  is  a  tangent,  viz.  the  2;-axis. 

The  graph  C  ol  y  presents  therefore  this  peculiarity :  in  the 
v^d  cinity  of  the  origin  there  are  an  infinity  of  points  at  which  0 
\x.SL&  no  tangents ;  yet  at  the  origin  itself  0  has  a  tangent. 

371.  In  869  and  870,  the  aggregate  ^  is  of  the  first  order,  by 
263,  2. 

It  is  easy  by  the  proee$$  of  iteration  to  form  continuous  func- 
tions which  have  no  differential  coefficient  over  an  aggregate  A^ 
odE  order  m. 

Let  OCx)  =  sin  — 

axxd 

This  expression  does  not  define  y  at  points  involving  division 
by  zero.  At  these  points,  call  their  aggregate  A^  we  set  y  =  0. 
It;  is  easy  to  show  that  y  is  everywhere  continuous  and  that  it  has 
lieither  right  nor  left  hand  differential  coefficients  at  any  point  of 
A^     The  aggregate  is  of  order  m.     See  259,  260. 


Fundamental  Formulce  of  Differentiation 

372.    As  many  American  and  English  works  on  the  calculus 

l^Tive  these  formulae  in  an  incorrect  or  incomplete  manner,  we 

l^^  deduce  some  of  them  here.     We  shall,  at  the  same  time, 

'^ove  them  under  conditions  slightly  more  general  than  usual. 

^^^  domain  of  definition  D  of  our  functions  y,  u,  v,  •••  we   take 

^7  aggregate  having  proper  limiting  points.     The  domain  of 

^£nition  A  of  their  derivatives  will  embrace,  at  most,  the  proper 

txiiting  points  of  D. 

It  is  convenient  to  represent 

y(x4-A),  u(x+h),  •••  by  y,  u,  •••  etc., 

d  ^,  ^,  ...  byy,  I.',  ...  etc. 

ax   ax 
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373.  We  begin  by  proving : 

If  the  differential  coefficierU  f\a)  i9  finite^  f(x)  is  continuous  at 
For,  since 

we  have,  for  each  c> 0,  a  S > 0,  such  that,  if  | A| < S, 

Hence 

f(a  +  A)  =/(«)  +  h(f'(a)  +  €'). 
Therefore, 

lim/(a  +  A)=/(a), 

which  states  that/  is  continuous  at  a. 

374.  Ify  is  constant  in  2>,  y'  =  0. 
For 

for  any  point  of  2). 

375.  i«^  y  =  ti  ±  v.     ief  u\  v'  6e ^mfg  in  A.     Then  y'  =  w'  -*     "   ^ 
tn  A. 

For  A^  _  Aw     Av  ^-j 

A2;      Aa;     A2; 

Since  u\  vf  exist  and  are  finite,  we  can  apply  277,  2,  to  1). 

376.  Let  y  =  uv.     Let  w',  t/  6e  j?mYe  in  A. 
Then^  in  A, 

For  _ 

^y  __uv  —  uv  _(u-\-  Aw)(t^ 4-  Av)  —  tiy 
A2;         A2;  A2; 

SAv  H-  rAi^      -  Av  ,     Au 


=  il!^  +  „^.  C^ 


Ax  A2;        A2; 


(2 
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By  378,  „     _ 

lim  U=:U. 

By  hypothesis, 

Ax  Ax 

Hence,  passing  to  the  limit  in  2),  we  get  1). 

377.    1.  Let  y  =  -.     Let  w',  v'  be  finite  and  v  ^  0,  in  A.     Then 

= ;^ '    »^^-  (1 

Tor  A^  _  vAu  —  uAv  _  1  Au  _  w    1  Av^ 

Ax  vvAx  V  Ax      V    V  Ax 

By  373, 

lim  v  =  v. 
IBy  hypothesis, 

Aa;  Art; 

Tassing  now  to  the  limit  in  2),  we  get  1). 
We  observe,  by  351,  that  v=^0  for  Aa;  suflBciently  small,  since  v 
continuous  and  :^  0  at  a;.     It  is  therefore  permissible  to  divide 
iT  V,  as  in  2). 

2.  Oritidsm.     Some  writers  derive  1)  as  follows.     From 

u 

tey  get 

yt;  =  w. 

They  now  apply  876,  which  gives 

w'  =  yt;'  +  t;y,  (8 

^ich,  solved,  gives  1). 

t'his  method  is  incorrect.  For  to  get  8),  by  using  876,  we 
^^t  impose  the  condition  that  y  exists  and  is  finite.  But  noth- 
S*  in  this  form  of  demonstration  shows  the  existence  of  t/.  The 
^thod  then  shows  only  this :  on  the  assumption  that  y'  exists, 
^  value  is  given  by  1).  But  this  assumption  of  existence  makes 
^^  demonstration  worthless. 


282  DIFFERENTIATION 

3.  Many  writers  of  elementary  mathematical  text-books  are  i^cz^t 
alive  to  the  fact  that  a  demonstration,  which  involves  an  as8un:r;^:». 
tion  of  the  existence  of  certain  quantities  or  forms,  renders  t^l::m.e 
demonstration  invalid.  This  error  of  reasoning  is  extremely  comtmix- 
mon  in  the  calculus.  Because  determinate  results  are  obtained  ^l=>j 
such  reasoning,  it  is  allowed  to  pass  as  conclusive. 

To  show  how  fallacious  this  style  of  reasoning  is,  let  us  omia^t^ 
that  we  can  write  * 

— — 7  =  a  sin  x+b  cosx. 
or  —  4l 

Granting  this,  it  is  easy  to  determine  a  and  h.     In  fact,  sett^ijsQg 
a:=0,  we  get 


Setting  a?  =  ^1  we  get 


Hence 


a  = 


w«-16 


4  1 

;8ina;  — -cosa:, 


a?-4     w«-16  4 

a  perfectly  determinate  result;  but  also  a  perfectly  false  resul-^^* 
In  fact,  the  right  side  of  4)  is  a  periodic  function,  while  the  le:^  — 
side  is  not. 

The  reader  should  therefore  not  begrudge  the  pains  it  is  some^^     , . 
times  necessary  to  take,  to  prove  an  existence  theorem.     He  shouliF^ 
also  notice  that  by  modifying  the  form  of  proof  it  is  sometime. ^^^      \ 
possible  to  avoid  assuming  the  existence  of  certain  things  whichC^^ 
enter  the  demonstration.     Witness  the  demonstrations  just  givei^^^ 
of  1)  in  1,  2. 

378.    Let  y  =f(x),  and  x  =  ^(0-     Let  g'(t)  =  ^  f>e  finite  in  T^^    ^ 

Let  X  be  the  image  of  T.     If  -^  =/'(^)  infinite  in  X, 

dx 

dt       dx   dt 

*  In  treating  the  decomposition  of  a  rational  function  into  partial  fractions,  it  is  oft^^— ^^^ 
assumed,  without  any  justification ^  that  the  decomposition  in  the  form  desired  is  poosibl^^    ^^' 
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Before  •proving  this  theorem,  we  wish  to  illustrate  two  cases 
which  may  occur. 

Ex.  1.    Let  X  =  t  sin  2  mwL    The  period  of  sin  2  mvt  considered  as  a  function  of 

t\B  —'    By  taking  m  very  large  but  fixed,  x  will  oscillate  a  great  many  times  near 
m 

the  origin.    Where  the  graph  cuts  the  ^axis,  i,e,  when 

At  =  ±- — ,    ±— ,    ±- — , — 
2m        m         2m 
we  have  Ax  =  0. 

But  however  large  m  is  taken,  we  can  determine  a  8  >  0,  such  that  Ax  ^  0,  in 

rj»(0).     In  fact,  we  have  only  to  take  d  <  - — 

2  m 

What  we  have  shown  for  t  =  0  is  true  for  any  other  point  U    That  is,  we  can 

Always  choose  d  sufficiently  small  so  that  in  Fa*(Q,  Ax  shall  not  =  0. 

Ex.  2.  X  =  ^sin -,  for  t  ^  0 ; 

=  0,  for<=:0. 

The  graph  of  this  function  we  considered  in  868.  For  any  point  t  ^  0  we  can 
determine  a  8  such  that  in  Fj*(t),  Ax  does  not  vanish.  Not  so  at  t  =  0.  Here, 
However  small  8  >  0  is  taken,  x  oscillates  infinitely  often  in  F'j*(0) ;  and  thus  for  an 
ioflnlty  of  points  hi  rj*(0),  Ax  =  0. 

We  can,  however,  throw  the  points  of  Vj*(0)  in  two  sets.  In  one,  call  it  F©,  we 
S>cat  the  points  for  which  Ax  =  0.    Then 


m       m  +  1 

In  the  other  set,  call  it  Fi,  we  put  all  the  other  points  of  F*.    We  can  now  show 
^or  the  function  y  =/(x)  in  the  above  theorem,  that  1}  is  true  for  each  one  of  these 
( of  points,  and  therefore  true  for  both  together. 


379.    We  give  now  the  proof  of  378. 

Let  t  be  .any  point  in  T;  let  x  be  the  corresponding  point  in  X. 
X^et  Ax^  Ay  be  the  increments  of  a;,  y,  corresponding  to  the  incre- 
Xnent  A^  of  t. 

Ciue  1.     There  exists  a  F*(0,  in  which  Ax  4^0. 

The  identity 

Ay^Ay     Ax  ,j 

At      Ax  '  At  ^ 

does  not  inyolve  a  division  by  0,  as  Aa;  ^  0. 
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Since  -^  =  ^(f)  is  finite  at  <,.Aa;  =  0  when  A«  =  0.    Hence, 
292,         "* 

la^ji  L^x      Ar-0  £^x      ax 


Thus, 
and 


lim^  =  lim^.lim^, 

A(>4)   Lit  Ax»0  £iX        AtmO  Jit 

dy^dydx^  ^2 

dt      dx    dt 


which  proves  the  theorem  for  this  case. 

Case  2.    Ax  =  0  for  some  point  in  every  F*(0. 

Let  Vq  be  the  points  of  F*(Oi  for  which  Aa:  =  0. 
Let  Vi  be  the  remaining  points  of  V*(V). 
If  we  show 

lim^,  and   ^\im%  (« 

M  dx        M 

have  one  and  the  same  value  for  every  sequence  of  points  wtm^  '^^ 
limit  is  ^  we  have  proved  2)  for  this  case. 
Let  A  be  any  sequence  in  Fq.     Then 

lim^=0,  (4 

A      ^t 

since  Aa:  =  0  for  every  point  in  A. 


As  -^  is  finite  at  x^ 
dx 


On  the  other  hand, 


dy ,.  Ax  ^ 
/  hm  X7  =  0- 
dx    A    At 


lim^=0. 

A     At 


For,  Ax  being  0  for  every  point  of  A^  y=/(a;)  received      ^^ 
increment,  and  hence  Ay  =  0  in  ^. 

Thus,  for  every  sequence  -4,  the  two  limits  in  3)  have  the  s^*^^ 
value,  viz.  0. 
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Let  now  B  be  any  sequence  in  V^  which  =t.     Let  the  image 

of  the  points  B  be  the  points  (7,  on  the  x-axis. 

Then,  by  292,  a  a  a 

lim  -r4  =  lim  -x^  •  hm  -r- 
M    ^t         0    Ax       ^   A^ 

=  ^liin^.  (5 

dz    M    At 

Thus  the  two  limits  of  3)  are  the  same  for  each  sequence  B. 
It  remains  to  show  that  one  is  0.     Now,  by  4), 


since,  by  hypothesis. 


lim  — -  =  lim  — -  =  0 ; 

M     At  A     At 


limff  =  /(0 


^or  any  sequence  whose  limit  is  the  point  t. 

Hence  the  right  side  of  5)  is  0. 

Thus  the  two  limits  3)  have  the  value  0  for  every  sequence  A 
>r  B.  These  limits  therefore  have  the  value  0  for  any  sequence, 
whether  it«  points  all  lie  in  F^,  or  in  Kj,  or  partly  in  Vq  and  partly 
n  Fj. 

380.  The    demonstration,   as   ordinarily   given,   rests    on   the 

identity  a         a        a 

•^  Ay  __  Ay     Ax 

A^  ""  Ai  '  AF' 

The  theorem  is,  therefore,  only  established  for  functions  a:=y(t), 
'which  fall  under  Case  1. 

If  one  wishes  to  give  a  correct  but  elementary  demonstration, 
it  would  suffice  to  restrict  ff(f)  to  have  only  a  finite  number  of 
oscillations  in  an  interval  Ty  and  have  at  each  point  of  T  a  finite 
differential  coefficient.  In  an  elementary  text-book  on  the  cal- 
culus it  is  not  advisable  to  consider  functions  with  an  infinite 
number  of  oscillations. 

381.  Let  y  =  /(a:)  be  univariant  and  contimu>u9.  Let  x  =  y(y)  he 
its  inverse  function.  Let  f  (x)  be  finite  or  infinite  in  A.  Let  E  be 
the  image  of  A.     Let  x  and  y  be  corresponding  points  in  A  and  JS. 
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Iff\x)  18  finite  and  =^  0,  then  ^(y)=  -— — . 

Iff(x)  is  infinite,  ^'(y)=  0. 

Since  /  is  uni variant,  Ay  and  therefore  also  ^  are  ^  0. 

Hence  the  relation  .  ^ 

Aa;_   1 

Ay  ""Ay 

Art; 


0- 


does  not  involve  for  any  point  a  division  by  0. 

Since  y  is  continuous,  Ay  ==  0  when  Art;  =  0. 

We  have  therefore  only  to  apply  292  in  passing  to  the  limil 
inl). 

382.    The  geometric  interpretation  of  881  is  very  simple  in  the 
following  case : 


Let  t/  =  f(x)  be  a  continuous  increasing  function  in  (a,  5). 

The  inverse  function  a;  =  ^(y)  is  increasing  and  continuous 
ia,fi).     See  Fig. 

The  graph  of  f{x)  and  ^(y)  is  the  same  curve  C.     At  Pj,  j 
we  have  points  of  inflection. 

If  PT  is  the  tangent  at  P, 

tan^=/(x)  =  |, 


tan^  =  /(y)  = 


dx 
dy 
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Since 


tan^ 

^  =  J-. 
dy     dy 

dx 

The  consideration  of  the  tangents  at  Pj,  P^  illustrates  the 
:ieorem  for  the  other  cases. 

883.  We  apply  the  preceding  general  theorems  to  find  the 
erivatives  of  some  of  the  elementary  functions,  choosing  those 
"hose  demonstration  is  often  given  incorrectly. 

Djfi^  =  a*  log  a.        a  >  0,  X  arbitrary.  (1 

For,  let 

Then  a  ax     i 

But,  by  811,  ^^_j 

lim  — - —  =  log  a. 


Passing  to  the  limit  in  2),  we  get  1). 
When  a  =  e,  1)  becomes 

D^==e'.  (8 

x>0.  (1 


884.    1. 

A 

,  log  x  =  -. 

X 

Let 

y  =  logaj. 

Then 

x  =  i'. 

But 

^  =  6*  =  *. 

dp 

From  2) 

we 

get,  by 

881, 

^^1 
dx     X 

(2 


which  is  1). 
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2.  We  can  get  1)  directly  as  follows: 

Ay  _  log(a?  -f  Ax)  —  log  a? __     ^\        x  J 

Ax"  Ax  "Ax 


1 


2;  A2; 

X 

But,  by  310  and  292, 


(3^ 


lim— A, ^  =  1. 


lira l^r — =1^  =  1.  (4 


a: 


Hence,  passing  to  the  limit  in  3),  we  get  1)  again. 
From  1)  we  can  prove  again 


For,  from 
we  have 

Hence,  by  1), 

Using  381,  we  have 
which  is  6). 


2>^  =  «'.  (5 

dt/    y 


dx 


=  y  =  «'» 


385.   1.  Criticism.    In  either  of  the  preceding  ways  of  getting 

D^  and  D^loga;, 
we  need  the  limit  ^ 

lira  (1  +  w)i  =  e.  (1 

tisO 

Some  writers  only  prove  1)  when  u  runs  over  the  sequence 

h  i.  i  - 

Otliers  prove  1)  only  for  a  right  hand  limit.     As,  however,  Ax 
may  have  any  positive  or  negative  values  as  it  converges  to  0,  the^ 
limit  1)  must  be  established  without  any  restriction. 


\ 


/ 
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2.  If  the  method  of  384,  2  is  used  to  get  D^loga:,  we  must  not 
only  prove  1),  but  we  must  show  that 

1  !_ 

lim  log  (1  +  uy  =  log  lim  (1  +  w)». 

This  is  rarely  done. 

3.  A  third  method  is  to  employ  the  Binomial  Theorem,  which 
is  taken  from  algebra. 

The  rigorous  demonstration  of  this  theorem  for  any  case,  besides 
that  of  integral  positive  exponents,  is  far  beyond  the  limits  of  the 
ordinary  high  school  or  college  algebra.  Moreover,  the  demon- 
strations usually  given  are  incorrect.  The  employment  of  the 
Binomial  Theorem  to  find  the  above  derivatives  is  therefore  open 
to  the  most  serious  criticism. 

386.  1.  The  diflferentiation  of  the  direct  circular  functions  pre- 
sents nothing  of  note ;  let  us  therefore  turn  at  once  to  the  inverse 
circular  functions. 

We  take  ^^ 

y  =  arc  sm  x  {1 

as  an  example.     The  notation  indicates  that  we  have  taken  the 
principal  branch  of  arc  sin  a;,  [223].     Then 

-|<y<i-  (2 

From  1)  we  have 

"^  a:  =  sin  y. 

Hence  , 

ax 


^  =  cosy  =  vr-^.  (8 

The  radical  has  the  positive  sign,  as  cosy  is  not  negative  for 
the  values  2). 
Hence,  by  381, 

^  =  D.arc  sin  x  =  i        |aj|¥=  1- 

dx        '  Vl-a? 

=  +  Qo  for  a?  =  ±  1. 

2.  Critieism.  In  many  books  the  branch  of  arc  sin  x  which  is 
taken  is  not  specified.  Consequently,  the  sign  of  the  radical  in 
3)  is  not  specified.  For  some  branches  the  negative  sign  should 
be  taken. 
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387.    1. 

i)^  = 

sM«^- 

"*.           a;  >  0,      /i  arbitrary. 

Let 

y  =  2^. 

Then 

y  =  «'*>o«'. 

Let 

f&  log  x  =  u. 

Then 

y^e\ 

But 

rfa;     du  dx ' 

and 

du        ^  dx      X 

Hence 

dx 

2.   Criticism.     Some. writers  rest  the  demonstration  on 
j.^^log(l±lO. 

and  are  thus  open  to  the  criticism  of  385,  2.     Others  proceed  tf 

From  2)  we  have 

logy  = /I  log  X. 

Differentiating  both  sides,  we  get 

Idy^/jL 
y  dx     X 

from  which  we  get  1)  at  once.     This  method  rests  on  the  t 
tion  that  -p  exists,  and  so  is  open  to  the  criticism  of  377, 

BXAHPLBS 

388.    1.  y  =  a-hJ^J^=/(a:).         J>0. 

For  a;>0,  we  can  apply  387,  getting,  since  here  A*  =  } 

dx     8  ^' 
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2.  For  x<0,  the  formula  of  887  is  inapplicable,  since  it  resti 
the  essential  hypothesis  that  2;  >  0.     We  can,  however,  adopt  a 
3thod  applicable  to  any  x^O. 

Set  Qfi=su. 

Then  y  =s  a  +  bu^. 

For  all  a;  in  91  which  are  t^  0,  u  is  >  0, 
Applying  387,  we  have 

du     8 
On  the  other  hand,  by  378, 

dy  __dy  ^  du 
dx     du    dx 

^^2x 
dx 

Lnite. 
lence 

dy^2  I 

dx     Z^ 

L   When  rr  =  0,  even  this  method  fails,  as  u  must  be  >  0,  in  order 
i.pply  887.     In  order  to  calculate  the  differential  coefficient  at 
s  point,  we  must  start  from  its  definition. 
iVe  have,  setting  A  =  Arr, 

Arr  A  A 

riere,  when  An?  =  0, 

51im^  =  +  Q0,  ilim^  =  -oo. 
The  graph  of  /(x)  has  thus  a  vertical  cusp  at  the  origin,  as  in 
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4.  lu  order  to  get 


i?f(0),   AfCO), 


some  readers  may  be  tempted  to  take  the  right  and  left  h&x=id 
limits  of  the  expression  1)  for  x  =  0.  In  the  present  case  we  wois.  Jd 
get  the  correct  result.  In  general,  if  the  expression  for/'(^^ 
assumes  an  indeterminate  form  for  a  particular  value  of  x^  s^ij 
2;  =  a,  the  reader  must  avoid  the  temptation  to  conclude  that 

fia-)^\hnf(ix). 
This  is  only  true  when  /'(a?)  is  continuous  at  a. 


Ex.1. 

/(a;)=a:8ini,  x^O; 

=  0,           x  =  0. 

Here/'(0)  does  not  exist  by  367,  while,  for  x^O^ 

/'(x)=  sin  i- loos  1. 

XXX 

Thus 

lim/'(x) 

also  does  not  exist 

Ex.2. 

/(x)=xa8inl,x=,fcO; 

Here 

=  0,            x  =  0. 

while,  forxrjfcO, 

/'(0)=0,  by  368, 

/'(x)=2x8inl-C08i. 

X               X 

Thus 

Um/'(x) 

does  not  exist. 

5.  Let 


/(rr)  =  a:». 


We  find  readily  that 

i?/(0)  =  i;/'(0)=  +  QO. 
The  graph  is  given  in  Fig.  2. 


A 


r 


Fio.  2. 
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389.    1.  Let        logx^^l^x^        log  log  a;  a.;^ 
log  log  log  X  =  {32;,  etc. 

Since  log  u  is  defined  only  for  u  >  0,  we  shall  suppose  that  x 
taken  sufficiently  large  so  that  l^i^x  has  a  meaning. 
We  prove  now 

i>A^  =  -;        ;  ^       ; «  ^   >  ^  (1 

X     liXl^  •••  l^—\X 

For,  first,  let 

y  =  Z^=logloga;. 


Set 

Then 

Hence 

Next,  let 
Set 
Then 
Hence 

fjence 


u  =  log  X. 
y  =  log  u. 

dx     du    dx     u   X     rrloga: 
yssl^sz  log  •  l^. 

y  =  log  u. 

dy  __  dy   du 
dx"^  du    dx' 

dx  X  log  X 

^  =  l.-J 1 2>^^. 

di     u   2;  log  2;     xl^xl^ 


^^y  induction,  we  now  establish  1)  readily. 
S.  In  a  similar  manner  we  establish 


Dlt?»^ 


.«^^«°''    .,u«.- 


> 


totx^ 


„,8>-^" 


i«o 


lot«»' 


,oi» 


to 


^«8eo 


C* 


fl*'?' 


.^i)\-^o. 


X* 


t.      C^ 


*eii»6 


N»« 


8U1 


««—  ....  and  I-^*"^ 


ktriol* 


390. 


M 


[ttcb 


t\xft* 


\» 


r.*(-»> 


■^e 


^^e 


iot 


BftoTtt 


£> 


0,ft 


ot 
oi 


aivA 


itM 


the 


ai^erenti*!"^^^*^'        ^^^ 


-XTae 


te\»t^o» 


-^^jsVvo'W*'         ^^  ^^. 


T:\xe 


tfttio 


oit^xese 


vow 


Ae  ttV 


aod. 


fttt»'^* 


^C*> 


y-Cx) 
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AAf(pO  is  fixed,  for  fixed  rr,  and  ^  can  be  made  numerically 
as  small  as  we  please,  by  taking  8  sufiiciently  small,  we  see  that 
the  part  ^Ax  is  very  small,  compared  with  dy  for  all  points  a:+ Aa: 
in  Fi*.  Thus,  in  the  immediate  vicinity  of  a;,  the  principal  part 
of  Ay  is  dy. 

Differentials  owe  their  importance  to  this  fact. 

2.  To  make  the  notation  homogeneous,  it  is  customary  to  replace 
Ax  by  another  symbol,  di,  in  the  expression  for  dy.     We  have  then 

df/=f(^x)dx. 

391.   The  notion  of  a  differential  may  be  illustrated  as  follows : 
Let  the  graph  of  f(x)   be   that  in  the 
igure. 

Let  PB  be  the  tangent  at  P;  and 

PS^Ax,    QS=^Ay,  BS==dy. 

Then 


QR^^Ax. 


Q 


The  reader  will  see,  if  di/^  0,  that  as 
?  approaches  P,  QB  becomes  smaller  and  smaller  as  compared 
vith  BS^dy.  This  is  illustrated  by  comparing  this  ratio  at  Q 
md  at  Q'. 

We  see  dy  =  BS  approximates  more  and  more  closely  to  Ay  as 
Q  approaches  P. 

392.   A  variable  whose  limit  is  0  is  called  an  infinitesimal. 

When  employing  differentials,  we  suppose  that  the  increment 
^ven  to  the  independent  variable  Ax  =  dx  can  be  taken  as  small, 
numerically,  as  we  choose.  It  is  thus  an  infinitesimal.  Then 
both  Ay  and  dy  are  also  infinitesimals. 

In  the  limits  considered  in  301-304,  310-312,  the  numerators 
^nd  denominators  furnish  examples  of  infinitesimals. 

Also  the  lengths  of  the  intervals  considered  in  127,  2,  are  infini- 
tesimals. 

Many  other  examples  of  infinitesimals  are  to  be  found  in  the 
preceding  pages,  and  many  more  will  occur  in  the  following. 
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The  Law  of  the  Mean 

393.  One  of  the  pillars  which  support  the  modern  rigorous 
development  of  the  calculus  is  the  Law  of  the  Mean.     It  rests  on 

Belle's  Theorem.  Let  f(x)  be  continuous  in  91  =  (a,  6),  and 
f(^a)=f(b^.  Let  f(x)  be  finite  or  infinite  within  2.  Then  there 
exists  a  point  c  mthin  %for  which 

/((?)=0.         a<c<b. 

Since  f(x)  is  continuous  in  S(,  it  is  limited,  by  350.  Its  ex- 
tremes are  therefore  finite.  If  /  is  not  constant,  one  of  these 
extremes  is  different  from  the  end  values. 

To  fix  the  ideas,  let  Max/  =  ft  be  different  from  the  end  values. 

By  354,  there  is  a  point  c  within  9(  such  that 

while  for  all  points  c-hAofS,  A>0, 

/(c  +  A)  -/(O  <  0,    Ac  -  A)  -/((?)<  0. 


Hence 


According  to  1), 
according  to  2), 


h        -  ' 


(1 
(2 


/'(o)50. 
Those  together  require  that 

In  case /(a;)  is  a  constant  in  %,  the  theorem  is  obviously  true. 

394.  1.  The  geometric  interpre- 
tation of  RoUe's  theorem  is  the 
following : 

Let  the  graph  of  f(x)  be  a  con- 
tinuous curve  having  everywhere 
a  tangent,  except  possibly  at  the 


k 
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end  points  A^  B^  which  are  at  the  same  height  above  or  below  the 
a^axis.     Then  at  some  point  C  the  tangent  is  parallel  to  the  2;-axis. 
Since/' (a;)  may  be  infinite,  the  graph  may  have  points  of  inflec- 
tion with  vertical  tangents,  as  at  P. 

2.  Let  A^B  he  two  points  at  the  same  height  above  the  rr-axis. 
The  reader  will  feel  the  truth  of  RoUe's  theorem  for  simple  cases 
if  he  tries  to  draw  a  continuous  curve  F  through  A,  B^  whose 
tangent  is  not  parallel  to  the  rc-axis.  T  should,  of  course,  have  no 
vertical  cusp  or  angular  point.  We  say  for  simple  cases,  because 
we  cannot  draw  a  curve  with  an  infinite  number  of  oscillations  or 
a.  curve  which  does  not  have  a  tangent  at  A  or  B.  Yet  neither  of 
these  cases  need  to  be  excluded  in  RoUe's  theorem. 

395.    Uf(x)  does  not  exist  for  some  point  within  31,  the  theorem 
394  is  not  necessarily  true,  as  Fig.  1  shows.     (See  366. ) 


FiQ.  1.  Fio.  2. 

\if(x)  is  not  continuous  in  %  the  theorem  does  not  need  to  be 
true,  as  Fig.  2  shows. 

396.  1.  Criticism.  Many  demonstrations  are  rendered  invalid 
l)ecau8e  they  rest  on  the  assumption : 

1^.  In  passing  from  a  to  (,  the  function  must  first  increase  and 
then  decrease,  or  first  decrease  and  then  increase ; 

or  on  the  assumption : 

2^.  There  must  be  at  least  one  point  between  a,  (  where  the 
function  ceases  to  increase  and  begins  to  decrease,  or  conversely. 

Either  of  these  assumptions  is  true  if  we  use  functions  having 
only  a  finite  number  of  oscillations  in  9(. 

In  case  the  function  has  an  infinite  number  of  oscillations  in  91, 
neither  of  the  above  assumptions  need  be  true. 
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The  function  of  Ex.  2,  378,  where  %  =  (0,  1),  illustrates  the 
untruth  of  1®. 

We  shall  later  exhibit  functions  which  oscillate  infinitely  often 
in  any  little  interval  of  31  and  yet  have  a  derivative  in  8.  Such 
functions  show  that  2^  is  not  always  correct. 

2.  The  demonstration  given  in  893  is  extremely  simple.  It 
rests,  however,  on  the  property  that  a  continuous  function  takes 
on  its  extreme  values  in  an  interval  (a,  ()•  In  an  elementary 
treatise  this  fact  might  be  admitted  without  proof,  since  it  seems 
so  obvious. 

397.   1.  Law  of  the  Mean.     Let  f(z)  be  contimums  infi  =  (a^  J), 
and  letf(jxi)  he  finite  or  infinite^  within  2. 
Z%€n,  for  some  point  a<,c<h^ 

/(*)-/(«)= (J -«y(o-  (1 

Consider  the  auxiliary  function 

Evidently 

Also  at  those  points,  at  which/' (2;)  is  finite, 

V(^)=-/(:^)+=^^^|^;  (2 

while  at  the  other  points  of  8,  gf(x)  is  infinite.  Thus  g(x)  is 
continuous  in  %,  and  g\x)  is  finite  or  infinite  within  %.  Hence, 
for  some  point  a  <  <?  <  J, 

^((?)=0,     by  893.  (8 

Setting  2;  s  c  in  2),  and  using  3),  we  get 


which  is  1). 


/^CO JITS— ' 
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2.  The  relation  1)  is  commonly  written  as  follows : 
Set  6  —  a  =  A ; 

tihen,  since  e  lies  mthin  (a,  i), 

(.  =  a4-M.         0<tf<l. 
Thus  1)  gives 

f(a  +  A)  =/(a)  +  A/(a  +  0h). 

3.  The  reader  should  observe  that  although  /'(a?)  may  be 
infinite  within  81,  the  point  c  in  1)  is  such  that /'((?)  is  finite. 

398.  The  following  is  the  geometric  interpretation  of  the  Law 
of  the  Mean.  Let  ACB  be  the  graph  of /(a:)  in  8.  Let  the  chord 
^Afi  make  the  angle  0  with  the  2;-axis.     Then 

b  —  a 
Also  by  897,  4), 

/((?)=  tan  tf. 

That  is :  at  some  point  c  within  the 
interval  (a,  i)  the  tangent  is  parallel  to  the  chord  AB. 

399.  When  either  of  the  conditions  that  enter  the  Law  of  the 
^ean  are  violated,  the  point  c  may  not  exist.  This  is  illustrated 
ty  the  following.. 


FlQ.   1. 


Fio.  2. 


Fio.  3. 


1.  f(x)  is  not  continuous  in  (a,  J).     Fig.  1. 

2.  The  differential  coefficient  does  not  exist  at  some  ])oint  within 
(fl,  6).     Figs.  2,  3. 
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400.  We  gfive  now  some  elementary  applications  of  the  Law  of 
the  Mean. 

1.  Let  f{x)  he  corUinuous  in  3[  =  (d,  J);  and  let  its  derivative 
f(x)  s  X,  a  constant^  within  Sf.     Then 

f(x)^\x  +  li,     in  St.  (1       J 

Let  a;  >  a  be  a  point  of  St.     The  function  /(rr)  satisfies  the  con-     — 
ditions  of  the  Law  of  the  Mean  in  JgJ  =  (a,  2;). 
Hence,  by  897, 

/(rr)=/(a)  +  (a;-  a)/((?).         a<e<x.       (2; 

Since  by  hypothesis, 

we  get  1)  from  2),  on  setting 

M=/(a)-a/'(0. 

Since,  by  hypothesis,  /(a;)  is  continuous,  the  formula  1)  is  alsa^* 
true  for  x=  a. 

2.  As  a  corollary  of  1  we  have  : 

Let  f(x)  be  contin\wus  in  St  =  (a,  J)  and  let  its  derivative  be  ^ 
within  St.     Then  f(x)  is  a  constant  in  St. 

3.  Let  f(x)^  g(x)  he  contimwus  in  the  interval  81,  and  let  f{x' 
=  ^(a;)  within  %.     Then^  C  being  some  constant, 

Ax)=g(x)-^C,     in  St. 
For 

satisfies  the  conditions  of  2.     Hence 

*(a:)=C;     in  51. 

401.  Let  f{x)  be  continuous  in  %  =  (a,  6),  while  /'(a?)  is  finite  ( 
infinite  within  31.  Letf{x)^  when  not  0,  have  one  sign  a.  Then  f 
is  monotone  increasing  in  %^  if  a  is  positive;  monotone  decreoMng^  ^^ 
a  is  negative. 

Let  a<a/<a/'<J. 
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By  the  Law  of  the  Mean, 

/(a/')=/(a/)4-(a:"-rr')/(0.         7!<c<7!K 
As  a/'  —  a/  >0,  and  /'(O  has  the  sign  a-,  when  not  0, 

/(a/')  ^fQxf^'t  if  <r  is  positive  ; 

/(^')</(^)»  ^f  *''  ^s  negative. 

402.  Criticism.  Some  writers  state  that  f(x)  is  increasing  when 
y  (a:)  is  positive,  and  conversely  when  f(x)  is  increasing  f  (jr)  is 
positive. 

The  second  statement  is  not  true,  as  the  figure  shows.  P  is  a 
point  of  inflection,  with  a  tangent  parallel  to  the  x-axis. 

The  error  in  the  reasoning  is  instructive.  By  definition,  \if(x) 
is  increasing, 

Arr 
is  positive.     It  is  now  inferred  that  therefore 

is  positive.      All  one  can  strictly  infer  is  that 

The  function  X^ 

y^a?,        St  =  (-l,l)  r 

illustrates  this,  at  the  point  a;  =  0.     See  Fig.  ® 

403.  Let  f(x)  he  continuous  in  St  =  (a,  J),  and  f(x)  finite  or 
'^'^^Jinite  within  8.  f{x)  shall  not  vanish  for  all  the  points  of  any 
^^dhinterval  ©  =  (a,  ^)  of  21.  When  not  0,  letf(jc)  have  always  one 
*tt^  a  in  8.  Thenf(x)  is  an  increasing  or  a  decreasing  function 
''f  »i  81  according  as  <r  is  positive  or  negative. 

To  fix  the  ideas,  let  a-  be  positive. 
Let  a<2f<2/f<b. 

By  the  Law  of  the  Mean, 

/(a/0=/(a/)  +  (a/'-a/)f(tf).       tKcKt!^. 
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As  x"  —  a/  >  0,  and  f  (c)  >  0,  we  have 

i,e.^f(x)  is  mtmotone  increasing  in  %.     To  show  it  is  eanstantly 
increasing  in  91,  suppose 

/(«)=/(/9). 

Then /(a;)  must  =/(«)  for  all  points  in  ©  =  (a,  /8),  since  it  is  a 
monotone  increasing  function. 

Since /(re)  is  a  constant  in  ©,/'(a;)  =  0  in  ©,  which  contradicts 
the  hypothesis. 

404.  Let  f(x)  be  continuouB  in  the  interval  31.  Then  the  differ- 
ence qiiotient  -i-  converges  uniformly  tof\x)  in  8. 

Arr 

For,  by  the  Law  of  the  Mean, 

f{x^h^--f(x)^hfix-[-0hy         Q<0<1. 

Hence  ^=/(-  +  ^A).  (1 

But /'(a:)  being  continuous  in  51,  is  uniformly  continuous  by 
352.     Hence 

lim/  (x  -k-Oh^^f  (a?) .      un\formly. 

Hence,  by  1),  limg=/(a:).      uniformly  in  ^. 


Derivatives  of  Higher  Order 

406.   The  first  derivative  olf(z)  is  called  the  second  derivative 
of  f(x)i  and  is  denoted  by 


/'(x),  D,y(x),  g. 


Evidently, 

f 

this  limit  being  finite  or  infinite. 


*=o  h  A*-o     Aa: 
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In  this  way  we  may  continue  to  form  third,  fourth,  ...  and 
derivatives  of  any  order. 
Derivatives  of  order  n  are  denoted  by 

406.   We  add  the  following  formulae,  which  will  be  used  later. 
They  are  easily  verified  r 

i)Jr^=r^./x-l....Ai--n  +  l-rc^— .         a:>0.  (1 

D^l  +  a;/  =  ^ .  Ai  - 1 . ...  Ai  -  n  +  1 .  (l+xy'\  1 +a;>0.       (2 

I/ie'^e'.  (8 

J);  sin  a:  =  ^^^(^  +  ^)-  (4 

-2);  cos  X  =  cosf  ^  +  x\  (5 

407.    Let  y  =  ww,  where  m,  v  have  derivatives  of  any  desired 
^>x*der.     The  following  relation  is  known  as  Leibnitz  %  formula. 

+  (5Jtt"t;<-«>  +  (  j)tt't;<"-»>  +ww(»>,  (1 

Wy  l-2--m 

We  prove  it  by  complete  induction;  i.e.  we  assume  it  true  for 
*••    and  prove  it  is  true  for  Vi  + 1.     For  n  =  1,  2  it  is  obviously  true. 
DijGFerentiating  1),  we  get 

y(»+i)  ^  ^c^-Dt,  +  ffju^v'  4-  (fju<^-'W'  +ffju<^-^v'''  + ... 


i 
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Now,  by  96, 

(m)-^-(m-l)  =  V   i   } 
This  in  2),  gives 

which  is  1),  when  we  replace  in  it  n  by  n  + 1. 

408.    1.  Let  us  apply  Leibnitz's  formula  to  find  the  derivati 
of 

y  =/(a;)=tana;. 
We  have 

y'=sec^a;, 

y"  =  2  sec^  tan  a;  =  2  y^ . 
Now 

^(yy ) = y'^'^^'y + (j)y^-y + (^y'^'-'^y'' + - 

This  gives 

y'"=2(y"y4-y'2); 

yi-=2(y'"y4-3yy'); 

y-  =  2(y-y  +  4  y" Y  4-  3  y''^),  etc. 

2.  Another  way  is  the  following,  which  will  lead  us  to  a  form 
that  we  shall  need  later. 
We  have 

y  cos  2;  =:  sin  re ; 
or  setting, 

u=sinn;,  ^scosx, 

w  =  y«. 
Now  by  Leibnitz's  formula. 
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Also,  by  406,  4),  6), 

u<-'  =  sin^^  +  A  «<•>  =  co8(?|!:  +x\ 
Hence  1)  gives 

sin(!|  +  x)=  {y-'-(»y-»>+(jy-«-...  jcos* 

-  {(iy-»-(S)y'-"  +  (5y-'— -jsin^r. 

"XThis  gives  the  recursion  formula, 

sini-— -fa;)  ^o 

+  ton«jQy"-''-(»)y-»+-}. 
SSetting  2;  a  0  in  2),  we  get 

/•W-(?)/^-'^(0)  +  (j)/-*>(0)— .=  sin?J.  (3 

Taylor's  Development  in  Finite  Form 

<08.  1.  Using  derivatives  of  higher  order,  we  can  generalize 
*'*^^  Law  of  the  Mean  as  follows : 

Jn  the  interval  9  =  (a,  6),  let  f(x)  and  it%  fivBt  w  —  1  derivatives 
^^  continuous.  Let  /^"^(a:)  he  finite  or  infinite  within  9.  Then  for 
^^»>.y  X  in  a, 

+  ^^-^>;"V^>(a)  +  i£ll2lVc)(,),  (1 

» —  II  n! 

a<tf<a;. 
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As  in  897,  we  introduce  an  auxiliary  function 


n  — II  n! 


where  A  is  independent  of  u.  This  function  is  obviously  a  < 
tinuous  function  of  i^  in  9  for  any  x  in  9.  Differentiating  i 
respect  to  t^  we  get,  observing  terms  cancel  in  pairs, 


/(«)  =  ^^^1"^,"'  I  -/•»(«) + AK 


for  any  u  within  9. 

Thus  the  derivative  of  g(u)  is  finite  within  H. 

To  apply  Rollers  theorem  to  ^(m),  with  reference  to  the  inte 
S  =  (a»  a?)i  it  is  only  necessary  to  determine  A  in  2)  so  that 

But  obviously 

We  therefore  suppose  A  so  chosen  that 
0  =f(x)  -/(a)  -(x-  a^f\a)  - ... 

n—  1 !  nl 

Then  by  RoUe's  theorem,  there  is  a  point  a<c<Xy  such  tha 

This  in  3)  gives 

As  (?=^a;,  the  first  factor  in  5)  is  not  0.     Hence  the  parenth 
is  0,  which  gives 

Putting  this  value  of  A  in  4),  we  have  1). 
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The  formula  1)  is  called  Taylor' %  development  off(x)  infinite 
may  also  be  written  as  follows : 

len  1)  becomes 

+  -^/<-^X^)  +  ^/"^(«  +  ^A).  (6 

n  —  II  n\ 

a  4-  A,  in  8. 

B.  1.  Letf(x)  and  its  first  n  — 1  derivatives  le  continuous  in 
nterval  ^^ia-H.a^-  H),  while  f^^^^x)  is  finite  in  ©.  Then 
my  X  in  Si 

/(a^)  =/(«)  + ^^/'(a)  +  ^^fj^/"  («)+ ••• 

n —  1 !  ni 

=f(a  +  A)  =Xa)  +  A/' (a)  +  ^/"(a)  +  ... 

+  -^/-"(a)  +  ^/">(« +  <>*),  (2 

w  —  1 J  n  i 

e 

a:=:a  +  A,     c  =  a  +  ^A,     0<^<1,     |A|<ir. 

le  truth  of  this  theorem  for  the  left  hand  half  of  S  follows 

the  fact  that  the  reasoning  of  409  does  not  depend  upon  a 

I  <b\  it  holds  when  a > 6,  if  we  change  x  and  c  accordingly. 

When  a  =  0,  1)  gives 

/(x)  =/(0)  +  ^/'(O)  +  ^/"(O)  +  ".  +  ^/"K^x-).        (3 

Q<0<\. 
lis  is  known  as  Maclaurin't  development. 
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411.    1.  Let  f(z)  =  Bin  X. 
From  410,  3)  we  get 

ttSin  Ox  /I 

=  ^-|T  +  7T8i"^^'        0<«<1. 
o  I      4  1 

etc. 

The  d*8  in  these  formulae  are  not  necessarily  the  same. 
Let 


0<x<|. 

These  formul»  show  then  that 

sin  a:  <  a; 

>'-f, 

etc. 

From  1)  we  have  again 

lim«^°^=l      lima:.«^°,' 

0x_. 

«-o     a;                 m^           2 

See  801. 

412.    Let 

f(x)  =  cos  X. 
As  before,  we  get 

cosa;<l 

>-^. 

o<.<| 

a;*      a^ 

etc. 
From 


C08a!=l-  — +  — sin^i, 
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^e  have  ^  ^       ^ 

T     1  —  cos  a;     1      1  ,.         .    /» 

lim —  =  t;  —  177  lim  X  am  Ox 

m^        ar  2     3!  x»o 

See  304. 

413.  1.  Let 

/(*)=log(l  +  a:). 

From  410,  3)  we  get 

k 

Hence,  as  in  810, 

lim- 

f(x)  =  a'.        a>0 


log(l+.)=a:-^^^,.        0<^<1. 


x-0  X 

2.  Let 

From  410,  8)  we  have 


X  !  ^  I 


Hence,  as  in  811, 

lim =  log  a. 

s«0  X 

3.  Let 

/(a:)  =  (l+a:y. 


We  get  from  410,  8) 
l  +  a:)'*  =  l  +  /u;-f- 
Hence,  as  in  812, 


(l  +  a:)^  =  l  +  /u:-f-a^'^'^     ^(l-f-to/-'.         |a:|<l,  0<d<l. 


lim 


(lH^^y-l_ 


FUNCTIONS  OF  SEVERAL  VARIABLES 

Partial  Differentiation 

414.  The  definition  of  a  partial  differential  coefficient  and  a 
partial  derivative  of  a  function  of  several  variables  is  analogous 
to  the  corresponding  definitions  for  functions  of  a  single  variable. 
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Letf(xj^  '"X^  be  defined  over  a  domain  2),  for  which  a?=s  («i—a?i«) 
is  a  proper  limiting  point. 

Let  a/  =  (a;i...a;^.i,  a;^-f  A,  a?^+i...a;^)  be  any  point  of  Z),  different 
from  X.     If 

,  =  H„AfOpM  (1 


*-0 


h 


is  finite  or  infinite,  it  is  called  the  (first)  partial  differential  coeffi- 
cient off  mth  respect  to  2;,  at  the  point  x.     The  aggregate  of  these 
ly's  defines  a  new  function  over  a  certain  domain  A  <  2),  which 
called  the  (first)  partial  derivative  off  with  respect  to  x^. 
It  is  denoted  variously  by 

When  h  in  1)  is  restricted  to  positive  values,  17  is  called  a  righ^~ 
hand  partial  differential  coefficient^  and  their  aggregate  gives  ria 
to  the  right  hand  partial  derivative  with  respect  to  x^. 

The  meaning  of  the  terms  left  hand  partial  differential  coeffieien^^s'--:^^ 
and  derivative  with  respect  to  x^  is  obvious. 

They  are  denoted  by  putting  the  letters  R  and  L  before  tL^^K^^e 
s)rmbols  2). 

The  function /(a?!" '2:^)  has  therefore  in  general  m  (first)  pa^ — =zr- 
tial  derivatives, 

if,    if,    _    Jf. 
dXy^     dx^  dx^ 

The   process   of   obtaining   these  partial  derivatives  is  callfl 
partial  differentiation. 

415.    Example. 


If  the  point  x,  y  \a  not  at  the  origin. 

We  can  therefore  apply  378  and  387,  getting 


dx     y/x^  +  y'^    dy      Vx*  +  y* 

rtial  derivi 
from  the  origin. 


Thus  the  partial  derivatives  with  respect  to  x  and  y  exist  at  all  points  differs "^         '^' 
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When  the  point  jc,  y  is  at  the  origin,  we  cannot  apply  this  method.    (Compaze 

) 
We  therefore  proceed  directly.    We  have 

Ax        Ax 
This  shows  that 

i?r.(0,0)  =  +l,  2t^.(0,0)  =  -l. 

Thos  the  partial  differential  coefiicient  with  respect  to  x  does  not  exist  at  the 
origin.    Similariy, 

iif,(0,0)  =  +l,   l/,(0,0)  =  -l; 

and  the  partial  derivative,  with  respect  to  y  does  not  exist  at  the  origin. 

416.  In  the  case  of  two  independent  variables,  the  (first) 
partial  differential  coefficients  admit  a  simple  geometric  inter- 
pretation. 

Let  the  graph  of 

he  a  surface  S.     The  plane 

y  =:  constant 

intersects  /9  in  a  curve  C. 

Let  PT  be  the  tangent  to  (7  at  P  =  (2:,  y,  «),  making  the  angle  6 
with  the  2;-axis.     Then 

|-  =  tan(?. 
dx 

Compare  365. 

The  partial  differential  coefficient 

ay 

has  a  similar  meaning  with  respect  to  the  y-axis. 

417.  Let  flcX^i  •••^m)  te  finite  for  a  domain  A.  We  may  now 
reason  on  J^^  as  we  did  on  /.  Let  a;  be  a  proper  limiting  point  of 
A,  and  a/ =  (2;^  •••a;,«i,  x^  +  h^  x^^i  •••ar^)  any  point  of  A  different 
from  X. 
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*»0  h 

is  finite  or  infinite,  17  is  called  the  second  partial  differential  coeffi-^  ^Q 
«en^  of  /  with  respect  to  a:^,  x^  at  the  point  x^  and  is  denoted  by 

The  aggregate  of  these  17's  will  define  a  new  function  over  a  car— 
tain  domain  Aj  ^  A,  which  is  called  the  second  partial  derivative     — 
first  with  respect  to  x^^  then  vnth  respect  to  Xy 

Proceeding  in  this  way,  we  may  form  thirds  fourth^  •••  parti^^    -^ 
differential  coefficients  and  derivatives. 

Change  in  the  Order  of  Differentiating 


418.   1.  In  almost  all  cases  which  occur  in  practice,  the  parti 
differential  coefficient  has  the  same  value,  however  the  order  oi 

dififerentiation  is  chosen.     For  example : 

fffi      —  -fft'f      —  fffi      _  flit      ^  fin     __  fill 

That  this  is  not  always  true  is  shown  by  the  following  examp-     -Me; 
2.  /(a?,  y)  =  a:y     ""  ^  ^   for  points  different  from  the  orig^  ^n, 

=  0,    for  the  origin. 
Then  if  a:,  y  is  not  the  origin, 


dx    " 


3?—  ifi         4  ofly^     1 
by         W^y^     (:r3  +  y»)»r 


At  the  origin, 

bx  dv 
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From  1),  2)  we  have,  in  particular, 

/;(a;,0)=a;,       x^(^.  (6 

Consider  now  the  second  partial  derivatives. 

From  1),  2)  we  have,  for  all  points  different  from  the  origin. 


dxdy     x«  +  yM    ^(a^  +  y»)«j      dydx 

At  the  origin,  we  have  from  3),  4),  5), 

't;-%--  -/iwo)'-!- 

(6 

f -S^  .•./,KO.O)-+i. 

(7 

Hence,  at  the  origin, 

dxdy      dydx 

3.  In  connection  with  this  example,  we  may  warn  the  inexperi- 
enced reader  to  avoid  certain  errors  he  is  likely  to  fall  into. 
To  get  the  equations  3),  Le. 

/Xo,o)=o, /;(o,o)=o, 

it  is  not  permissible  to  set  a?  =  0,  y  =  0  in  the  relations  1),  2).     In 
fact,  these  formulae  were  obtained  under  the  express  stipulation 
that  this  point  a;  =  y  =  0  be  ruled  out. 
To  get  the  equation  6),  i.e. 

fL;,(.o,o) — 1,  (6 

it  is  not  permissible  to  differentiate  4),  i.e. 

/i(0,y) — y,  (4 

'^ith  respect  to  y,  thus  getting 

/;;(0,y) — 1; 

^^d  in  this  set  y  =  0,  getting  the  required  value  of /i^(0,  0). 
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In  fact,  the  relation  4)  was  obtained  under  the  express  condition 
that  y  ^  0. 

Similar  remarks  apply  to^i(0,  0). 

Junior  students  are  so  accustomed  to  differentiate  with  their 
eyes  shut  that  they  often  overlook  the  fact  that  formulae  and 
theorems  are  usually  not  universally  true,  but  are  subject  to 
more  or  less  stringent  conditions.  Compare  also  the  example 
of  888,  4. 

419.  It  is  easy  to  see  a  priori  why  /^(a,  h)  may  be  different 
from  ^i(a4). 

By  definition, 

fci^  A;  I  A»o  h 

Let  us  set 

rlrC 

Then  1)  gives 

/«(«» ft)  =  lim  lim  F(h,  k\ 

In  a  similar  manner  we  find  that 

/;;(«,  J)  =  lira  limine*,*). 

These  formulse  show  that  /^(a,  6),  yji(«i  *)  are  double  iterated 
limits,  taken  in  different  order.  It  is  therefore  not  astonishing 
that  a  change  in  the  order  of  passing  to  the  limit  may  produce  a 
change  in  the  result.     Cf .  322,  323. 
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480.  1.  We  consider  now  certain  cases  when  it  is  possible 
to  change  the  order  of  differentiation  in  a  partial  differential 
coefficient. 

I^^  /(^)  ^  defined  in  D(a,  6).  Let  D*  be  the  deleted  domain 
of  D.     We  suppose : 

a)  that  f^  exists  in  D, 

0)  that  fjy  exists  in  D*, 

7)  that  lim/^  =  X.        finite  or  infinite. 

f*"  f-Ca,b)=X.  (1 

If,  moreover  J 

S)  fl  exists  for  all  points  of  D  on  the  line  y  =  6  ;  then 

fll<ia,b)^\.  (2 

We  suppose  first,  that  all  four  conditions  o-S  are  satisfied,  and 
show  that  then  -, ,  ^     ,  ^      ^/ , ,     ,  ^ 

/;;(«iJ)=y;i(«i*)-  (2' 

Let 

^== m ' 

as  in  419.     We  introduce  the  auxiliary  functions 

a(x)  =  f(x,  A  +  A)  -  f(x,  ft),  (3 

JSrCy)  =/(a  +  A,  y)  -/(a,  y) .  (4 

^®°  hkF  =  aCa  +  A)  -  fl'(a)  (6 

=  ir(6  +  *)-Jr(6).  (6 

Setting,  as  usual, 

A  =  Ax,    k  =  Ay, 

"^■«  have  from  S), 

^-/;(*,*)|  =  <*); 

^^here  ea  e(jr)  is  a  function  of  k  and  a:,  such  that 

lim€=0.  (7 
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"^°^^  G^(:r)  =  A/=Aj/;(:r,6)  +  6(:r)|.  (8 

Similarly,  by  a), 

i5r(y)  =  A{/i(a,y)  +  i7(y)l;  (9 

where  17  =  vCv)  ^^  ^  function  of  h  and  y,  such  that 

Iimi7  =  0.  (10 

Then  5),  8)  give 

Similarly,  6),  9)  give 

^=^}/K«.i  +  *)-/Xa,J)+i7(J  +  *)-i7(»){-  (12 

On  the  other  hand,  we  can  apply  the  Law  of  the  Mean  to  6),  by 
virtue  of  a),  getting 

kF=G\c).        a<(?<a  +  A,  or  a  +  A<(?<a-  (13 

Diflferentiating  3),  we  get,  using  13), 

kF=  i/Xc  6  +  A)  -/K^,  6){.  (14 

By  virtue  of  /8,  we  can  apply  the  Law  of  the  Mean  to  14)^ 

gettmg    jT^yv, (^^  jy        6  <  rf  <  6  +  A,  or  5  +  *<  (i  <  6.  (IS 

From  11),  15)  we  have 

h  h  h 

From  12),  15)  we  have 

rC  rC  iC 

We  can  now  apply  324  to  16). 

Now,  by  7),  l™/-(cd)=X. 
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^^^^  lim€(a  +  A)  =  0,    lim€(a)=rO. 

Hence,  letting  k  first  pass  to  the  limit,  and  then  A, 

X  =  lin.  Hn>p'-  +  ^'^>--^^W^e(a  +  A)_e(a)1 

=>;;(«.  i)-  (18 

Similarly,  17)  gives,  letting  first  h  pass  to  the  limit,  and  then  ib, 
X=/i;(a,6).  (19 

The  equations  18),  19)  prove  2'). 

2.  If  we  wish  to  prove  1),  without  imposing  the  condition  8), 
we  have  only  to  observe  that  17)  has  been  established  without 
reference  to  £).  But,  as  has  just  been  shown,  we  can  conclude 
1)  from  17). 

3.  It  is  well  to  note  that  this  demonstration  does  not  postulate 
the  existence  of  ^i;  or  the  continuity  of  either  of  the  second 
partial  derivatives ;  or  the  continuity  of  fy  in  2>  or  D*. 

We  observe  also  that  x  and  y  can  obviously  be  interchanged  in 
the  statement  of  the  above  theorem. 

421.  The  case  which  ordinarily  arises  is  embodied  in  the  fol- 
lowing corollary : 

Le^  f^  fr*  fJy  ^^  continuous  in  the  domain  of  the  point  a,  b, 
3^hen  yji(a,  6)  exists^  and  is  equal  to  f'Jy(a^  6). 

422.  It  is  easy  to  generalize  421  as  follows : 

Let  the  partial  derivatives  of  f{x^  •••  ^m)  <>f  order  ^  w  6e  continu- 
ous in  the  domain  of  the  point  x.     Then  we  can  permute  the  indices 

tmthout  changing  its  value. 
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Since  any  permutation  of  the  n  indices 

can  be  obtained  from  any  other  permutation 

by  repeated  interchanges  of  successive  indices,  we  have  only  to 
show  that  we  can  interchange  any  two  successive  indices  as  i,^  i^^i 
in  1)  without  changing  its  value. 

Let  us  introduce  the  function  of  a;^,  a;^. 

where  we  consider  all  the  variables  on  the  right  as  fixed,  except 
the  two  noted  in  g. 


dx  dx  dx     dx 

Hence 


f  (r+l)  _.  f(r+l) 


Hv^-iS^+i       •'  H— V-iV+iV 


Differentiating  now  with  respect  to  aj^^^  —  a:^,  in  the  order 
given,  we  get 

f(n)  _  f<n) 

Totally  IHfferentiable  Functions 

423.  1.  If  the  function  /(a;)  has  a  finite  differential  coefficient 
at  a;  =  a,  we  saw  that 

where  A  is  an  increment  of  Xy  and  a  is  a  function  of  h,  such  that 

lim  a  =s  0. 

Under  certain  conditions,  to  be  given  later,  an  analogous  theorem 
holds  for  functions  of  several  variables.  Let  4f  be  the  increment 
that  f(xi  •••  a;«)  receives  when  we  pass  from  the  point  a=  (a^  —  «„,) 
to  the  point  a  +  A  =  (a^  +  Aj  •••  a^  -f  A^). 
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Here  any  of  the  A's  may  =  0.     Let 

Af  =  A(«)*i  +  -  +/t«(«)**.  +  «!*!  +  -  +  aj^ 
where  the  c^  are  functions  of  h^  •••  A^,  such  that 
lira  a,  =  0,  —  lim  a^  =  0.  . 

The  function  /  is,  in  this  case,  said  to  be  a  totallff  differentiabh 
function  at  a. 

WecaU  4f =/;.(«)*, +  ..•+/,»*„  (1 

the  total  differential  of  f  at  a. 

Thus,  when  /  is  totally  differentiable  at  a,  4f  consists  of  two 
par      VIZ..  cjf      and       0^*^  + ..• -f-a^A^. 

Here  the  a's  in  the  second  part  have  the  limit  0  when  A  =  0. 
If  we  replace  a  by  a:  and  set  Aj  =  dx^^  •••  A^  =  dx^^  1)  becomes 

^^dx^^-'^^dx^. 

424.    1.  It  is  easy  to  give  examples  of  functions  which  are  not 
totally  differentiable  at  every  point. 

Ex.  1. 


Consider 

at  the  origin. 
Here 

Hence 


yj(0,0)  =  o,      /;(o,0)  =  o. 

4f=0  (1 

at  the  origin. 

Suppose  now  /  were  totally  differentiable  at  the  origin.     Then 
the  increment  4f  would,  on  account  of  1),  have  the  form 

A/=aA  +  /8*,  (2 

where  the  limits  of  a  and  /8  are  0. 
This  is  not  possible. 


270 


DIFFERENTIATION 


For,  we  have  directly 

A/=/(A,  i)  -/(O,  0)  =  VfMj.  (3 

From  2),  3)  we  have 

To  show  now  that  the  limits  of  a,  /8  are  not  0,  let  A,  A;  =  0, 
running  over  the  line  i,  in  the  figure. 
Then 

h  —  p  cos  0^      k  =  p8iii0.       0  constant. 

This  in  4)  gives 

p Vsin  0  cos  0  =  f)(a  cos  ^  +  iS  sin  tf), 


or 


If  now 


(5 


Vj  sin  2  tf  =  acos  ^  +  ^8 sin  tf. 

a  =  0,         /8  =  0, 

the  limit  of  the  right  side  of  5)  is  0 ;  while  the  limit  of  the  left 
side  depends  on  0.     We  are  thus  led  to  a  contradiction. 

2.  Ex.  2. 

/(ay)  =  -_^=,  for  X,  y  not  the  origin. 

=  0,  for  the  origin. 

/;(o,0)  =  o. 

Hence 

at  the  origin.     If  now  /  were  totally  differentiable  at  the  origin, 

we  would  have 

4/^=  ah  4-  /3k, 
or 

r  cos  081110  =  r(a  cos  ^  4-  iS  sin  ^. 
Hence 

cos  tf  sin  ^  =  a  cos  ^  4-  )8  sin  ^. 

Letting  now  A,  i  =  0,  this  gives,  in  the  limit, 

cos  ^  sin  ^  =  0, 
which  is  absurd. 
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425.  Letf{xy)  he  defined  in  the  domain  D  of  the  point  P=s  (^a^  6). 
We  suppose  that  : 

a)  /i  exists  in  i>, 
)8)  /y  exists  at  P, 
7)  fx  ^^  f'y  *'*  continuous  at  P. 
Then  f  is  totally  differentiable  at  P. 

Por, 

2V^=/(a4.A,6  4-A)-/(a,  6) 

=  {/(a  +  A,  6  4.*)-/(a,  J  +  A)}  +  {/(a,  6  + A) -/(a6){ 

=  A,4-A,.  (1 

By  a)  we  can  apply  the  Law  of  the  Mean  to  Aj,  getting 

Ai  =  A/i(^,  J  +  i).  aKcKa-^-h  ov  a-\-h<c<a.         (2 

By  /8)  we  have 

A,  =  *J/;(a,6)4-)8K  (8 

"^^lere  ^  is  a  function  of  A,  such  that 

lim/8  =  0.  (4 

From  1),  2),  8)  we  have 

A/=  */;((?,  6  4-*)+ *}/;(«*) + )8|. 

Set 

«=/;(^i  6 +*)-/;(«,  6).  (5 

Then 

4f  =  /^;(«6)  +  */i(«'  ft)  4-  «A  +  /8A.  (6 

By  7),  lima  =  0.  (7 

Equations  6),  4),  7)  show  that /is  totally  differentiable  at  P, 

426.  1.  Under  less  general  conditions  we  can  generalize  425 
^s  follows : 

a)  Letf(x^  •••  Xf^  be  defined  over  the  domain  i>,  of  the  point  x; 
cind  have  finite  partial  derivatives  fj^^  '"  f^m  *^  ^* 

ff)  Let  fjg    he  a  continuous  function  of  x^^  x^^i  •••  x^. 

#c=l,  2  •••  m. 

Thenf  is  totally  differentiable  at  x. 
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To  fix  the  ideas,  take  m  =  3.     We  have,  setting  for  brevity, 
^x  =  ^  +  *i»     ^2  =*  a:^  4-  A^i     ^8  ==  ^8  +  *8  5 

^Ai  +  Aj  +  Aj. 

By  virtue  of  a)  we  can  apply  the  Law  of  the  Mean  to  each  of 
these  A's,  getting 


Ai  =  V^.(a:i  +  <?iAi,5y^), 

(1 

A,  =  V"i,(^i'  ^s  +  ^s*r  ^)» 

(2 

A«  =  V^,(«ii  a:r  ^i,  +  «8*»)- 

(8 

Making  use  of  /8),  we  may  write  1),  2),  8): 

Ai  =  AiA(a:iaVii)  +  Ai«i. 

(4 

A,  =  Vi*(=^i«r«i»)  +  *a«r 

(6 

..     .      -             A,  =  Vi.(*i«p»ii)  +  *8«s5 

(6 

and  for  A  :^  0, 

lim  «!  =  0,    lim  a,  =  0,     lim  Oj  =  0. 
Thus 

Af  =  4f  +  «i*i  +  Oj^a  +  «8*8- 

Since  the  a's  converge  to  0,  /  is  totally  differentiable  at  the 
•  point  X. 

2.  As  a  corollary  of  1,  we  have : 

LetfQxi  •••  a;^)  satiny  the  conditions  a),  fi)  for  a  region  JR.     Then 
f  is  totally  differentiable  at  every  point  of  JR. 

427.    1.  Let  the  partial  derivative  fxX^i  '"  ^«)  ^^  contintums  in 
the  region  JR.     Then  the  difference  quotient 

^^f  uniformly 

in  any  limited  perfect  domain  D,  in  M. 
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For,  by  the  Law  of  the  Mean, 

^=/i«(^  -  ^«  +  ^Arc.  ...  O. 

But  ^^,  being  continuous  in  D,  the  function  on  the  right  con- 
-%^^rge8  uniformly  to  /,^,  by  852. 

2.  Let  the  partial  derivatives  of  the  first  order 

fxxi     fx%t       '"     fx^ 

X^^^  continuous  in  the  region  R.     Then  the  as  in 

V^  4f  +  OiAajj  +  ...  4-  a«Aa;^ 
^^^^^verge  uniformly  to  0,  in  any  limited  perfect  domain  D,  in  R. 
For,  referring  to  the  proof  of  426,  we  have 

Hence  by  1,  the  a's  are  iiniformly  evanescent. 

428.    1.  Let  the  first  partial  derivatives  of  f{x^  .••  x^  he  eontin- 
^^m.ou%  in  the  region  R.     Then  f  is  continuous  in  R. 

We  have  to  show  that 


lim  fCz^  +  *!•••  iP-  +  A„)  =/(a?i  —  x^y, 
-',  what  is  the  same, 


As 


(1 
(2 


limAf=0. 

But,  by  426,  2, /is  totally  differentiable  in  R;  hence 
Af=  ^+01*1 4- •••  +  ««*«. 
lim((f=0,         lima.=sO,         ...  limc^aO; 

JM>  *»0  A«0 

to  the  limit  in  2),  we  get  1). 

2.  As  corollary,  we  have : 

If  all  the  partial  derivatives  offCx^ ...  ar^)  of  order  n  are  eontinuaui 
the  region  R^  then  f  and  all  its  partial  derivatives  of  order  <  n, 
^'^  also  continuous  in  R. 


i 
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429.    1.  At  each  point  of  a  region  JS,  let 

A/=  jiAa?!  +  •••  4-  qm^m  +  ^A^i  +  -•  +  «»Aa;^;  (1 

where  the  qs  are  functions  of  x^  and  the  a'«  are  functions  of  x  and 

Ax,     Let 

lima^  =  0.         #c  =  l,  2,  •••  w.  (2 

Then  f  is  totally  differentiable  in  i2,  and 

For,  let  all  the  Ax.'s  be  0  except  Ax,.     Then 

Ax^ 

Passing  to  the  limit,  we  get  3).    That/  is  totally  differentiable 
follows  now  from  1),  2). 

2.  Let 

df^  4>^dx^  4-  •  •  •  4-  <l>mdx^ 
in  R.     Then 


Air  =  ?«  +  ««- 


For,  by  definition, 

rff  =  ^  dx,  4-  •••  4-  —  rfa?,. 

Let  all  the  (iaj's,  except  rfa;^,  be  0.     Then 

Bf 
df=<l>,dx,  =  —dx^; 

As  dx^^  0,  we  have  4). 

430.  1.  Let  f  s=f(ui  •••  w^),  and  u^  ==  g^^^  •••  a?,„),  t  =  1,  2,  •••  n. 
ie^  tJie  image  of  the  region  X  he  the  region  U>  Let  f  he  totally 
differentiable  in  IT,  and  each  g^  he  totally  differentiahle  in  X.  Then 
f  considered  as  a  function  of  the  x's^  is  totally  differentiahle  in  X. 
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Since  the  g^s  are  totally  differentiable, 

-r  9x^      '  ^  *  «     "         « =  1,  2,  —  m.  '^ 

Since  /(ttj  ••• «,)  is  totally  differentiable, 

^=  S 1^  ^«.  +  ?/8.A«,.  t  - 1,  2, ...  n.  (2 

Replacing  the  values  of  Am^,  given  by  1),  in  2),  we  get 

\du^  dx^      du^  dx^  du^  dxj      ' 


/^au,^a«,  ,^a«,N 

Va«iaa;„     aujaa;„  du,dxj 


where 
when 


(3 


lim  7j  =  0,  •..  lirn  7^  =  0,  (4 

Aajj,  •••  Aa;^  =  0. 


Then,  by  429, 1),/,  considered  as  a  function  of  the  aj's,  is  totally 
differentiable;  and 


(5 


^^^a«jfl/aw,^y^a«. 
a*j    a«,  a^j  aw,  a^j    •4'  *««,  s^i 

•  •  •  •  •  •  • 

^m      du^dx^      **'      aw„aa;^      4^du^dx^' 


276  DIFFERENTIATION 

2.  We  have,  /  being  considered  as  a  function  of  the  s'Sy 

Thus  to  find  df^  f  considered  as  a  function  of  the  a?'«,  we  may  first 
find  elf,  considered  as  a  function  of  the  us^  and  in  the  result^  replace 
the  du^s  hy  their  values  in  the  x's. 


8.  As  a  corollary 

ofl, 

we  have 

: 

Let 

be  continuous 

in  U. 

Let 

3/ 

du, 
du. 

be  continuous  in  X.     Then  f  considered  as  a  function  of  the  x'Sy  is 
totally  differentiable  in  X. 

For,  by  426,  2,  /  considered  as  a  function  of  the  li's,  and  the  ii\s 
considered  as  functions  of  the  x\  are  all  totally  differentiable. 
Hence,  by  1,  /  considered  as  a  function  of  the  x\  is  totally 
differentiable. 

Some  Properties  of  Differentials.     Higher  Differentials 

431.  In  this  section  we  shall  suppose  the  total  differentials 
which  occur  exist  in  a  certain  region  5,  in  which  ajss(rcj-..rr.,) 
ranges. 


1.  Let 

Then 

For, 


-^=  ^i/i  ■• ^■  ^nfn'        <?'•  constants. 

dF^c^df^  +  ...-{^c,(iff,. 
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2.  Let  I'=f9- 

Then 

dF=fdg  +  gdf. 
For, 


3.  Let 


Then 


=fXi^-^^9X%^-^=f^^94f- 


For,  ff^-f^ 

^df    fdg^gdf-fdg 
9       9"  ^        ' 


432.   The  partial  derivatives  involved,  being  supposed  continu- 
ous in  a  certain  region  i2,  let  us  form  the  expressions 

dy  =  2J  -^r-  dx^dx^,       ^  /e  =  1,  2, ... w. 
dV=  > — dxdx.dx  %       i.  9.ic=sl«2.**.9n. 


They  are  called  the  second,  thirds  •••  differentials  of /(a^j-.-a:,,,), 
respectively,  in  R. 
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We  notice : 

ay 


since  dx^  acts  as  a  constant  with  respect  to  the  symbol  d. 
Then  1)  gives 

In  the  same  way  we  find 

433.  1.  Let  w=f(u^'--Un)y  while  u^^'U^  are  functions  of 
x-^"'X^.  Let  t(;,  when  considered  as  a  function  of  the  x\  be 
denoted  hy  F(^x^"'X^).  Let  finally  all  derivatives  involved  be 
continuous.     Then 


^  di^4  5w^      *      "^  du^ 
^  du 


-<^+x'£'^^-  c2 
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duju^      .« 


du^  du^      ' 


MC  »  « 


-raw. 


(3 


In  the  same  way  the  higher  differentials  d^F^'  can  be  calculated. 
2.   In  case 
'W'e  have 


(Pu^  =  0,  d8^,  =  0,  ... 
(iJ'=d/,  d^F^^,  d^F^d^f, 


434.    i/«t  aK  <A«  partial  derivatives  of  /(x^  •••a;,„)  o/  ord^r  n  be 
eontintwuB  in  the  domain  D  of  the  point  x. 
Then,  if  x-hh  lies  in  i>, 


11 


2! 


setting 


+  ...  +  i^  d-f(x^  4-  ^Ai  -  a:^  +  M„); 
n . 

dx^  =  h^,   and   0<^<1. 


The  expression  on  the  right  of  1)  is 
called  Taylor's  development  of  f  in  finite 
form. 

For  simplicity  we  shall  suppose  w  =  2, 
The  reasoning   in    the    general  case 
precisely  the  same. 

To  avoid  writing  indices,  we  shall  call 
the  variables  x,  y. 


(1 
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Let  x^ffhe  any  point  on  the  line  L  joining  the  points  Oy  b  anc 
a  +  A,  6  +  A.    Then 

x^a  +  uhy    y^b  +  uk.        0  <w  <,1. 
Also  let 

Then,  when  u  runs  over  the  interval  81  =  (0, 1),  the  point  m  -i 

runs  over  the  interval  on  L  between  a,  b  and  a-^h^  b  +  k. 
By  488,  1,  we  have 

^(ti)  =  gA  +  |*  =  (i/(a:,y), 

Thus  g(u)  and  its  first  n  derivatives  are  continuous  functio  i^^cins 
of  u  in  91. 

Applying  409,  we  have 

K«)  =  K0)+fji^(0)  +  ^/'(0)+...  +  ^^-)((9«). 

O<0<1. 

Setting  here  u  =  1,  and  observing  that 

^(1) = /(a  +  A,  A  +  A),  ^(0) =/(a,  6), 

5^(0)=  d/(a,  J),  /'(0)  =  dy(a,  i),  ... 

y")(dM)  =  cffia  +  ek,b  +  Ok), 
we  get 

/(a  +  A,  6  +  *)  =  /(a,  6)4-^<f/(a,  6)  +  ijdy(a,  6)+  ... 

+  -^  d"-'/(a,  J)  +  i.  c?"/(a  +  «A,  6  +  dt)       • 
w—  1 1  n\ 

435.  In  Taylor's  development  of  a  function  /(x)  of  a  sin^^^^ 
variable  [409],  we  have  only  assumed  that  f^\x)  is  finite  witfc^^'i 
a;  whereas,  in  the  corresponding  development  of  a  function        of 
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several  variables,  we  have  assumed  [434]  that  all  the  partial 
derivatives  of  order  n  are  contintiotis  in  D(a),  in  order  to  use  430. 

It  is  interesting  to  note  that  the  development  may  not  hold  if 
these  derivatives  are  not  continuous. 

Consider  the  function 

/(^y)=V|^, 

employed  in  424, 1. 
We  have 

/i(2:,0)=0,  /;(0,y)=0. 

The  derivatives  of  the  first  order  are  thus  continuous,  except  at 
tike  origin. 

Let  P  =  (a:,  a;),  Q  =  (a;  -f  A,  a;  4-  h)  be  two  points  on  the  line 
30^7^  which  we  call  L. 

If  now  Taylor's  development  were  true  in  a  domain  about  a,  in 
^^^hich  the  nth  partial  derivatives  were  finite,  we  could  write,  tak- 
ing here  n  =  1, 

/(«+  A,  x  +  A)  =  /(a;,  a:)+  *!/;«,  f)+/;(f,  f)}.  (1 

xvhere  (f ,  f )  is  a  point  on  L  between  P,  Q. 

This  formula  should  be  valid  for  all  x^  A.  But  in  the  present 
oase 

/;(M)=/;(M)=i8gnf 

Thus  1)  gives 

|a;4.A|  =  |a;[-hAsgnf  (2 

That  this  result  is  false  is  easily  seen. 
For  example,  let 

a;  =  —  1,  A  =  5. 
Then  2)  gives 

4  =  1±5,        iff=^0 

=  1,  iff=0. 


CHAPTER  IX 

IMPLICIT  FUNCTIONS 
436.  1.  Let  T,.  ^     ^ 

be  a  relation  between  the  wi  4- 1  variables  a:i  •••  x^^  u.     Let 

^i  =  ^p  ...  a:^  =  a« 
be  a  set  of  values  such  that  the  equation 

is  satisfied  for  at  least  one  value  of  u ;  Le.  the  equation  2)  in.  u 

admits  at  least  one  root.     Let  D  be  the  aggregate  of  the  poii^B-     ^ 
a;  =  (xj  •••  a;„)  for  which  1)  has  at  least  one  root  u.     We  may  cc^ 
sider  w  as  a  function  of  the  x's,  u  =  ^(x^  '"^m)  defined  over 
where  (t>(^x^  ••  x^)  has  assigned  to  it  at  the  point  x^  the  roots  u 
1)  at  this  point. 

We  say  u  is  the  implicit  function  defined  by  1).    It  is  in  genei 
a  many  valued  function. 

EXAMPLES 

1.  Let 

be  defined  over  a  domain  D.    Let  E  be  the  image  of  D,   Then  3)  defines  an  invi^^P'*^ 
function  ,  . 

defined  over  E,  by  217.    This  same  function  may  be  considered  as  an  impLS^^^^ 
function,  defined  by  ^  ^f(x)  =  F(x,  y)  =  0. 

2.  Let  f(x)  =  1  for  every  a;  in  2?  =  (01).     If  we  set 

the  image  E  oi  D  is  the  single  point  y  =1.    The  inverse  function 

«  =  giy), 
is  defined  only  for  y  =  1 ;  at  this  point  g  takes  on  all  values  between  0  and  1. 


i 
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3.  Let  I''  =  0  be  the  relation 

x«  +  y«  +  ««-f«  =  0,       r^O.  (4 

At  each  point  of  the  domain  D, 

equation  4)  admits  one,  and  in  general,  two  yalues  of  z.  The  equation  4) 
!refore  defines  x  as  a  two-valued  implicit  function  u  of  x,  y,  oyer  the  domain  D, 

*•  x«  +  y«  +  «2  =  0.  (5 

In  this  case  there  is  only  one  set  of  values,  viz.  x  =  y  =  9  =  0  satisfying  6).    Thus 
s  defined  only  for  a  single  point,  viz.  x  =  y  =  0.    At  this  point,  «  =  0. 

^*  a^  +  y«  +  ««  +  f«  =  0.        r^O,  (6 

This  equation  is  satisfied  for  no  set  of  values  of  x,  y,  z.    The  equation  6),  there- 
e,  does  not  define  any  function  z  of  x,  y. 

6.  sin«u  +  cos«u--  =  0.  (7 

y 

This  equation  admits  no  solution  except  for  points  on  the  line 

y  =  x. 

For  all  points  on  this  line,  the  origin  excepted,  the  equation  7)  is  satisfied  for 
y  value  of  u  in  9{. 

2.  More  generally,  let 

(S 

a  system  of  p  relations  between  the  wi  4-/?  variables  x^  u.  Let 
be  the  aggregate  of  points  x  =  (x^"-z^},  for  which  the  system 
is  satisfied  for  at  least  one  set  of  values  of  Ui"-Up.  We  may 
Lsider  the  u's  as  functions  of  the  x^s. 


^X'e  the  ^*s  have  assigned  to  them  at  the  point  x^  the  values  of 
I'oots  Wj  •••  Wp  at  this  point.     We  say  tij  •••  Wp  is  a  system  of  im- 
<^t  functions  defined  by  the  system  S.     These  functions  are,  in 
^eral,  many  valued. 
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3.  Suppose  we  know  that  a  set  of  values 

^1  =  ^'  ..a;^=a„,  t^  =  *i,  -ifp^  Jp 

satisfies  the  system  S.  Let  us  call  the  set  of  values  i^= 5^  -••  Up=iy 
initial  values. 

We  wish  to  show  now  that  under  certain  conditions,  the  system 
S  defines  over  a  region  It  a  set  of  p  one-valued  eontintioiis  func- 
tions u^'"  Up  in  the  variables  x^---  x^^  satisfying  S  for  every  point 
of  JS,  and  taking  on  the  above  initial  values  at  the  point  x  =  a. 
Furthermore  there  is  only  one  such  system  of  functions. 

The  method  employed  is  due  to  Goursat,  Bull.  Soc.  Math,  de 
France^  vol.  31  (1903),  p.  184.  It  rests  on  a  principle,  having 
many  applications  in  analysis,  known  as  the  Method  of  Successive 
Approximation. 

437.  1.  Let  us  first  consider  only  two  variables.  The  method, 
employed  for  this  simple  case  is  readily  extended  to  the  most  gen- 
eral  case.     We  begin  by  establishing  the  fundamental 

df 
Lemma.     Letf(x^  u^  be  continuou^s^  and  ~  exist  in  the  domain  2), 

defined  by 

%;  \x  —  a\<a-^ 

©;  |w-6|<T. 

Let  f  vanish  at  a^  b.  Let  0  be  an  arbitrary  positive  number  <  1, 
such  that 


&u 


^^<0,  inD,  (1 

while 

|/(a;,  6)|<t(1-^)=i7<t,  in%.  (2 

Then 

u-b=fCx,u)  (3 

admits  one  and  only  one  solution 

U=^4>(x),        in%. 

which  is  continuous  at  a,  and  takes  on  the  initial  value  u^b  atx^a. 
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The  function  4>  is  continuous  in  31,  and  remain*  in  ®  while  x  runs 
o-ver  a. 

We  set 

Then  all  these  u's  fall  in  jg. 

For,  by  2),  Mj  falls  in  ©.     Let  us  admit  that  m^_i  falls  in  ©,  and 
slow  that  u^  also  falls  in  jg. 

In  fact,  by  the  Law  of  the  Mean, 

««r-  t*i  =  (Wr-  J)-  (wi  -  J)  (4 

=/(a:,  w^_i)-/(a:,  6) 


Hence,  by  1), 


Itt,-tti|<d|M,_,-6|  (5 

<^T,  (6 


since,  by  hypothesis,  Wr-i  ^^^^b  in  $. 

Thus,  from  «,  —  6  =  («,.  —  »i)  +  (mj  —  J)  and  6),  we  have 

|m^-J|<|mj-J|  +  ^t. 
But 

|m,-6|  =  |/(x,6)|<(1-^)t,  by2). 
Hence, 

|wr-J|<T;  (7 

i.e.  all  the  u's  fall  in  JB. 

We  show  now  that  for  each  x  in  H, 

U=  limu^  =  <l>(^x) 

is  finite.     To  this  end  we  show 

€>0,      7»,      Iw„  — M^|<€,      n>wi.  (8 

For,  in  the  same  way  that  we  established  5),  we  can  show  that 

\Ur  -  W^il  <  d\Ur^i  -  Ur^2\'  (^ 


Thus,  we  get 

\u^-u^\<0\u^-b  \<0v^ 

|M8-Wj|<«|Wa-l^|<^,  (10 


Hence 


V0^ 


8mce0<5<l 


if  991  is  taken  sufficiently  large. 

Thus  the  relation  8)  is  established. 

Furthermore,  the  above  reasoning  shows  that  one  and  the  same 
m  suffices  wherever  x  is  taken  in  21.  Thus  w,  convergeB  uniformly 
to  Uin%. 

Finally,  by  virtue  of  7),  U  falls  in  S. 

The  function  U  satisfies  3)  in  21. 

For,  in 

let  n  s=  00.     Since  /  is  continuous,  we  get  in  the  limit 

We  show  now  that  U=  ^(a?)  is  continuous  in  H.     For,  since 
converges  uniformly  to  ^(a;)  in  21,  we  have 

<^(a:  +  A)=u«(:r  +  A)  +  €',  |€'|<|. 

if  n  is  taken  large  enough. 

But  U|,  14,  •••  are  continuous  functions  of  x^  since/  is  cont 
Thus,  for  sufficiently  small  S, 


^  -4.  A  in  21- 


du      I 
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Hence 

|<^(a;+A)-<^(a;)|<€. 

We  show  now  that  U  is  the  only  root  of  8)  which  is  continuous 

at  a  and  takes  on  the  initial  value  b  at  a. 

For,  let  Fs=  '^(^x)  be  such  a  solution. 

If  X  is  taken  sufficiently  near  a,  F  falls  in  9. 

Then  from 

r-6=/(2:,  F), 

"we  have,  by  the  Law  of  the  Mean, 

|F-«.|  =  |/(a^F)-/(x,«._0| 

=  |F-«...| 
<^|r- «._,],    byl), 

<^->|r-ttii. 

Hence,  passing  to  the  limit,  n  =  oo, 

V-U  =  0,    for  all  points  of  H. 
2.  As  corollary  of  1,  we  have : 
Let  ^r      ^   ^ 

^e  eantinuaui  in  the  domain  of  the  point  (a,  5),  and  vanish  at  that 
jiHfint. 

^li^*  u-6=/(a;,ii) 

wlmite  a  unique  solution 

u  =  <l>(x% 

^hieh  i$  continuous  in  the  domain  of  x=a^  and  ha$  the  initial  value 
lisi  at  xssa. 


288 


IMPLICIT  FUNCTIONS 


438.   1.  By  means  of  the  preceding  lemma,  we  can  now  prove 
the  theorem : 

Let  F(jc^  u)  he  continuovs^  and  Fl  exist  in  the  domain  JD,  defined  by 

H;  |a;  — a|<<r, 

©;  |tt-6|<T. 

At  a,  blet  JP  =  0,  while  Fi  ^  0. 

Let  0  he  an  arbitrary  positive  number  <  1,  such  that 


while 


i      K(x.  u) 
F'Xa.  b) 


F(x.  b) 


<  0,        in  D; 
<(1-«)t,       ma. 


Then  the  equation 


(1 
(2 
(8 


FLia,  b) 

F(x,u)=0 

is  satisfied  by  a  one-valtied  continuous  function 

u  =  <^(a:),         in%\ 

having  the  initial  value  b  at  x^a^  and  which  remains  in  SS  while  x 
is  in  3(. 

Furthermore^  3)  admits  no  other  solution  which  is  continuous  at  a, 
and  has  the  initial  value  b  at  a. 


For,  consider  the  equation 


(4 


Evidently  this  is  equivalent  to  3);  i.e.  every  function  u  which 
satisfies  8)  satisfies  4),  and  conversely. 
Here 

du  Flia,  6) 

Hence  /  is  continuous,  and  /^  exists  in  2>;   also  /  vanishes 
at  a,  I. 
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Furthermore,  from  1) 

-  <e,        in  D. 


while  from  2), 

|/(a:,6)|<(l-«)t,         in  a. 

Thus  /  and  /i  satisfy  all  the  conditions  of  the  lemma  in  437, 
and  the  theorem  follows  at  once. 

2.  The  reader  should  remark  that  the  preceding  theorem  makes 
no  assumption  regarding  jP^.     This  may  not  even  exist. 
For  example,  let 

a;sin-  =  0,  for  a:=  0. 

X 

Consider  - 

F(x^  w)  =  M^  —  a:  sin  -  =  0.  (5 

X 

Here  J^  does  not  exist  at  a;  =  0,  m  =  0.  However,  the  equation 
S)  defines  a  continuous  one-valued  function,  which  takes  on  the 
initial  value  m  =  0  for  a;  =  0 ;  viz.. 


U  =  ^Ji 


1 

a;sm— 

X 


3.  As  corollary  of  1  we  have : 
In  the  domain  of  the  point  a,  5,  let 

F(x,  tt),  JPL(a:,  u) 

he  eontinuotu.     At  the  point  a,  5,  let 

F=0,  F',^0. 

Then  the  equation  F(x^  u)  =  0  admits  a  unique  eoltition 

u^4>(x), 

which  is  continuous  in  the  domain  of  the  point  x  =  a,  and  has  the 
initial  value  u^h^  at  this  point 
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439.    We  have  seen  in  438  that 

-P(a;,  ti)=0  (1 

is  satisfied  by  a  continuous  function 

in  a  certain  interval  (^a  —  a^  a  -h  <r)  =  (-4,  jB)  ;  and  that  there  is 
only  one  such  function  which  =  &,  when  x  =  a.  In  general  this  is 
true  not  only  for  the  interval  (A,  5)  determined  by  the  theorem 
438,  but  for  a  larger  interval  ((7,  D),  containing  (-4,  -S).  For,  let 
aj  be  a  point  near  one  of  the  end  points  of  (A,  -B).  Let  ^1  =  ^iC^i)- 
Let  us  replace  a,  b  in  the  theorem  of  438  by  aj,  b^  Then  the  con- 
ditions of  this  theorem  are  satisfied  for  a  certain  interval  (A|,  j8j), 
about  a^ ;  to  which  corresponds  a  continuous  function 

tt  =  <^3(a;), 

determined  by  the  condition  that  u  =  Jj,  for  x  =  a^.  The  interval 
(Aj,  Bi)  will  in  general  extend  beyond  (A,  B).  In  the  interval 
(Aj,  B)  which  the  two  intervals  (-4,  -S),  (-Aj,  jBj)  have  in  common, 
the  two  functions 

are  equal.     Let  us  define  a  function 

u  =  <l>(x)=4^i(x^,  in  (A,  B)j 

=  4>^(x),  in  QA^,  B{). 

Then  the  equation  1)  is  satisfied  by  this  function  in  (A,  B{)^ 
and  it  is  uniquely  determined  by  the 
fact  that  it  is  continuous  in  (A,  B{) 
and  has  the  value  tc  =  5,  for  x  =  a. 
In  this  way  we  can  continue  extend- 
ing on  the  right,  and  on  the  left,  the 
original  interval,  until  we  are  blocked 
by  certain  points  beyond  which  we 
cannot  go.  Such  points  may  arise 
when  F(Xi  u)  ceases  to  be  continuous,  or  when  FJ  =  0. 
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440.   1.  We   proceed   now  to  extend   the  theorem  of  438  to 
embrace  the  system  S  of  436. 

To  this  end  we  generalize  the  lemma  of  437  as  follows : 
Lemma.     Let 

and  ^- 

A         »,.  =  !,  2,  ...;,. 

be  continiums  in  the  domain  D  defined  by 

«;  |a?i-ai|<<r...|a:^-6r„|<<r, 

«;  |ui-6,|<T...|u^-6J<T, 

and  let  /j,  -"  fp  vanish  at  the  point  (a^  .••  ajb^  .••  6^). 
Let  d  be  an  arbitrary  positive  number  <  1,  such  that 

whUe 

\fS.'i-xJ>^-l,^\<TO.-e)  =  f,,    in%.       i  =  l,2,...^.      (2 

Then  the  equations 

admit  one^  and  only  one^  set  of  solutions 

in  9t,  which  are  continuous  at  a,  and  take  on  the  initial  values  b^"-  5,, 
at  x=a. 

The  functions  ^  are  continuous  in  21,  and  remain  in  ®,  as  x  runs 
over  2. 


<  — ,         t,  iic  =  1,  2,  ...  »,     iw  2>.  (1 


We  set 


etc. 
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We  show  now  that  all  these  ti's  lie  in  ®. 

For,  by  2),  w^  •••  u^^  are  in  ©.  Let  us  assume  now  that 
Wi.r-1  •••  '^p.r-i  1^6  in  ®»  and  show  that  Wj^  •••  Wp^  also  lie  in  ®.  By 
the  Law  of  the  Mean, 

«.-«.l  =  («..r-l-*l)^+-+(«,...I-6,)^ 

the  arguments  of  these  derivatives  lying  in  JD.     Hence,  by  1), 

;  |t*ir-Wa|<-{|tii.r-l-Jl|  +  -+|t*p,r-l-ftj,|{  (» 

Thus,  as 

we  have 

|Wcr -  M  <  |wu  -  M  +  ^T,         t  =  1,  2,  ...;>. 

or  using  2), 

|m^-6J<t,      t  =  l,  2,  ...;?;  r=2,8,  ... 

.which  was  to  be  shown. 

We  show  now  that  for  each  x  in  21, 

U,  =  lim  u^  ^  =  4>,(x^ ...  a:^) 

is  finite. 

To  this  end  we  show  that 

€>0,      m,      \u^^''U,^\<e.        n>m.  C*= 

4=1,  2,    ..;?. 
For,  as  in  3), 

0  - 

|Wir-W,,r-l|<-|Kr-l--Wi,^.2|  +  -|Wp,r-l-t*p,r-2|{.  (^^ 

I  Wt2  -  -w,,  1 1  <  ^17.     by  2)  and  3), 

|wt3  -W4,2|<^»   by  6), 

Kt,4  —  ^t,j|<^i  etc. 

These  relations  are  analogous  to  the  relations  10)  in  437.     The^' 
rest  of  the  demonstration  can  now  be  conducted  as  in  437  to  estab-^ 
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lish  not  only  the  relation  4),  but  the  remainder  of  the  theorem  in 
hand. 

2.  We  can  state  1  in  a  form  less  explicit,  but  easier  to  remem- 
ber, as  follows : 

Let 

/i(a?i  -  x^,  tti ...  u;)     ...     //rri ...  x^,  u^ ...  w,), 

and  ^  - 

it    i,*=i,  2, ...;,. 

h  continuous  in  the  domain  of  the  point  a^ ...  ajb^  ••.  Jj,, 
Let  these  p^'\-  p  functions  vanish  at  this  point. 
Then  the  system  of  equations 

^1  - *i  =/i(^i  ••  Wp)      -      S - *P  =/p(^i  - <*p) 
admits  a  unique  system  of  solutions 

^ahich  is  continuous  in  the  domain  of  the  point  a:i  =  ai...ir,„  =  a^, 
ZTid  takes  on  the  initial  set  of  values  w^  =  6j ...  w^  =  6^. 

441.   We  can  now  generalize  438  as  follows : 
Let 

tTsd 

^        i,*  =  1,2,  ...;,.  (1 

e  continuous  in  the  domain  J)  of  the  point 

Q;         Xi  =  ai-x„=a„,Ui  =  bi  —  Up  =  b^. 
Xtet  Fi'-F^  vanish  at  Q,  while  the  derivatives  1)  have  the  valtus 

rf„        otQ. 


-Ce« 


As 


du-di^ 


=jfcO. 
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Then  the  syttent  of  equatiens 

J\  =  0...j;-iO  iS 

is  satisfied  by  a  set  of  functions 

ufhich  are  one-valued  and  continuous  in  a  certain  region  %,  about  the 
point 

a;         a?i  =  ai-a^m  =  «m; 

and  at  this  pointy  these  functions  have  the  values 

u^  =  b^"'Up  =  bj,. 

Furthermore^  the  system  S  admits  no  other  set  of  p  functions^  con- 
tinuums at  a  and  taking  on  the  initial  values  b  at  that  point. 

We  replace  the  system  Shy  the  equiyalent  system 

^nOh  -  4i)  +  •  •  •  +  d^(uj,  -  6^)  =  d^^(u^  -  Jj)  +  - 

(2 

Since  A  ^^  0,  we  can  solve  this  system  for  the  differences  iCi  —  it, 
and  get 

Uj  -  61 «  611^1  +  -  +  e^g,  =i/i 

•  (8 

tt,  -  6^  =  e,^g^  +  -  +  e„g,  «/,. 

Obviously,  the  functions  g,  and  hence  the.  functions  /,  are  con- 
tinuous in  2>. 
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So  are  the  deriyativ^s  ^-     For 

where 

Since  the  ^'s  vanish  at  Qy  so  do  the  fs.    Since  the  derivatives 
5)  vanish  at  Q^  so  do  also  the  derivatives  4). 
Obviously,  therefore,  the  numbers  0-,  r,  0  of  lemma  440  exist,  such 

that 


y. 


g 
<  -,        in  D. 

P 


f/(^l-^mJl- Jp)|<T(l  -  «),  in  a. 

^e  can  therefore  apply  this  lemma  to  the  system  3).  Since  this 
y^stem  and  the  given  system  3  are  equivalent,  the  theorem  is 
roved. 

442.    1.  La  fCx^-x^,u)=0  (1 

^-mit  a  Bolution  u^h^at  the  point  a;  =  a.  In  i>(a,  6),  letf(x^  •  •  •  x^u) 
^we  continuous  first  partial  derivatives.  Let  f^^^  in  2>.  Then 
^  defines  a  one-valued  function  u^  in  a  certain  domain  A,  of  the  point 
»    ^hose  first  partial  derivatives  in  A  are  given  by 

|.  =  -^.        .  =  1,2,...«.  (2 

Tor,  let  0?  be  a  point  of  A.  Let  x  receive  the  increment  Axi^ 
'^tile  the  other  coordinates  of  x  remain  constant.  Let  the  corre- 
ponding  increment  of  u  be  Am.     Then 

/(iCj  —  Xi  +  Axi'"X^u  4-  Aw)  — /(a?!  •ar^w)  =  0,  (3 

^y  virtue  of  1).  Applying  the  Law  of  the  Mean  to  8),  we  have, 
^tting  ai  =  iTi  H-  ^Aa:*,  w'  —  w  +  ^Am, 


?- 
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whence 

Passing  to  the  limit,  we  get  2). 
2. 


d/=^da:i+...+  ^rfa:«  +  ?rfu  =  0. 


dz^ 


For,  by  2), 


du 


!-»• 


(4 


dx^* 


Multiplying  by  the  common  denominator,  we  have  4), 
443.   1.  Let  the  %y%tem 

(1 

admit  a  soltUion  u  =  b  at  the  point  x  =  a.     Let  the  functions  Fi^-Fp 
have  continuous  first  partial  derivatives  in  D{a^  6).     Let 


t7= 


dUi      dWj 


du„       du^ 


^  0,        in  D. 


Then  1)  defines  a  system  u^---Up  of  one-valued  functions  in  a  cer- 


tain  domain  A  of  the  point  a,  whose  first  partial  derivatives  -^ 
are  given  by  the  system  of  equations  * 


du^  dx^ 


dFt  du^ 
.-I-        ^       P--  Q 

dUj,  dx^ 


in  A 


(2 


Bx^       Bu^  dx^ 
tmth  non-vanishing  determinant  J. 


du,  dx,       ' 
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For,  let  P  =  (x^"»x^u^  "'^p)  be  a  point  of  D.  Let  At^ •••  Awp  be 
the  increments  of  t^---Wp,  corresponding  to  an  increment  Ax^  of  z^. 
Let  0<54<1,  and 

Q,  =  ix^"'X^  -f  O^Ax^'X^,  wj  -f  ^jAt*!-.  Wp  -f  ^tAwp).    t  =  1,  2, ...;?. 

Let  ^4  be  the  value  of  -;—-',  and  -^j-  be  the  value  of  --— '  at  Q,. 

dx^  ^"^  dUf.  ' 

Then,  by  the  Law  of  the  Mean,  we  have  from  1), 


Aui 


A^l=<^l  +  ^UAe  +  ^«A?  +  -  +  tlP^=0 


At^ 


Au„ 


Ax. 


Ax^ 


'Ax, 


(8 


Ai;=<^p+^.,^+^.^+-+t.^"" 


Thus, 


Ax, 


^Ax. 


'"Ax. 


0. 


fpi-<t>p-f, 


pp 


■^Pi-i', 


n 


liet  Ax,  =  0 ;  the  limit  of  the  right  side  exists,  since  the  partial 
►  xivatives  of  the  F\  are  continuous,  and  «/'¥=  0.         Hence  the 

-»vative8  — ^  exist.     Hence  in  the  limit,  the  system  3)  goes 

^r  into  the  system  2). 

2.  The  determinant  J  is  called  the  Jacobian  of  the  9t/9tem  1). 


\ 


CHAPTER  X 

nrDETERMnrATs  forms 

Appliccction  of  Taylor's  Development  in  Finite  Form 

444.  The  object  of  the  present  chapter  is  to  show  how  in  cer- 
tain cases  we  may  determine  the  limit  of  expressions  of  the  type 

which,  on  replacing /(x),  g{x)  by  their  limits,  assume  the  forms 
5,   |,    O.oo,   00-00,    1-,   00,   ooO. 

These  are  ordinarily  called  indeterminate  fortM. 

445.  Suppose  by  the  aid  of  Taylor's  development  in  finite  fonra 
or  otherwise,  we  find  that,  in  i2  =  i2i>(a), 

f(jc)=  a(x  -  a)"*  -h  <^(a;)(a:  -  a)™,         m'>m. 

g(x)  =  fiix  -  ay  +  y^QxXx  -  a)*',  »'  >  n. 

where  ^,  y^  are  limited  in  iJ,  and  a^  ^^0. 

Passing  to  the  limit  a;  =  a,  we  have 

0,         if  m  >  w, 


i21im4^  = 


a/fi^    if  m  =  n, 

<r  •  00,  if  7w  <  n.         <r  =  sgn 


a 

Similar  considerations  apply  to  the  left  hand  limit  at  a. 
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lim«'-f' =  +  1. 
»c«  X  —  sin  X 

/(x)=  ««  -  «*>•  =  Jx«  +  x*0(«). 
jr(x)  =  x  —  8inx=:|x»  +  sfiip(x).  . 


Similarly, 


The  functioDB  ^,  ^  are  limited  in  I>(0). 

Thus, 

/(x)_i  +  x0(x) 

Br(x)-i  +  a^(xy 
whose  limit  for  x  =  0  is  1. 


416.  To  find  the  limit  of 

f(x)-g(ix),  (1 

when  /  and  ^  are  infinite  in  the  limit,  we  may  sometimes  find  a 
development  of  f(x)^  g(x)  in  the  form 

valid  in  D{a)  or  RD(jn\  the  function  ^  being  limited  here. 

This  method  of  finding  the  limit  of  1)  is  best  illustrated  by 
an  example. 

lim  ( —  co6ecx]=0. 
-H)  \x  / 

We  haye 

Hence  ^ 

oosec  X  =  -  {1  + aiV(«)}- 
Hhssadfot 

-  —  ooeec  X  =  —  x^(x)  =  0. 
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447.    When  the  independent  variable  2;  =  +  ao,  we  may  set 


^=«' 

limit  into  R  lira,  by  290. 

1 

y 

=  «(<!» -1),       a>0. 

limy 

1 

=  loga. 

€^-a:^ 

=  c«ioga  =  1  +  ttloga  +  tiV(t»). 

^(tl): 

=  ilog«a. 

y 

=  loga  +  tt^(ti) 

=  loga. 

EicampU, 

For, 
where 
Henoe 


448.  When  the  preceding  methods  are  not  convenient,  we  may 
often  apply  with  success  one  of  the  following  theorems.  These 
rest  on 

Cauchy*%  theorem.  Let  f(x)^  g(x)  he  continuous  in  H  =  (a,  6). 
Within  21,  Ut  f(x)  he  finite  or  infinite  and  g'(x^  finite  and  =^0. 
Then 

We  note  first  that  ff{h')^ff(a).  For,  if  g(h)=g(jOL)i  we  can 
apply  RoUe's  theorem  to  g(x)^  which  shows  that  g\x)  must  vanish 
within  21,  which  is  contrary  to  the  hypothesis. 

To  prove  1),  we  introduce  the  auxiliary  function 

Obviously,  h(jc)  is  continuous  in  21.  Also  for  points  within  H, 
for  which  fQt)  is  finite, 

while  for  the  other  points  within  21,  V(x)  is  definitely  infinite. 
Finally,  we  observe  that  A(a)  =  A(6)  =  0.  We  can  thus  apply 
Rolle's  theorem  to  A(a:),  which  gives  1)  at  once. 


THE  FORM  0/0  801 

449.  1.  Let  /(a:), /'(a;)  .../'-»>(x),  g(x),  sf^x)  -- ^-'\x)  be 
continuovM  in  31  =  (a,  a  H-  S),  and  vanish  for  a;  =  a.  Letf^^\x)  he 
finite  or  infinite  within  21.  Let  ^"^(a;)  be  finite  and  =^  0  within  %. 
^^  ff'(pO^  ff"  (^)  •  •  •  ff^'''^^)  ^  0  within  %.     Then 


For,  by  448, 


2.  We  note  that  the  denominator  5'(a+  A)  in  1)  is  :#0.     For 
otherwise,  g'(x)  would  vanish  somewhere  within  H. 


The  Form  j- 

450.  1.  Let  f(x)i  g(x)  he  continuous  in  R  =  RD(a)^  and  vanish 
at  a.  Let  g\x)  he  finite^  and  =^0  within  R.  Let  /'(a;)  he  finite 
or  infinite  within  R.     Let 

f(x) 
R  lira  ^^T7~^  =  ^        finite  or  infinite.         (1 

where  x  runs  over  only  those  values  for  which  /'(a:)  is  finite. 

Then  .    . 

i21im4^^  =  \.  (2 

_    _     nf  nr\  ^ 


«  gix) 
For,  by  449, 


a<f  <ic 


The  limit  of  the  right  side,  as  a;  =  a,  is  X. 
Hence  the  limit  *  of  the  left  side  is  X,  for  x^  a. 

*  The  reader  should  hear  in  mind  that  a  limit  is  a  general  limit,  unless  the  contrary 
la  stated.  Thus  in  2),  z  runs  over  all  values  within  J2  as  it  «  a;  while  in  1)  it  ranges 
only  over  a  specified  part  of  R. 
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2.  Let  f(x),  g(^x)  vanish  at  a;  =  a,  while  ^(a:)#0  mthin  RD(ji). 
Letf{a)  exists  finite  or  infinite.    Let  ^(a)  exi%t  and  be  ^  0.     Then 

n^m  m. 

For, 

a;— a 

3.  We  can  generalize  2  as  follows : 

Let  /(«),  g(x)  and  their  first  n  —  2  derivatives  he  eontintums  in 
R=  RD(a^.  Within  R,  let  /^"-^^(a;)  be  finite  or  infinite,  ^^"-'^(a;) 
finite,  and  g',^'  -  ^^*"^^ ^  0.  2i«f  /,  ^  and  their  first «  —  1  deriva- 
tives vanish  at  a.  Xe^  /^"^(a)  &^  jim'to  or  t9»/im^  white  9*(a)  m 
^m7e  and  =^0.     Then 

For,  by  449, 

/o»-i)(g)  -/(»-t)(g) 

<?  — a 

But  as  a;  =  a,  so  does  c  =  a.  Hence,  passing  to  the  limit  x^a, 
we  get  2). 

Example,    Let  /(x)  =  x\  for  rational  x. 

=  0,  for  irrational  as. 

Let  g{x)  =  sin  x. 

Here  /'(x)  does  not  exist  except  at  x  =  0,  where  it  =  0.    Heooei  hf  S, 

^g{x)      ^'(0)     1 
a  result  which  is  obvious  from  other  considerations. 

4.  In  1,  we  assume  the  existence  oi  \^R lim  *^^  ^,  and  tha  :s 
show  that  ^^^^ 

iJlim4^=nX-  O 
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That  the  limit  on  the  left  side  of  1)  can  exist  when  X  does 
not  is  shown  by  the  example  in  3.  It  is  also  illustrated  by  the 
following : 

Let  /(«)  =  a^flin-,  for  x^O. 


=  0,           for  X  s  a 

Let 

Then,  forx^O, 

whOe 
Henoe 

/'(x)  =  2x8inl-00Bl; 

does  not  exist    On  the  other  hand, 

Um4?^  =  0. 

We  observe  that  this  result  also  follows  from  2. 


451.   Suppose: 

1^.  fCx)^  g(x)  are  continuous  in  D(+  oo); 
2^.  f'(x)  is  finite  or  infinite  in  D; 
3^.   ^(jx)  is  finite  and  =^0  in  D; 
4^  /(+oo)=^(+oo)=0. 

f'(x) 
Let  lim  '^.^  ^  =  X,         X finite  or  infinite. 


'^^^here  x  runs  over  only  those  values  for  which  f(x)  is  finite. 

Ax-) 


Then*  lim4$  =  X. 


We  set  J 

«  =  -• 
u 


Then  2>  goes  orer  into  R  »  RI>*(Q'). 

•  Ct.  footnote,  page  301. 
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Let 


The  functions  <^,  yjr  not  being  defined  for  w  =  0,  we  set 

<^(0)=^(0)  =  0.  c 

Since  /,  g  are  continuous  in  2>,  <^,  yfr  are  continuous  in  IL, 
virtue  of  1)  and  4^. 

For  points  of  D  at  which /'(x)  is  finite, 

Hence  at  the  corresponding  points  u  in  12,  <^'(u)  is  finite. 
From  the  relation 

we  see  that  when/'(a;)  is  definitely  infinite  in  D,  ^'(u)  is 
infinite  at  the  corresponding  u  point  in  12. 

Thus  (f>'(u}  is  finite  or  infinite  in  12,  while  yfr^u)  is  finite 
=jfc  0  there. 

Then  by  450,  1,  if 

Ji  lim  7,^  (  =  X,         \  finite  or  infinite. 


iJli„,^  =  x. 


\ 


u  running  over  only  those  points  for  which  <f)\u)  is  finite, 

■f(M) 

Hence  1),  2)  give  the  theorem. 


i 
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The  Form  § 

452.    Let  f{a  H-  0),  g{a  H-  0)  be  infinite. 
In  Ii=s  RJ)(^a)  suppose  that 

1^.  /(a;),  ff(x}  are  contimums; 
2^.  /'(a;)  is  finite  or  infinite; 
8®.  g'Cx)  is  finite  and  =^0. 

R  lim  ^^     =  X,         X ^mYc  or  tn/Smf^. 

a:  ranging  over  only  those  values  for  which  f\x)  is  finite. 
Then* 


:8.  — .       .    . 

a      X  ^ 


Leta<2;<i<a  +  S.     Then,  by  448,  — j — i   i^i"^  i^   J^^ 


Thus  f  ri:^ 


whence 


Here  h  is  any  fixed  point  in  72. 

There  are  two  cases  according  as  \  is  finite  or  infinite. 
Suppose  X  is  finite.     Let  o*  >  0  be  small  at  pleasure ;  we  can  take 
S  80  small  that  4fi/'t\ 

^  =  X  +  <r'.         H«r. 

Let  T>0  be  small  at  pleasure.    We  can  choose  a-{-ri<b^  such 

that 

gixy  g(x) 

are  nomerioally  <t,  if  x<a  +  'n<b. 

*  Gf .  footnote,  page  301. 
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Then  for  all  x  in  (a*,  a  + 17),  we  have  by  1), 


Thus  ^^^^ 


^  =  ^  +  (X  +  a')(l-7").  (2 

-xl<T(l+|X|)  +  o-(l  +  T)<e, 


if  a-  and  t  are  taken  sufficiently  small. 

Suppose  X  is  infinite^  say  X=:  +  qo.     Let  Jf>0  be  large  at 
pleasure^     We  can  choose  S  so  small  that 

Choosing  17  as  before,  we  have  for  every  x  in  (a*,  a  + 17), 

^  =  T'  +  Af(l  +  M)(l-r"). 
If  we  suppose  t<^,  and  Jf  sufficiently  large, 

^>ilf(l-T)-l>(?,        inD,*, 
where  (7  is  as  large  as  we  please. 

453.   Letf(^-^  Qo),  ^'(-l-  oo)  be  infinite. 
In  I>{+ 00)^  let 

1^.  f(x)^  g(jr)  be  eontiwuaus; 
2^.  /'(a;)  be  finite  or  infinite; 
8**.  ^(a;)  be  finite  and  ^0. 


Si  7^  -  ^         X^fto.or  m)Iiiite. 


Then 


We  deduce  this  theorem  from  452  in  the  same  way  as  451  was 
derived  from  450. 
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2he  Forms  Oqo,  qo-qo,  0^  F,  oo*> 

iM.    1.  Let  /(a?)=0,  gix)^±a:>.     Then  f(x)g(»)  is  of  the 
m  0*00. 

Jetting  ^  =  p  this  form  is  reduced  to  jr. 

\.  Let  f(x)  =  ±  Qo,  g(ji)  =  ±  oo,  the  infinities  having  same  signs. 

en  f(x)  —  g(x^  is  of  the  form  oo  —  oo. 

Jetting 

0  ^ 

3  form  is  reduced  to  -• 

(.  Let  f^O,  g=  0.     Then  [/(a;)]<^')  is  of  the  form  (fi. 

-et  y=/^        /(a;)>0. 

Then 

logy  =  ^log/  =  -|-. 

d  the  form  -• 

f  logy  =  X, 

n  lim  y  =  lim  [/(a;)p<'>  =  e^. 

The  other  forms  1"°,  oo^  are  treated  in  a  similar  manner. 

EXAMPLES 
a5'*log(l -C08X),         Mf  x>0.  (1 

the  fonp  0  •  00  for  X  =  0.    We  may  write  it 

iog(l  —  coa  g) 

ch  has  toe  fonn  ^.    The  conditionB  of  452  being  satisfied,  we  differentiate 
lentof  snd  denominator,  getting  as  new  quotient 

sing 
l~coBx 1«!11. 

"^2 
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This  has  the  form  ^,  for  x  =  0.    Applying  450,  1,  we  get,  differentiating  once 
more, 

^     8ec«? 
whose  limit  for  x  =  0,  is  0. 
Hence, 

B  lim  X"*  log(l  -  cos X)  =  0. 


(2 


2.  /?limx«|logx|'*  =  0.        a,  M>0. 

'     '^     '  X-  ^(x) 

We  apply  462. 

g'{x)     a       x-« 

If  fi  <  1,  this  expression  =0.     If  m  >  !«  we  differentiate  again,  etc. 

3.  At  first  sight  one  might  think  that 

—     An)      -^'  ^^ 

since  5_±i  =  i.    This  is,  however,  not  true  in  general 

71 

For  example,  let  /(x)  =  e*. 
Then 

fin)     -  e-  -^ 

Hence  the  limit  3)  is  here  e  and  not  1. 
Again,  let 

Then 
which  =  +  «. 

Criticisms 

455.    1.  The  treatment  of  indeterminate  forms  in  many  text- 
books is  deplorable. 

We  consider  some  of  the  objectionable  points  in  detail. 
When  /(a;),  g{z)  vanish  at  a:  =  a,  the  function 


is  not  defined  at  a. 


*«=^^ 


^ 


CRITICISMS  809 

ome  authors  admit  division  by  0. 

rom  this  standpoint  the  value  of  <^  at  a  is  hidden  because  <^ 

38  on  the  indeterminate  form  -•      The   true  valtie^  as   such 

bors  say,  may  often  be  found  by  a  simple  transformation,  or 
the. method  of  limits, 
'or  example,  if 

true  value  of  <^  may  be  found  by  removing  the  common  factor 

ar  —  a^      .         ^z  —  a 

X—  a       ^         ^  x  —  a 

<^(a)=2a. 

LS  already  remarked,  division  by  0  is  ruled  out  in  modern 
lysis. 

'irst,  because  it  is  nowhere  necessary ;  and  secondly,  because 
he  difficulties  and  ambiguities  it  gives  rise  to. 
!*he  expression  1)  has  then  no  value  assigned  to  it  for  2;  =  a. 
may  therefore,  if  we  choose,  agree  that  in  all  such  cases  <^ 
LI  have  the  value 

m  this  is  finite.  Some  authors  do  this;  in  this  case  <^  has  a 
f  value  at  a.  However,  we  shall  make  no  such  convention  in 
.  work. 

.  In  this  connection  let  us  give  an  example  of  the  so-called 
euloxes  which  arise  from  division  by  0. 

ict  2;  =  1 ;  then  «     ^  ^ 

ar  —  1  =  a?—  1. 

dividing  both  sides  by  a;  —  1,  we  get 

ch  gives,  since  a;  =  1,  «  _  1 

b  is  easy  to  see  where  the  trouble  arises. 
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When  c=^0,  we  can  always  conclude  from 

ac  =  be  (2 

that  ,  ,  ,^-> 

If,  however,  <?  =  0,  we  cannot  always  conclude  8)  from  2). 
In  fact,  take  a  =^  i,  if  <;  =  0,  we  still  have 

ac  =  be. 

456.    1.  To  find  lim  <f)(^x)^  some  writers  proceed  thus.     From 

/(a  +  A)-/(a) 

h 

they  conclude  that  ^^  n 

liin^  =  4^.  — 

This  is  correct  if  fia),  ff'ia)  exist,  and  the  latter  is  <^0. 
If  both  are  0,  they  say 

is  still  indeterminate.     Applying  the  preceding  reasoning  to  2^  ^     ^t 
follows  that  its  tme  value  is  that  of 


This  last  step  would  be  permissible,  provided  the  first  st-^P 
showed  that 

lim  <f)  =  lim 


f(^)  ^3 


But  it  does  not ;  it  shows  only  that  1)  is  true,  and  even  he- 
we  must  assume  that^(a)=^0. 

In  order  to  take  this  second  step  correctly,  we  have  prover^ 
Cauchy's  theorem,  448.     Cf .  449,  460. 
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2.  In  this  connection  we  note  that  we  cannot  always  say  that 

=^and:^^ 

bave  the  same  limit  for  a:=  a,  when  f{a)  =  g(a)  =  0. 
For  example,  let 

/(a;)  =  a?  sin -,  g(x)^x.         a  =  0. 

•1/ 

Then  ..  . 

Iim4^  =  0, 

s¥hile  f(\  1  1 

^~7-^=2a:8in cos-         x>Q. 

grix)  X  X 

has  no  limit  for  a:  =  0.     Cf .  450. 

457.   Some  writers,  using  the  relation  of  Cauchy, 

conclude  now  that 

This  is  true  if  /'(a?),  ^''(a:)  are  continuous  at  a,  and  ^(a):#0. 

468.  Some  writers,  in  order  to  evaluate  lim<^,  develop  /(a;), 
y(a:)  into  infinite  power  series.  The  possibility  of  such  a  develop- 
ment is  established  only  for  a  few  simple  cases  in  many  text-books. 
For  example,  such  books  do  not  show  that 

sec  a:,     tan  a;,     «^°* 

can  be  developed  into  power  series;  yet  they  give  examples  of 
indeterminate  forms  involving  these  functions. 

There  is,  however,  no  necessity  of  using  infinite  series ;  all  that 
is  needed  for  such  cases  is  Taylor's  development  in  finite  form. 
See  445,  446. 
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459.  To  evaluate  the  form  ^,  some  writers  proceed  thus : 


Hence 

lim<^(x)=liin  ^  =  lim<^(a:)^. 

Dividing  by  lim  <^(a:),  they  get 

Hence  fu'\ 

lim<^(a:)  =  lim=^7i^. 

This  method  assumes  the  existence  of  lim<^(2:);    that  is,  the 
existence  of  the  very  thing  we  are  seeking  is  put  in  question. 
Suppose  by  this  method  we  find  that 

for  example;  what  right  have  we  to  say  that  therefore 

Um4^  =  l? 

None  whatever,  until  by  some   subsidiary  investigation,  the 
existence  of  lim  ^  is  established.     See  877,  3. 


Scale  of  Infinitesimals  and  Infinities 

460.  Consider  the  functions 

/(a:)  =  log*  a:,    g(x)^2fi,         a,0>O. 

Both  increase  indefinitely  as  a;  =  H-  oo.     We  may  ask  whici 
increases  faster. 


Hh 
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The  quotient 

is  of  the  form  ^.      The   conditions  of  453  being  satisfied,  we 
consider 

^'      g\x)      /3      afi 

IfO<a<l,  ^1=0;  hence  ^=0. 
If  a>l,  we  consider 

Thu8ifO<a<2,  Q^  =  0\  hence  ^=0. 

If  €c>2,  we  may  continue  this  process.  As  the  exponent  a  is 
diminished  by  unity  each  time,  log  x  must  have  finally  a  negative 
or  zero  exponent.     Thus  in  every  case  ^  =  0. 

461.  1.  Let/(a;),  ^(a;)  become  infinite  for  a;  =  a,  a  being  finite 
or  infinite.     If 

lim  ^^^  is  finite  and  ^  0, 
we  say/ and  g  are  of  the  mme  order  infinite.     If 

9i^) 
we  say/  is  of  lower  order  infinite  than  g.     If 

lim  '^  ;l  is  infinite, 
9i^) 

«^e  say/  is  of  higher  order  infinite  than  g. 

These  three  cases  are  denoted  respectively  by 

f(x)^g(x),    fCx)<gCx),    f(x)>g(x). 

We  may  also  say  more  briefly,  that /(a;)  f«  infinitarily  equals  less 
^hany  greater  than  g(x)* 


2.  Similar  definitions  hold  when 

/(a:)  =  0,    K^)  =  0. 

If,  for  example,  jy  x  I 

lim4^  =  0,  • 

we  say  f(jc)  is  infinitely  snudl  relative  to  ^(a;),  or  an  infimtenmal 
of  higher  order  than  ff(^x).  We  may  also  say  fQx)  is  infinitarily 
smaller  than  g^x).     In  symbols, 

Ax)<gCz). 

8.  Turning  to  the  result  of  460,  we  have : 

\og^x<xfi       a,  i8>0,  a:= +00. 
however  large  a  is  and  however  small  /3. 

462.  Let  us  consider  now  functions  of  the  type 

For  a:  >  1,  we  have 

0  <  log  x<x. 
For  sufficiently  large  «, 

Zi«,     ZjX,     l^  •.  l^ 

are  >  0.     We  have,  then, 

X>l^X>l^  '"  >l^» 

The  values  of  these  iterated  logarithms  decrease  very  rapidly 

For  example,  let 

a:  =  1,000,000,000  =10». 
Then 

Zjxs  20.728,  Z^=  8.081,  ZgX^  1.108,  ^42;  =  0.108    •. 

l^x  =s  a  negative  number. 

Hence  l^  does  not  exist. 

463.  1.  When  z^  +  co^we  have^  if  ^  0^%^  —  >0, 

tt^>l^^x>l^>l^'"  (S 

Tbe  sequence  S  may  be  called  the  logarithmic  scale. 
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To  prove  S^  let 

Then  w  =  -h  oo  with  x.     We  have 

lhnJ=!:!^  =  lim  1^8^  =  0,        m  =  l,2,... 

by  461,  3. 

2.  /f  ttj,  a,,  ••.  >1,  a;=+oo  ; 

Zj^ix  >  l^xl^  >  l^od^^x  >  ••• 
This  follows  at  once  from  1. 

464.    Let  a;  =  +  oo,  while  a,  a^  a^^   ••  >  0.     Then 

The  sequence  7^  may  be  called  the  eocponential  scale. 
Let  f/^^x 

We  apply  468.  /^_«^ 

If  nowO<a<l,  ^=0. 

Ifa>l,  /^(a;)^tt(a^l)af-« 

If  1  <  a  <  2,  this  shows  that  Q  =  0,  and  so  on. 

Hence  _     .^.^ 

3f<(e')^. 


To  show 
et  OS  set 


(0-<(0^  (1 


L8  just  shown.     This  proves  1).     The  rest  of  the  theorem  follows 
iow  in  the  same  way. 
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Order  of  Infinitesimals  and  Infinities 

465.  1.  Let  a;  =  0 ;  then  a;  is  an  infinitesimal ;  a^^  sfl  --  are  i 
infinitesimals. 

Taking  a;  as  a  standard,  we  may  say  af  is  an  infinitesimal 
order  n^  n  being  a  positive  integer,  and,  in  general,  if  rr  >  0,  2 
an  infinitesimal  of  order  /L^  where  /a  is  any  positive  number. 

Then,  if 

is  finite  and  ^  0,  we  say  that  f{x)  is  an  infinitesimal  of  order  f 
Not  every  infinitesimal,  however,  has  an  order. 
For  example,  by  464,  there  is  no  number  /L^  such  that 

_i 

is  not  0.     Hence  t  '  has  no  order. 

2.  On  the  other  hand,  an  infinitesimal  f(z)  may  not  havr 
order  /L^  because  .,  . 

either  does  not  exist,  or  when  it  does  it  is  infinite  or  zero. 
Thus 

xsin- 
JJlim — --f 

does  not  exist.     Hence  ^ 

xsin  - 

X 

is  an  infinitesimal  without  an  order. 
8.  Obviously,  similar  remarks  hold  for  infinities. 
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MAXIMA  AND  MINIMA 

ONE    VARIABLB 

Definition.     Geometric  Orientation 

466.    Let /(a;)  be  defined  in  31  =  (a,  6).    Let  c  be  an  inner  point 

of  a.     If 

A/=/(^)  -/(O  >0  in  2>»(0,  (1 


/  has  a  minimum  at  c.     If 


(2 


/  has  a  maximum  at  (?. 

In  words,  we  may  say :  /  has  a  maximum  at  c  when  /((?)  is 
greater  than  any  other  value  of  /  in 
the  domain  oi  e\  it  has  a  minimum 
at  c  when  /((?)  is  less  than  any  other 
value  of  /  in  the  domain  of  (?.  Accord- 
ing to  this  definition, /(a;),  whose  graph 
is  given  in  the  figure,  has  a  maximum 
at  c^  and  a  minimum  at  Cy^  c^. 

The  reader  should  not  confuse  the  terms  f(^z)  has  a  maximum 
or  a  minimum  at  a  point  (?,  with  the  terms 

Min/(a;),  Max/(2;),  in  81. 

A  function  may  have  an  infinite  number  of  extremei^  that  is, 
maxima  or  minima,  in  91. 


a  cj 


Example. 


/C«)  =  *»(l  +  8in«  ly       for  X  :jfe  0, 


=  0. 


for  X  =  0. 
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This  function  oscillates  between  the  two  parabolas 

At  the  origin, /has  a  minimum ;  and  in  any  vicinity  of  the  origin,  /  has  an  in> 
finite  number  of  maxima  and  minima. 

467.  We  consider  now  how  the  points  at  which  f(x)  has  an 
extreme  may  be  determined.  Consulting  the  Fig.  in  466,  the 
reader  will  observe  that  at  the  points  of  extreme  the  tangent  is 
parallel  to  the  axis  of  x\  that  is,  at  these  points /'(a;)  =  0. 

However,  f(x)  does  not  need  to  have  an  extreme  at  all  the 
points  at  which /'(x)  =  0. 

For  example, 

This  is  an  increasing  function  whose  derivative  vanishes  at 
a;  =  0.     In  fact,  at  this  point  the  graph  has  a 
point  of  inflection  with  a  tangent  parallel  to 
the  X  axis.     See  Fig.  1. 

On  the  other  hand,  not  all  the  points  of  ex- 
treme are  given  by  the  roots  of  f\x)  =  0. 


T 


Example. 


y^x^. 


1 


This  function  has  a  minimum  at  the  origin  0, 
which  is  a  cuspidal  point,  with  vertical  tangent. 
See  Fig.  2. 

At  this  point,  y  has  no  differential  coeflBcient, 
since 

22/(0)  =  +  00,     i/'(0)  =  -oo. 


Fig.  1. 


:v 


Fio.  2. 


Criteria  for  an  Extreme 
468.    1.  In  D(a),  let  f\x)  be  continuous  andf^'^ay^^O. 

Then  f  has  no  extreme  at  a,  if  n  is  odd.     If  n  is  even^  it  Jia^ 
minimum,  iff"\a)>Oi  a  maximum^  (f/"^(a)<0. 
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For,  under  these  conditions,  we  have 

/Sf^fia  +  A)  -/(a)  =  *^  r-\a  +  OK). 

n  I 

Since  f^^\x)  is  continuous  at  a, 

sgn/<'»>(a  +  Oh)  =  sgn/(*>(a)  =  <r. 
If  n  is  odd, 

sgn^=a-&gnh. 

As  A  can  take  on  positive  and  negative  values,  A/  does  not  pre- 
serve one  sign  in  2>*(a).  Hence,  /  has  no  extreme  at  a.  If  n  is 
even, 

sgn  A/=  0-. 
Thus  in  2>*, 

4f>0,  if/^»>(a)>0, 

<0,  if/^->(a)<0. 

2.  Jn  9  =  (a,  6),  Z«^  /'(^)  «a:t«^  jJnt<«  or  infinite.  The  points 
within  91  at  which  f(x)   ha%  an  extreme^  lie  anuyng  thfi  zeros  of 

For,  suppose  /(a;)  has  a  maximum  at  c.     Then  for  A  >  0, 

/(^  +  A)  -/(O  <  0,  Ac  -  A)  -/((?)  <  0. 
Thus, 

But  when  A  =  0, 

lim  22  =  limi  =/((?).  (2 

On  the  other  hand,  1)  shows  that 

lim^^O,  limi^O; 

Which  with  2)  shows  that  /'((?)=  0. 

8.  The  reasoning  in  2  also  shows : 

lff(x)  has  an  extreme  atx^a,  thenf(a)t:»  0,  tff(a)  exi$te 
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469.  Let  f(x)  he  cantinuotts  in  -D(a).     Let  f\x)  be  finite  in 
D*(a).    Let 

Rf(a)^(r^,  i/'(a)=:-o-oo,  <r  =  ±l. 

Then  f  Jias  a  minimum  at  a,  if  <r  =  + 1 ;  and  a  maximum^  ij 
(r  =  -l. 

To  fix  the  ideas,  let  <r  =  + 1. 

f(a-K)-f(a) 
R  hm  ^— \  -^^  ^  =  -00. 

Thus  there  exists  a  8  >  0,  such  that 

/(a  +  A)-/(a)>0,        |A|<S. 
in  Di*{(i).     Hence  /  has  a  minimum  at  a. 

470.  Let  f(jx)  he  continuous  in  D(d).     In  D*(a)^  let  f*(x) 
finite  or  infinite^  and  never  vanish  throughout  any  interval  of  it. 
RD*{a)^  letf'(x)  he  positive  when  not  zero  ;  in  LD*(^a^^  let  /'(j 
he  negative  when  not  z^ro.      Then  f(x)  has  a  minimum  at  a. 
these  signs  are  reversed,  f  has  a  maximum. 

For,  using  403,  we  see  that  /(ar)  is  an  increasing  function  ^n 

RD(ji)^  and  a  decreasing  function    in  LD(a),     Hence  /  ha^  a 

minimum  at  a. 

EXAMPLES 

471.  f{x)  =  a  +  3ci. 
In  38S,  we  saw 

i?/(0)=+oo,        X/(0)  =  -«>. 

Hence,  by  469,  /has  a  minimum  at  0,  a  result  which  may  be  seen  directly. 

1 

472.  /(ac)=^^,  forac:jfcO, 

e^  +  1 
=  0,  for  X  =  0. 

This  function  was  considered  in  366. 

Applying  470,  we  see  that  /  has  a  minimum  at  the  origin,  a  result  that  ma.^'        ^ 
seen  directly. 


/ 
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473.    Let  /(x)  =  e  »•,  f or  X  :^  0, 

=  0,       for  X  =  0. 

This  function  is  Caucby^s  function.    We  see  directly  that  it  has  a  mhiimum  at 
the  origin.    The  same  result  is  obtained  by  470. 


Criticism 

474.  Some  writers  confound  the  terms  the  function  has  a 
maximum  or  minimum  at  a  point,  with  the  terms  maximum  or 
minimum  of  a  function  in  an  interval.  These  two  terms  may  or 
may  not  mean  the  same  thing. 

For  example,  let 

/(a;)=8ina?,         a  =  (0,  2  7r). 

Then/  has  a  maximum  at  -,  and  a  minimum  ;it  *—-,     These 

are  also  the  maximum  and  minimum  of/  in  3(.    On  the  other  hand, 

if  we  take  ©  =  f  0,  ^  j  as  one  interval,  /  has  neither  a  maximum 

nor  a  minimum  at  any  point  in  f& ;  yet  its  maximum  in  3  is  1,  and 
its  minimum  in  ^  is  0. 

475.  The  following  example  also  illustrates  this  point. 

Find  the  greatest  and  least  distance  S  between  a  fixed  point  A 

within  a  circle  and  any  point  P  on  the  circle. 

Let  the  circle  be 

a?  +  ya  =  r2, 

and  the  coordinates  of  ^  be  a,  0 ;  a  >  0. 
Then 


dx     Va2  +  r2-2 


ax 


Hence  S  is  a  decreasing  function  in  ?l  =  ( —  r,  r),  and  has  no 
Ytiaximum  or  minimum  at  any  point  in  3(.  It  has,  however,  a 
Maximum  and  a  minimum  in  3(,  viz. 

Max8  =  ^    Min8  =  AB. 
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SEVERAL  VARIABLES 

Definite  and  Indefinite  Forms 

476.  1.  Let  f(z^  —  x^)  be  defined  over  a  region,  of  which  a  is 
a  point. 

"  A/=/(2:)-/(a)>0,         in  2)*(a), 

/  has  a  minimum  at  a.     If 

A/<0,        in  2)*(a), 

/  has  a  maximum  at  a. 

The  theorem  of  468  may  be  generalized  thus : 

Let  the  partial  derivatives  of  f{x^*"  x^  of  order  n  +  1  6«  eon- 
tinuou%  in  DC^a'),  Let  the  partial  derivatives  of  order  <n  vanish  at 
a,  while  the  derivatives  of  order  n  do  not  aU  vanish  at  a.  Then  tf 
n  is  odd^  f  has  no  extreme  at  a. 

Let  n  be  even.  If  d^f(ji)>0  in  2>*(a),  /  has  a  minimum;  if  it 
i»  <  0,  it  has  a  maximum  at  a.  If  d^f(a)  has  both  signs  in  D*(a)^ 
f  has  no  extreme  at  a. 

Let  a?!  =  ^4  +  Ai  •••  iPm  =  «m  +  ^m-     Then 

V  =  ^  d"/(«)  +  -^  <i"*y(a  +  6K), 
n\  n  +  1 1 

by  484. 

Let  fii'-fim^  *he  direction  cosines  [244,  4]  of  the  line  L  join- 
ing a  and  x.     Then 

Then  V  =  f^iTCi;)  +  r»+»jr(ij), 

sinoe  dy,  d^*^f  are  homogeneous  iah^'-h^. 

Since  the  deriTatives  of  order  n  + 1  are  continuous  in  Di(a), 
there  exists  a  positive  number  Q-,  such  that 

|jr|<fl^,        in  2>,(a).  (1 
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If  now  dy(a)>0  in  I>*(a)^  -ff  is  >0  on  the  sphere 

to  which  17  is  restricted. 
Then,  by  355,  2,  there  exists  a  X  >  0,  such  that 

J5r>x. 

Then,  by  virtue  of  1),  we  can  choose  S'  <  S  so  small  that 
A/>0,        in2>a.*(a). 

Hence  /  has  a  minimum  at  a. 

Similar  reasoning  shows  that  if  dy(a)<  0,  /  has  a  maximum. 

Consider  now  the  case  that  d^fCa)  has  both  signs  in  D*(^d). 
Suppose  that  it  is  positive  at  a  +  A  and  nega- 
tive at  a-{-k. 

Let  X,  M  be  the  lines  joining  these  points 
with  a.     Let  17,  k  be  their  direction  cosines. 

^^  J5r(i7)  =  ^,        A>0. 

HiK)^B,        B<0. 

Let  a  +  tA,  0 < ^<  1,  be  a  point  on  L  between  a  and  a  +  h. 

Dist  (^a^  a'\'h')  =  r;    then  Dist  (a,  a  +  tK)  =  tr. 

Let  t^  be  such  that  Q-^A 

Then,  by  1),  A/>  0  for  all  points  on  L  between  a  and  a  +  t^A,  a 
excluded.  Similar  reasoning  shows  that  A/<  0  for  all  points  on 
if  sufficiently  near  a,  the  point  a  excluded. 

Thus  in  any  domain  of  a,  however  small,  A/  ^^as  opposite  signs. 
Hence  in  this  case  /  has  no  extreme  at  a. 

Let  n  be  odd.     Then  ff  being  homogeneous, 

Hence  d^Ca)  has  opposite  signs  in  every  domain  of  a.  Hence 
When  n  is  odd,  /  has  no  extreme  at  a. 


observe^'  .^degtee  ^,,  ^^  ^vxtu^evB^  ^^^,^t  a* 

o^^S""^  r*  lotto  ^»  *!»»'*  -^  .,  :9  caft«^  Vv,« 


t^^*  ..^  ^VvVeVx  ^»^^t  oue  *^«*' 
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If  ii  :^  0,  we  can  write  it 

F=^Uaz-{-  Byy  -^  (AC -  B»)^\. 

If  the  determinant 

D  =  AC-B» 

\b>0,  F  does  not  vanish  except  at  the  origin,  and  is  therefore  a  positiye  definite 
form  itA>0,  and  a  negative  definite  form  if  ii  <  0. 

If  Z>  <  0,  ^  is  an  indefinite  form. 

IfZ>  =  0,  ,,  ., 

Hence  F  vanishes  on  the  line 

Ax  +  jBy  =  0, 

bat  has  otherwise  one  sign.    Thus,  in  this  case,  F  is  semideflnite. 

2.  The  theorem  of  476  may  now  be  stated  as  follows :  If  d^fija,) 
u  an  indefinite  farm^  f  han  no  extreme  at  a.  If  it  i%  a  positive  definite 
form^  f  ha%  a  minimum;  if  it  is  a  negative  definite  form^fhas  a 
maximum  at  a. 

478.  When  n  =  2,  i.e.  when  not  all  partial  derivatiyes  of  the 
second  order  are  0  at  a,  d*f(ji)  becomes  a  quadratic  form^ 

dy(a)  =  "lajiji, ;         i,  #c  =  1,  2,  ...  »»•  (1 

where  m      r  n 

and  hence 
The  determinant 


is  called  the  determinant  of  the  form  1). 

Let  A^.i  be  obtained  by  deleting  the  last  row  and  column  in  A^ ; 
let  A«t.i  be  obtained  by  deleting  the  last  two  rows  and  columns  in 
A,  etc.;  finally,  let  Aq=  1. 

In  algebra  the  following  theorem  is  proved : 

In  order  that  the  form 

be  a  positive  definite  form,  it  is  necessary  and  sufficient  that  the 
•^°*  A^A„...A.  (8 
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are  all  positive.  For  2)  to  be  a  definite  negative  form,  it  is  neces- 
sary and  sufficient  that  the  signs  in  3)  are  alternately  positive  and 
negative. 

Applying  this  result  to  the  theorem  in  476,  we  have : 

Let  the  partial  derivatives  of  the  third  order  be  contintums  in 
D^a^y  and  let  those  of  the  second  order  not  all  vanish  at  a.  Let  all 
the  first  derivatives  vanish  at  a.     Let 


auc=/Ux.(«i-«m)i 


A.= 


«lr 


r  =  0,l, 
Ao=l. 


m. 


If  the  signs  in  the  sequence 

are  all  positive^  f  has  a  minimum.     If  the  signs  in  this  sequence  are 
alternately  positive  and  negative^  f  has  a  maximum  at  a. 


Semidefinite  Forms 

479.  Up  to  the  present,  the  case  that  d*f(a)  is  a  semidefinite 
form  has  not  been  treated.  It  is,  however,  easy  to  show  that  in 
this  case  /  may  or  may  not  have  an  extreme  at  a. 


Ex.1. 


Here 


Hence, 


f(xy)  =  x«  -  6  xy»  +  8  y*  =  (X  -  2  y«)  (a;  -  4  y«), 
a  =(0,0). 

/'.(0)  =  0,    A(0)  =  0; 
/"i^(0)  =  2,    /%(0)  =  0,    /"^(0)=0. 
(P/(0)  =  W 


We  have  here  a  semidefinite  form. 

That  /  has  not  an  extreme  at  the  origin  is 
obvious. 

For,  if  P  is  the  parabola 

x  =  2y«, 
and  Q  the  parabola 


f>0 


we  see  that  /<  0  between  these  parabolas,  and 

>0  in  the  rest  of  the  plane,  points  on  the  parabolas  excepted,  as  in  the  figure. 
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Ex.2. 

f(xy)  =  y*  -f  x'y  +  «* 

=(,.f)%i..  (. 

a  =(0,0). 

Obyiouflly,  from  1),  /  has  a  minimum  at  the  origin. 
Here 

^'(0)  =  o,  /;(0)=o. 
/a(0)  =  o,  /i;(0)=o,  /;i(0)  =  2. 

Henoe, 

(P/(0)  =  *•. 

We  have  here  a  semidefinite  form. 

480.  It  is  beyond  the  scope  of  this  work  to  do  more  than  show 
that  the  semidefinite  case  is  ambiguous  and  requires  further 
investigation.  We  refer  the  reader  for  a  detailed  treatment  of 
this  case  to  Stolz,  Q-rundzUge^  Vol.  1,  p.  211  %eq. ;  Jordan,  Cours.y 
Vol.  1,  p.  380  seq,;  Scheeffer,  Math.  Ann.^  Vol.  36,  p.  541; 
v.  Dantscher,  Math.  Ann.^  Vol.  42,  p.  89. 

Criticism 

481.  The  partial  derivatives  of  order  n  being  continuous  in 
D(a)j  we  have  seen  that 

A/=rf/(a)+^dy(a)  +  ...+^dy(a  +  5A)=Ti+r,+  ..+ 

The  terms  Ij,  Jj,  •••  are  polynomials  in  A^,  Aj,  ---h^  of  1^  2°,  ••• 
degree,  whose  coe£Qcients,  except  the  last,  are  constant.  Letting 
Aj,  Ay  •••  be  infinitesimals  of  the  1°  order,  T^ii  ^0  is  thus  an  in- 
finitesimal of  rth  order.  The  assumption  is  now  made  by  many 
authors  that  if  r  <  «,  then  T,  is  infinitely  small  compared  with  T^. 
When  there  is  only  one  variable  A,  this  is  indeed  true ;  it  is  not, 
however,  always  true  when  there  are  two  or  more  variables 
Aj,  Ay  ••• 

As  an  example,  consider  the  form 

V-6AiA3«+8A3*  =  r,  +  r3  +  i;. 
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Let  the  increments  h^,  A,  be  related  by  the  equation 

i.e.  let  the  point  (A^,  A,)  approach  the  origin  along  the  parabola  1). 
Then 

which-shows  that  T^  T^y  instead  of  being  infinitely  small  compared 
with  7,,  are  in  fact  numerically  6  and  8  times  larger  than  T^ 

482.  Let  us  see  now  how  this  erroneous  assumption  regarding 
infinitesimals,  when  applied  to  the  semidefinite  case,  leads  to  a 
false  reralt.*     For  simplicity  we  take  only  two  variables  x^  y. 

=  |.{^Aa  +  25A*  +  (7*»j-h... 

=  ^,+  ^3+... 

Let  the  determinant  AO—B^^O.  Then  T^ia  h  semidefinite 
form.     To  fix  the  ideas  let  ^  :^  0 ;  then 

T^^^\Ah  +  Bkl^      hj  411,1. 

Thus  A/  has  the  sign  of  A^  except  for  the  points  (A,  it)  on  the 

line  L^ 

Ax'\'By=:  0.  (ii. 

For  points  on  L,  A/  becomes 

For  points  on  the  line  £,  on  opposite  sides  of  the  origin,  T^  takes 
on  opposite  signs.     As  the  sign  of  A/  at  these  points  depends  on 
the  sign  of  T^  (making  use  of  the  above  erroneous  assumption), 
it  is  thus  necessary  that  Z3  =»  0  for  points  on  £,  if  /  is  to  have 
an  extreme  at  a,  i.     If  Z3  s  0  for  these  points, 

Af  =?;  +  ••• 

*  Cf .  Todhnnter,  Diferential  Calcuius ;  Desnuurtas,  Cours  d*Anal^M. 
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for  these  points.     If  now  T^^O  on  i,/ has  an  extreme  *  at  (a,  6), 
if  T^  has  the  same  sign  as  A^  for  points  of  X,  the  origin  excluded. 
That  this  result  is  wrong  may  be  shown  by  applying  it  to 

which  we  considered  in  479,  Ex.  L 

Here 

r,  =  A«,  r3  =  -6A*«,  i;  =  8**,        ^  =  2. 

The  line  L  is,  in  this  case,  the  y-axis.  For  points  on  X,  T,  =  0 ; 
while  T^  >  0,  the  origin  excepted.  Thus  T^  has  the  same  sign  as 
A.  We  should  have  therefore  an  extreme  at  the  origin,  if  the 
above  reasoning  were  correct.  But  as  we  already  saw  in  479,  / 
has  no  extreme  at  the  origin. 

483.  Another  error  which  is  sometimes  made  is  the  following. 
It  is  assumed  that  the  function /(:r,  y)  has  an  extreme  at  the  point 
R  when  and  only  when  /  has  an  extreme  along  every  right  line 
through  B. 

That  this  view  is  incorrect  is  seen  by  the  function 

/(22^)  =  (:r-2y3)(^-4ya), 

given  in  479,  Ex.  1. 

As  the  figure  shows,  a  point  S 
moving  along  any  line  L  toward  the 
origin  iZ,  finally  remains  in  a  region 
for  which  A/>  0,  the  origin  of 
course  excluded.  If,  therefore,  this 
view  were  correct,  /  would  have  a 
minimum  at  £,  which  we  know  is 
not  true. 

Relative  Extremes 

484.  1.  Let  us  consider  the  problem  of  finding  the  points  of 
maxima  and  minima  of  a  function 


*  Aooording  to  the  above  erroneous  hypothesis. 


(1 
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where  the  variables  u^  •••  Uj,  are  one-valued  functions  of  Xi  •••  z^^ 
defined  over  a  region  JB  and  satisfying  the  system 

.         .         .  (2 

Such  points  of  maxima  and  minima  are  called  points  of  relative 
extreme^  to  distinguish  them  from  the  case  when  the  variables 
x^'-x^^u^'-'Up  are  ail  independent. 

Let  the  point  (x^  •••  Wp)  run  over  the  region  T  when  (x^  •••  x^ 
runs  over  R.  Let/,  ^j  •••  ^^  have  continuous  first  partial  deriv- 
atives with  respect  to  a^j  •••  Up  in  7,  and  let  the  i^'s  have  continu- 
ous first  partial  derivatives  with  respect  to  Xj  •••  a;^  in  R. 

Let  w  considered  as  a  function  of  a^j  •••  x„^  be  denoted  by 

w=^F(x^  ...  a;„). 
The  points  of  extreme  of  u^  in  22  satisfy  the  system 

M!  =  o... -^=0,  (3 

dx^  dx^ 

by  476,  2.  Let  S  denote  the  set  of  points  determined  by  3). 
Lagrange  has  given  a  method  for  forming  the  system  3),  which 
is  often  serviceable.  It  rests  on  the  introduction  of  certain  unde- 
tennined  multipUers  /i^  -.  fip.  In  fact,  differentiating  1)  2)  we 
get: 

Multiply  the   2d,  3d,    .•  equations  by  /ij,  /Lij,  .••  respectively, 
and  add  the  results  to  the  first  equation. 
We  get 
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Let  us  now,  if  possible,  determine  the  fi's  so  that 

Then  4)  gives 

Then,  by  429,  2, 

These  are  the  left  hand  members  of  the  equations  8). 
Hence,  by  3), 

Thus  the  points  of  S  are  determined  by  2),  6),  7^. 
2.  Let  us  introduce  the  function 

5'=/+MA  +  -  +  /ip<^,. 
We  observe  that,  considering  x^  '•-  Up  as  independent  variables, 

|?.  =  0,...^  =  0,        ^  =  0,...^  =  0  (8 

dx^  Bx^  dv^  dUp  ^ 

are  precisely  the  equations  5),  7). 

485.  To  determine  whether  a  point  oi  Sis  a  point  of  extreme, 
it  is  often  necessary  to  consider  the  second  and  even  higher  differ- 
entials of  F(xi  •••  a;^).  Here  it  is  sometimes  convenient  to  make 
use  of  the  fact  that 

(SPF^(Pff; 

where  the  differential  on  the  right  is  calculated* supposing 

^1  '"  a?m»  ^i  '"  S 
to  be  independent  variables. 
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For,  let  us  denote  g  considered  as  a  composite  function  of  x  b; 
^i^\  •"  aw)-    Then 

-^(«i  •••  a;J  =  <y(«i  -  ««), 

since  the  ^'s  vanish  now  by  484,  2. 
Hence 

cPF=  oPa. 
But,  by  488,  2), 

=  «iV.by484,  8). 

486.    Example.    Let  rm  find  the  shortest  distance  from  the  point  P  =5  (aiOfOt)* 
to  the  plane 

^  =  6ia;i  +  ftjij  +  6tx«  +  60  =  0.  (1 

Let 

w  =  d«  =  2(3c^  -  aO«       t  =  1,  2,  8. 

=  /(«lXlX*). 

The  pohits  of  minimmn  Talne  are  the  same  for  to  and  d. 
We  have 

g  =  2(x,-aJ  +  M6c  =  0.        t  =  l,2,8.  (2 

From  the  four  eqoations  1),  2),  we  find 

«i  -  Ot  =  -  J  M*i, 
_  o  aih  4-  (hbt  4-  qj&i  4-  ftp 

Hence  at  this  point  x  =  (, 

(gj^i  4-  oafta  4-  Osfta  -I-  bp)*  ^ 

6i«4-6««4-6t«  •  ^"^ 

To  ascertain  if  ( is  a  point  of  minimum,  consider  the  value  of  €Pw  at  this  point 

We  have 

dg  =  2{2(x,  -  oj  4-  Mfcjdx,,        t  =  1,  2,  8. 

d»fir  =  2  2(tei«. 

As  this  is  positive,  ( is  a  point  of  minimum.    Thus  the  least  distance  80  from  a 
to  ^  is  determined  by  8).    We  get 

.       aibi  4-  <hbi  4-  «•&•  4-  60 

00  = : • 

V6i»  +  V  4-  V 
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INTEGRATION 
Geometric  Orientation 

487.  1.  As  the  reader  is  probably  aware,  the  integral  calculus 
arose  from  attempts  to  find  the  length  of  curves,  the  area  of  sur- 
faces, and  the  volume  of  solids. 

Before  taking  up  the  general  theory  of  integration,  let  us  see 
how  the  problem  of  finding  the  area  of  a  simple  figure  leads  to  an 
integral. 

2.  In  the  interval  9  =  (a,  J)  let  y  =  /(a:)  be  an  increasing  con- 
tinuous function  whose  graph  T  is  given  in  the  adjoining  figure. 

We  seek  the  area  A  of  the  figure 
abafi^F.  The  upper  boundary  of 
F  is  the  curve  F. 

To  find  the  area  of  a  circle  in 
elementary  geometry,  we  form  a 
sequence  of  inscribed  and  circum- 
scribed polygons.  Each  inscribed 
polygon  is  contained  in  the  circle; 
each  circumscribed  polygon  contains  the  circle.  We  say  the  area 
of  the  circle  is  therefore  less  than  any  of  the  outer  polygons,  and 
greater  than  any  of  the  inner  polygons.  We  then  show  that  the 
areas  of  these  two  systems  of  polygons  have  a  common  limit  as 
the  number  of  the  sides  increases  indefinitely.  This  limit  is  then, 
by  definition,  the  area  of  the  circle. 

We  shall  adopt  a  similar  procedure  here,  reserving  for  later  a 
more  thorough  discussion  in  connection  with  other  fundamental 
geometric  notions. 

Let  us  divide  (a,  5)  into  n  equal  intervals  by  introducing  the 
points  a^  a^  a^   .. 
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Over  each  interval  (a^  a^+i)  we  have  two  rectangles 

and  ^  ,, 

Let 

««  =  ^0  +  ^l  +  -**+^ii-l» 

Then  S^^  contains  F^  while  8^  is  contained  in  jP. 
Let  us  now  divide  each  of  the  intervals 

(«»  «i)i  («r  ^2)'    -(^n-iiJ) 

into  two  equal  parts.  We  get  two  new  sums  82^  and  82^.  In  this 
way  we  may  continue  without  end.  Let  us  now  give  n  the  values 
1,  2,  4,  ... 

We  get  two  limited  univariant  sequences 

Si<8^<8^<8^'"<S^; 

S^>S^>S^>S^'">8y 

Each  sequence  has  a  limit  by  109.  These  limits  are,  moreover, 
the  same.  For  S^  —  8^  is  obviously  the  area  of  the  shaded  region 
in  the  figure. 


Hence 

Evidently 

lim(<S',-O  =  0- 

Hence 

lim  &  =  lira  «.. 

As  in  the  case  of  the  circle,  the  common  limit  is,  by  definition, 
the  area  of  F. 

8.  Now  . 

0  —  a 


Hence  » 

0  —  a 
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and  therefore,  setting  for  uniformity,  a^  =  a, 

^  =  Umg/(a„)*:=^.  (3 

But  as  the  reader  knows,  the  expression  on  the  right  of  2)  is 
the  integral  ^j 

488.  Example,    Let  ns  find  the  limit  A  of  487,  2)  for  the  function 

/(x)=c«.        c>0. 
Set 

^«  =  a; 

n  ' 

then 

am  =  a  +  fn8,       m  =  0,  1,  •-  n  - 1. 
and 

y(a«)  =  c«+«^  =  c«c^.  * 
Henoe 

t»  =  a.c«{l+  c«4-c>«  +  ... +  c(»-i)«} 

Now 

lim  a  =  0. 

Also,  by  311, 

lim--«-  =  -L-.  (2 

«-o  c<  —  1     log  c 
From  1),  2)  we  have 

^  =  lim«n  =  ^^^^- 
logc 

Analytical  Definition  of  an  Integral 

489.  1.  Let  f(x)  be  a  limited  function,  defined  over  the  inter- 
val a  =  (a,  J),  a  <  6.  I       I     t     I    I I •— i 

Let  us  divide  a  into  n  sub-intervals         »    •     »  ** 

K  =  («m-i«m)i        w  =  1,  2,  ...  n 
by  interpolating  at  pleasure  the  points 

aj,  Oj,  ...  a..i.  (1 

For  uniformity  of  notation,  we  set 
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This  set  of  points  1)  produces  a  division  of  X,  which  we 
denote  by 

Since  no  confusion  can  arise,  let  S^  denote  also  the  length  of 
the  interval  h^.  The  greatest  of  these  lengths  we  call  the  norm 
of  D  and  denote  it  by  S. 

In  each  S^,  let  us  take  a  point  f^  at  pleasure,  and  build  the  sum 

J^  =  XAin^^a^  -  a^{)  =  2;/(f-.)«-i-  (2 

In  passing,  let  us  note  that  the  sums  S^^  s^  of  487  are  special 
cases  of  2). 

Let  now  S  =  0.  If  e7^  converges  to  a  limit  e7,  which  is  independ- 
ent of  the  choice  of  the  points  a,^,  f  ^,  we  write 


J=  lim  2;/(f,)S,  ^£Ax)dx. 


We  say  f(x)  is  integrable  from  a  to  b^  and  call  J  the  integral  of 
f(x)  from  a  to  b.  f(x)  is  called  the  integrand;  a,  b  are  respec- 
tively the  hwer  and  upper  limits  of  integration.    We  also  write 

J^Jfdx. 
The  symbol  |  is  a  long  S^  the  first  letter  of  the  word  turn. 

2.  To  fix  the  ideas,  we  have  taken  a<b. 
Then  in  2),  the  numbers 

are  positive. 

If  we  had  taken  a  >  6,  the  S's  would  be  all  negative.  Evidently, 
whether  a  is  greater  or  less  than  i,  if 

.  CfCx^dx  (8 

exists,  then  *^* 


f/(i^)dx  (4 


exists  and  3),  4)  have  the  same  numerical  value,  but  are  of  op- 
posite sign. 


hi. 
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Without  loss  of  generality,  we  may  therefore,  in  our  discussion, 
take  a< 6  so  that  the  S*s  are  > 0. 


8.  Obviously  the  symbol 


has  no  sense  when  a  =  5.     In  this  case  we  shall  assign  to  it  the 
value  0. 

4.  Letf(x)  be  integrable  in  91  s  (a,  6),  and 

Then 

\£fdx\<Mib^a^.  (6 

For, 

Hence 

-2JIfS,<e7,<2ilf8,, 

or, 

-  JIf(6  -  a)  <t7i<  Jtf(6  -  a). 

Passing  to  the  limit,  S  =  0, 

-  MQb  -  a)  <J/dx<M(b  -a), 
which  is  5). 

Upper  and  Lower  Integrals 

490.    Before  deducing  criteria  for  the  integrability  of  /(«),  we 
define  upper  and  lower  integrals. 

Let 

M^  =  Max/(a:),        m^  =  Min/(ir),  in  S.. 

We  shall  show  immediately  that  the  limits 
S^limSj^        S  =Um  Si, 

exist  and  are  finite.     They  are  called  respectively  the  upper  and 
lower  integrals  otf(x)  for  the  interval  St  and  are  denoted  by 


jVdx,        ffdx. 
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491.  Iff(x)  i%  limited  iri  8,  the  upper  and  lower  integrals  exist 
and  are  finite. 

Let  us  consider  the  upper  integral ;  similar  reasoning  is  appli- 
cable to  the  lower  integral. 

Corresponding  to  each  division  i>  there  is  a  Si,.  Let  us  lay 
off  these  values  on  an  axis.     We  get  a  limited  point  aggregate. 

1 1 


-  K   ' 

For,  since  /(x)  is  limited,  there  exists  a  number  M>  0,  such 
that 

-M<f(x)<M. 
Hence 

or  -  MCb  -  a)  <  ^^<ilf(6  -a). 

Hence,  the  Sd  are  limited. 

Let  SQ=yiinSj^ 

We  show  now  that  _  _ 

Sq  =  lim  Sj) ; 

that  is,  for  each  €  >  0,  there  exists  a  S^  such  that 

S^-S,<€  (1 

for  any  division  i>  of  norm  S<Sq. 

Since  Sq  is  a  minimum,  there  exists  a  division  A  of  9  of  norm 
17,  such  that  _      _       _ 

So<S^<So-^l'  (2 

Let  i/j,  )72,  •••  7)^  be  the  intervals  of  A.     Let 

K^  K^  K^  '" 

be  the  intervals  of  2>  lying  wholly  in  )/,,  i  s  1,  2,  •••  y ;  let 

SI,  81,  - 
be  the  other  intervals  of  2>. 
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We  take  now  Sq  so  small  that 


for  all  S<  Sq.     This  is  evidently  possible,  since  A  has  only  v  inter- 
vals, V  being  fixed. 

Let 

M^  =  Max/,  in  S^, 


Then 


JIf :  =  Max/,  in  S;. 


<'S^+|,  by3).  (4 


Hence,  from  2),  4), 


or. 


t.    ExL 


Then 


Sj,-Sq<€,  S<B^  Q.B.D 

«=(0,1). 
/(x)  =  1  for  rational  points  in  % 
=  0  for  irrational  points  in  % 

5s- 1,         5  =  0. 
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Ex.  2. 

Let/(a!)  lie  on  the  clrcomference  of  the  circle  for  rational 
x,  while  it  lies  on  the  edge  of  the  inacribed  square  for    "^  O 

irrational  x. 

Then  evidently         - 

r  fix  =  i  tB^^  area  of  semicircle ; 

r  fdx  =  JS^y  area  of  half  the  inscribed  square. 


Criteria  for  IntegrahUity 

493.   For  the  limited  function  f(x)  to  be  iwtegrahle  in  the  interval 
%iti»  necesMary  and  sufficient  that 


Sn^^^=f^^- 


It  it  tvffieient.     For,  let  D  be  any  division  of  norm  5. 
Then 

Hence 

Summing,  we  get 

By  hypothesis, 

lim  Sjf  =  lim  Sj^^  L^  say. 

Hence 

lim  eTi  =  L. 

It  is  necessary.    For,  since  the  integral  e/ exists, 

6>0,       S,>Q,       |e7-Va)«|<f  (1 

for  any  division  JD  of  norm  S<  Sq. 

Let  17.  be  any  other  point  in  the  subinterval  S.  belonging  to  the 
division  D  just  mentioned. 

We  have  also,  as  in  1), 

|J--2/(,.)S.(<|-  ^^ 


hk 
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Subtracting  1),  2),  we  have 

l?f(f.A-?f('?.)«.|<|,  (8 

for  any  division  of  norm  S<Bq. 
On  the  other  hand,  in  each  S«  there  are  points  («, )/.,  such  that 


4(4 -a) 
Multiplying  these  inequalities  by  S.  and  adding,  we  have 


Hence 


This  gives,  using  3),        ^ 

Hence  ^ 

S-SKc;    hence  S=S. 

484.  We  can  state  the  theorem  of  493  a  little  differently  by 
introducing  the  following  definitions.  The  difference  between 
the  maximum  and  minimum  of  a  function  f(^x)  in  an  interval  9, 
is  called  the  oicillation  of  f  in  %,  It  cannot  ever  be  negative. 
Let  D  be  any  division  of  21  into  subintervals  S^,  of  length  S^.  Let 
a>«  be  the  oscillation  of/  in  S^.     The  sum 

Sfi)A  =  «/)/="/ 

is  called  the  oscillatory  sum  of /for  the  division  D. 
We  have 

s=  iS/)  —  ^/).  (1 
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495.  In  order  that  the  limited  function  f{x)  be  integrahle  in  81,  ii 
is  necessary  and  sufficient  that 

limn/=0.  (1 

For,  by  494, 1),  "^ 

By  498,  /(a;)  is  integrable  when  and  only  when 

lim  Sj,  =  lira  aS^i 
or  when  and  only  when 

lim(^^-^)=0, 
which  is  1). 

496.  If  f(x)  is  integrahle  in  91,  it  is  integrable  in  any  partial 
interval  S  of  21. 

Let  a  =  (a,  6),  « =  (a,  ff).    5     3  J        I 

Since 

lim  ^(oX  =  0  (1 

for  any  system  of  divisions  whose  norm  S  =  0,  let  us  consider  only 
such  divisions  involving  the  points  a,  /3.  Let  D^  be  the  division 
of  ©,  produced  by  2>.     Then 

0<2fi)A<2fi)A,  (2 

since  the  first  sum  contains  only  a  part  of  the  intervals  S.,  and  »^  is 
Passing  to  the  limit  in  2),  we  have,  by  1), 


lim  S<io^S«  i 


Hence, /(x)  is  integrable  in  ©. 

497.  In  order  that  the  limited  function  f(x)  be  integrahle  in  H,  it 
is  necessary  and  sufficient  that,  for  each  €  >  0,  there  exists  at  least  one 
division  Dfor  which  ^    ^ 

That  this  condition  is  necessary  follows  at  once  from  495. 
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It  is  sufficient.    For,  by  494,  for  the  division  D 


T 


Mq  •  »o 


But  then,  as  the  figure  shows, 

So  —  Sq<€; 
or,  by  491, 

But  then,  by  87,  5, 

Therefore,  by  498,  /(a;)  is  integrable. 

498.  In  order  that  the  limited  function  f(x)  he  integrable  in  91,  it 
is  necessary  and  sufficient  that  for  any  pair  of  positive  numbers  cd, 
c,  there  exists  a  division  D  of  %^  such  that  the  sum  of  the  subinter- 
vals*  of  D  in  which  the  oscillation  of  f(x)  is  >o>^  is  <<r. 

It  is  necessary.  For,  by  497,  there  exists  a  division  D  for  which 
Q^)/  is  as  small  as  we  please,  and  therefore 

fl/)/=  ScD^S^  <  OHT.  (1 

Let  the  intervals  of  D  for  which  the  oscillation  of  /  is  5  <»i  be 
denoted  by  D,,  those  for  which  the  oscillation  is  <  cd,  by  d^. 

^^"^         2«  A  =  S«>.D.  + 1.(0  ^d^  %  2a>.D,  ^  fi>22),. 

This,  with  1),  gives         ^>^22).. 

H^'^^^  2Z>.<cr. 

It  is  suffi/nenU     For,  having  taken  €  >  0  small  at  pleasure,  take 

where 

Jtf"  =  Max  /,  m  =  Min  /,        in  H. 

*  For  breyity,  instead  of  9um  </  the  lengthi  qf  the  subirUerwds, 
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Then,  by  hypothesis,  there  exists  a  division  D  for  which 

This,  with  2),  gives 

<  (Jf-  w)22>,  4-  a)2rf. 
<(ilf-m)<r  +  fi)(J-a)  =  |  +  |  =  €- 

There  is,  therefore,  at  least  one  division  D  for  which 

Then,  by  497,  /  is  integrable  in  a. 

Classes  of  Limited  Integrable  Functions 

499.  Jf  fipc)  18  contimums  in  the  interval  ?l,  it  is  integrable  in  8. 

For,  since  /  is  continuous  in  ?l,  it  is  uniformly  continuous. 
Hence,  by  858,  we  can  divide  91  into  subintervals  of  length  S>0, 
such  that  the  oscillation  of  /  in  each  interval  is  <  <»,  an  arbitrarily 
small  positive  number.  There  is  thus  no  subinterval  in  which 
the  oscillation  >a>. 

Therefore,  by  498,  /  is  integrable  in  31. 

500.  If  f(x)  is  limited  in  the  interval  81  =  (a,  J)  and  has  only  a 
finite  number  of  paints  of  discontinuity  a^,  a,,  •••  a^  tf  is  integrable 
in  %. 

Let  o,  a  be  any  pair  of  positive  numbers.  On  either  side  of  the 
points  a^  mark  the  points  aj^,  a|^',  #c  =  1,  2, 

..•  «,  as  in  the  figure;  but  such  that  the     j,  ^/  '*^» {^m'^fi  ^ 

total  length  of  these  little  intervals  is  <a. 

Since  /  is  continuous  in  (a,  ai),  we  can  divide  it  into  subinter- 
vals such  that  the  oscillation  of  /  in  each  of  them  is  <  co. 

The  same  is  true  of  the  intervals  (a(',  oj),  (oi',  aj),  ••• 

But  this  set  of  subintervals  in  %  gives  a  division  of  S  for  which 
the  sum  of  the  intervals  in  which  the  oscillation  is  >ai  \b  <a. 
Hence,  by  498,  /  is  integrable  in  91. 


►^ 


CLASSES  OF  LIMITED  INTEGRABLE  FUNCTIONS        846 

501.  1.  In  268  we  saw  there  were  point  aggregates  having 
derivatives  (not  0  of  course)  of  every  order.  This  leads  us  to 
divide  point  aggregates  into  two  classes  or  species.  The  first 
embraces  all  point  aggregates  whose  derivatives  after  some  order 
vanish.  The  second  embraces  aggregates  having  non-zero  deriva- 
tives of  every  order. 

2.  Let  f(x)  be  limited  in  the  interval  9.  If  its  points  of  discon- 
tinuity  form  an  aggregate  ^  of  the  first  species^  f  is  integrable  in  9. 

We  note  that  the  aggregate  A  in  500  is  of  order  0. 

We  prove  the  above  theorem  by  complete  induction.  Let  us 
assume  therefore  that/ is  integrable  when  A  is  of  order  n— 1,  and 
show  /  is  integrable  when  A  is  of  order  n. 

Since  A  is  of  order  n,  A^"^  embraces  only  a  finite  number  of 
points,  by  265.     Call  these 

ap   ay  •••  a,. 

As  in  500,  we  can  inclose  them  in  little  intervals  (a{,  a['^  ••• 
The  points  of  discontinuity  in  the  intervals 

ai=(a,aS),   a2=(aj',  aj),  ... 

form  an  aggregate  of  order  n  —  1.     Hence,  by  hypothesis,  f(z)  is 
integrable  in  Sj,  SI,,  ••• 

Then  each  interval  9^  can  be  divided  into  subintervals  by  498, 
so  that  the  sum  of  the  intervals  in  which  the  oscillation  of  /  is  >  (» 
is  as  small  as  we  please.  As  in  500,  the  totality  of  these  little  sub- 
intervals  furnishes  a  division  of  3t  for  which  the  sum  of  the  inter- 
vals in  which  the  oscillation  is  >a>  is  <0-,  an  arbitrarily  small 
number.     Then,  by  498,  f(z)  is  integrable  in  9. 

502.  Let  f(x)  be  limited  and  monotone  in  % ;  then  f(z)  is  inte- 
grable in  8. 

If  f(z)  is  constant,  the  theorem  is  obvious.  We  may  therefore 
exclude  this  case.  We  show  that  for  each  e  >  0  there  exists  a 
division  D  for  which  ^    . 

fl/)/<€. 

Then,  by  497,  /  is  integrable. 
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To  fix  the  ideas,  suppose  f(z)  is  increasing.     Let  us  divide  S 
into  equal  intervals  of  length 

e 


S< 


Then 


fQ>:>-KcC) 


(1 


<e,  by  1). 


503.    Example. 
For 


2;^i'^*^2^' 


let 


^->=2V 


Let 


n  =  0,  1,  2,  8, 
/(0)  =  0. 


Here  /  is  monotone  increaBing  and  limited  in  the  interval  9  =  (0, 1).  It  is  there- 
fore integrahle  in  SI.  It  has  an  infinite  number  of  points  of  discontiiiiiity,  viz.  the 
points 

a;  =  i.        n=l,  2,  ... 
2» 


Properties  of  Integrahle  Functions 
504.    Iff^(^x)^  '"  fsi.^)  ^^^  limited  and  integrahle  in  the  interval H.^ 

Then  ^(^)  =  ^i/i  H f-  <^sfs'>         ^'*  canstantSy 

18  integrahle  in  21,  and 

j^Fdx  =  c^f^f^dx  + ...  +  ^,J^Xda:. 
Passing  to  the  limit,  we  get  1). 


For, 


505.    If  f{x)^  9(p^^  ^^^  limited  and  integrahle  in  81, 

A(a:)=/(x>(x) 
18  integrahle  in  21. 


cr^o 
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1.  Suppose  first  that  /(a;),  g(z)  are  >  0  and  <  iff  in  9.     Let  D 
be  any  division  of  9.     Let  S^  be  one  of  the  subintervals.     Let 

Oh.   0^   0, 

be  the  oscillations  of  h(x\  /(a?),  g(x)  in  S.. 
Let 

be  the  maximum  and  minimum  of  f(x)  and  g(jxi)  respectively  in 

K 

Then 

=  FOg  ^-gOjKMOj  +  MO,. 
Hence 

Since  for  8  =  0, 

limfl/)/=0,  limfljjjjrsO, 
'we  have 

lim  fl/)A  =  0. 

Hence,  by  496,  A(a:)  is  integrable  in  %. 

2.  If  /(a;),  ^(a;)  are  not  positive,  we  can  add  the  positive  num- 
bers a,  /8  to  them  so  that 

are  positive,  and  by  504,  integrable. 
Then 

/i(^)5'i(^)  =fc^:>9(i^:> + ^(p) + ^(^) + «^- 

Hence 

/(a:)(/(a:)  =/i(a:)(/i(a:)  -  «7(a:)  -  /8/(a:)  -  afi.  (1 

Each  term  on  the  right  side  of  1)  is  integrable  by  what  precedes 
Hence  f(x)g(z)  is. 
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506.    In  the  interval  9  let 

A<fix)<B, 

where  A^  B  are  both  positive  or  both  negative  numhern.    Xf  f(x)  ii 
integrahle  in  9,  bo  is 

To  fix  the  ideas,  suppose  A,  B  are  positive.     Using  the  notation 
of  605, 

^^-/   F"  fF  ^  A^  ":;p 

Hence 

As  f(x)  is  integrable, 

lim  ft/>/=  0. 

Hence  g(x)  is  also  integrable,  by  1)  and  496. 

607.   If  f(x)  is  limited  and  integrahle  in  8,  so  is 

9(x-)=\Kx-)\. 
For,  using  the  notation  of  606, 

0,<0, 

obviously.     Therefore 

g(x)  is  integrahle  by  496. 

508.  In  601,  608  we  have  met  with  integrahle  functions  which 
have  an  infinite  number  of  discontinuities  in  9.  There  is,  how- 
ever, a  limit  to  the  discontinuity  of  a  function  beyond  which  it 
ceases  to  be  integrahle,  viz. : 
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Iff  the  limited  function  f(x)  is  integrable  in  the  interval  9,  there 
are  an  infinity  of  points  in  any  partial  interval  ^  of  %  at  which  f 
is  contintjums. 

Let  (»j>a>,>***be  positive  and  =0.  By  498  there  exists  a 
division  such  that  the  sum  of  the  intervals  in  which  the  oscilla- 
tion of  /is  >a)j  is  <<r.  Thus,  if  <r  be  taken  less  than  ©,  there  is 
at  least  one  subinterval  within  9,  call  it  Sdv  ^^  which  the  oscillation 
is  <(Oy  Similarly,  there  is  an  interval  Sd^  within  Sdv  ^^  which  the 
oscillation  off  is  <(Dy  Continuing  this  way,  we  can  get  a  sequence 
of  intervals 

©,  ©1,  ©y  •••  (1 

each  contained  within  the  preceding,  whojse  lengths  =  0.  Then, 
by  127,  2,  the  sequence  1)  defines  a  point  c  within  ©,  such  that  for 
every  point  z  in  D(0» 

I /(a;) — /(<?)  I  <  «.         «  arbitrarily  small. 

Thus  Sd  contains  at  least  one  point  c,  at  which /(a;)  is  continuous. 
It  therefore  contains  an  infinity  of  such  points. 

Functions  with  Limited  Variation 

SOB.  An  important  class  of  limited  integrable  functions  is 
formed  by  functions  with  limited  variation,  which  we  now  consider. 

Let /(a;)  be  defined  over  the  interval  21  =  (a,  6). 
Let  D  be  a  division  of  21  of  norm  S;  let  Sj,  Sj,  •••  be  the  sub- 
intervals  of  31  corresponding  to  this  division. 
Let  w^  denote  the  oscillation  of /(a?)  in  S^.     Let  us  form  the  sum 

m  =  Max  opjf 

is  finite  for  all  possible  divisions  2),  we  say /(a?)  is  a  function  with 
limited  variation^  or  that  f(x)  has  a  limited  variation  in  31. 

We  call  5  the  variation  of  f(x)  in  21.  If  S  is  infinite,  we  say 
f(x)  has  unlimited  variation  in  a.  If  /(a;)  is  unlimited  in  21,  it 
cannot  be  a  function  with  limited  variation  in  2I. 
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SIB.   Let  2>  =  (aiaj-")  be  a  division  of  9.     Let  us  form  a  new 
c-TTfloii  S  by  interpolating  a  point  a  between  a^_i,  a,. 
"Ther.  i,  fjJls  into  two  intervals  S[,  8['  in  A. 

i^  M,  3r,.  3rj 

^  .ihr  nuimum  of  /  in      S,,     S[,     S^", 

l^  chtf  minimum  of  /  in  these  intervals. 
Then  the  term 

ill  »o  is  replaced  by 

«:  +  a>['  =  ( jjf;  -  ml)  +  (JJf:'  -  ml') 

iu  «*^.     Now  at  least  one  of  the  M^^  JITJ  equals  M^ ;  and  at  least 
one  of  the  m[',  m[  equals  m^.     To  fix  the  ideas,  let 


Then 


(1 


511.    1.  Let  f(jjc)  be  a  limited  monotone  function  in  2.     It  has 
limited  variation  in  9. 

To  fix  the  ideas,  let  it  be  monotone  increasing.     Then 

*»/,=  5/(a,)  -/(«)!  + !/(«,)  -/(«,)!  +  •••  +  l/(i)  -/(«.-i)J 

Thus,  whatever  division  D  is  employed,  o>/>  has  the  same  value. 
Hence 


2.  Zee 


a=:9i+«,... -}-««. 


Letfix)  be  monotone  and  limited  in  each  interval  9^.  Thenf  has 
limited  variation  in  9. 

For,  we  get  the  maximum  value  of  «/,  when  D  embraces  all  the 
end  points  of  the  intervals  9^.  In  fact,  let  2>  be  a  division  which 
does  not  include  one  of  these  end  points,  say  a,  which  lies  in  the 


^. 
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interval  S,.     Let  A  be  a  division  formed  by  adding  a  to  2>.    Then, 
by  610, 1), 

It,  on  the  other  hand,  2)  is  a  division  including  all  the  end 
points  of  Sj,  Sj,  •••  we  cannot  increase  o)/>  by  adding  other  points 
to  D,  as  we  saw  in  1.  Thus  the  variation  of /(a?)  in  3(  is  the  sum 
of  the  variations  in  each  a«.  As  these  latter  are  finite  by  1,  /  is 
of  limited  variation  in  21. 


512.  1.  It  is  easy  to  construct  functions  having  an  infinite 
number  of  oscillations  in  3(,  which  are  of  limited  or  unlimited 
variation. 

Let  6  >  1,  and  in  a  =  (0,  6)  take  the 
aggregate  1.   },  J,  i,   ... 

Let  the  line  OL  make  the  angle  45° 
with  the  2;-axis.     Between  each  pair  of    o 
points 


1 

— » 
m 


m+1 
take  a  point  a^. 

Let /(a;)  have  the  graph  formed  of  the  heavy  lines  in  the  figure. 

Let 

Then  /       1      1  1\ 

As  we  shall  see  later,  the  limit  of  the  expression  on  the  right  is 
infinite. 
Hence  /(a;)  is  of  unlimited  variation. 


2.  To  form  a  function  having  limited 
variation,  take  the  parabola, 

instead  of  the  right  line  OL  in  the 
last  example. 


(^>o 
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«.=  <l  +  ^  +  |+-+3i> 


Bst  as  we  shall  see,  the  limit  of  the  right  side  is  here  finite. 
JSL9Ucef{x)  is  of  limited  variation. 

S^  Similar  considerations  show  that 

Im0  unlimited  variation  in  (0,  () ;  while 

ij  =  a?Hm  -^  x:^0;        y=:0fora5  =  0 

X 

1m  limited  variation  in  (0,  (). 

513.   J[ff(pO  ^*  limited  variation  in  2,  it  is  integrahle  in  2. 

We  apply  the  criterion  of  498.  Let  then,  o»,  <r  be  an  arbitrary 
pair  of  positive  numbers.  Let  2)  be  a  division  of  norm  S.  Let 
9  be  the  number  of  subintervals  in  which  the  oscillation  of  f(x) 
18  >«.     Then,  for  any  division  whatever, 

M»<£, 

where  m  is  the  total  variation  of/ in  9- 
Let  • 

then  ^ 

v<p. 

Let  us  take  S<-.     Then  the  sum  of  the  intervals  in  which  the 

oscillation  of  /  is  >  o>  is 

<vi<ph<a'. 

Cmtmt  of  Point  Aggregates 

S14.  1.  Let  A  be  a  point  aggregate  lying  in  the  interval  9. 
For  example,  A  may  be  the  interval  9  itself.  Or  it  may  consist 
of  a  certain  number  of  partial  intervals  of  9.     Or  it  may  embrace 

i  infinitj  of  subintervals  with  or  without  their  end  points  after 
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the  manner  of  Ex.  7,  8  in  271.     Or  it  may  consist  of  a  mixed 
system  of  intervals  and  points  not  forming  intervals. 
Let  us  effect  a  division  D  of  31  into  subintervals 

Sp   Sj,    •••   S. 
as  heretofore. 
Let  SI,  Si,   ...  (1 

be  those  intervals  of  D  in  which  points  of  A  fall.     Let 

SI',   Si',   ...  (2 

be  those  intervals  of  2),  all  of  whose  points  lie  in  A. 

Then  __ 

A  =  lim2S!;,        A  =  lim2S'; 

exi%t  and  are  finite. 

In  fact,  let  us  introduce  an  auxiliary  function  /(a;)  whose  value 
is  0  in  9,  except  at  the  points  of  A,  where  its  value  is  1. 

Then  evidently,  using  the  notation  and  results  of  490,  491, 

since  Jl^  =  1  if  S^  is  in  1),  but  is  otherwise  0. 
2Si'  =  27iiA  =  ^ 

since  m«  =  1  if  S.  is  in  2),  but  is  otherwise  0. 

Hence  _     _ 

A  =  ^,        A  =  ^. 

2.  The  numbers  A,  A  are  called  the  upper  and  lower  content  of  A. 

When  A  =  A, 

their  common  value  is  called  the  content  of  A.     We  denote  it  by 

Cont  A, 

or  when  no  confusion  can  arise,  by  A. 
The  upper  and  lower  contents  may  be  denoted  by 


A=ContA,        A  =  Cont  A. 
A  limited  point  aggregate  having  content  is  said  to  be  meaeurabU. 
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515.  Let  Sd  be  a  partial  aggregate  of  31.  Let  E  =  31  —  ©  he  the 
complementary  aggregate.     If  31  and  JB  are  meamrable^  so  is  S,  and 

Cont  e  =  Cont «  -  Cont «.  (1 

For,  let  D  be  a  division  of  norm  S.  Let  g  be  the  frontier  of  ©. 
Let  %j^  ©/),  6^  g^  be  the  sum  of  the  intervals  of  D  containing 
points  of  a,  ©,  6,  g,  respectively.  Let  %^  ©/>,  E/,  be  the  sum  of 
the  intervals  which  lie  wholly  in  31,  ©,  E,  respectively. 

Then  _____ 

8lz><«z>-l-e/><3l„-l-g,>,  (2 

since  some  of  the  intervals  of  D  may  contain  both  points  of  JS 
and  S,  and  are  therefore  counted  twice  on  the  middle  member  of  2). 
Similarly,  _ 

Passing  to  the  limit,  S  =  0,  in  2),  8),  we  get 

But  l  =  a  =  Conta[,        «  =  «  =  Cont«. 

Hence  _ 

g  =  e  =  Cont  31  -  Cont  ©, 
which  gives  1). 

516.  1.  By  the  aid  of  the  auxiliary  function /(a;)  introduced  in 
614, 1,  the  criteria  for  integrability  which  we  deduced  in  496,  497 
give  at  once  criteria  that  A  have  a  content.     Thus  496  gives : 

In  order  that  A  have  content^  it  is  necessary  and  sufficient  that  the 
sum  of  those  intervals  containing  both  points  of  A  and  points  not  in 
A,  converge  to  zero,  as  the  norm  B  of  D  converges  to  zero. 

2.  From  497  we  have : 

In  order  that  A  have  content,  it  is  necessary  and  sufficient  that  f&r 
each  positive  number  e  there  exists  a  division  D  of  %,  such  that  the 
sum  of  the  intervals  in  which  both  points  of  A  and  not  of  A  occur, 
is  <€. 
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EXAMPLES 
517.  1.  A  =  rational  numbers  in  9  =  (a,  b). 

^'  A  =  0,  1,  i,J,i,  ...  U 


■J — til    III 


Let  «>0  be  arbitrarily  small.  ^    *        ^      ^ 

Let  us  define  the  division  D  as  follows.     Liclose  each  of  the  points 

ill i_ 

•  2'  3'        n-1 
within  intervals  of  length 

where 

e 
The  remaining  points  of  A  fall  in  the  interval 


(o,l  +  .),      ,= 


3 


Then  the  sum  of  the  intervals  containing  both  points  in  A  and  not  in  A  is  <e. 

Hence,  by  616,  2,  A  has  a  content. 

As  obviously  a  —  o 

'^ ''*'''  ContA  =  0. 

If  ^  is  the  complement  of  A  in  9, 

Cont  E  =  Cont  S(  =  (6  -  a), 
by  516. 

518.  1.  A  point  aggregate  of  content  zero  is  called  discrete. 
Such  an  aggregate  is  given  in  617,  Ex.  2. 
Every  limited  point  aggregate  of  the  first  species  is  discrete. 
The  reasoning  is  perfectly  analogous  to  that  of  601. 

2.  Let  /(x)  be  limited  in  the  interval  21.     ^  the  points  of  discon- 
tinuity of  f(x)  form  a  discrete -aggregate^  f(x)  is  integrahle  in  8. 
This  follows  at  once  from  497. 

8.  Let  y=^f(x)  be  univariant  in  8[.     Let 
^  <M,  if  l^x<d. 
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Let  A  be  a  discrete  (aggregate  in  9.  The  image  E  of  ^  is  also 
discrete. 

Let  us  effect  a  division  of  9[  of  norm  S<d. 

Let  Sj,  S,,  •••  be  the  subintervals  containing  points  of  A.  Let 
i/j,  1721  **'  be  the  corresponding  intervals  on  the  y-axis.  Then,  by 
hypothesis,  ^^^^^ 

^^"^^  I.V.^MJ.S,.  (1 

But  A  being  discrete,  we  can  take  S  so  small  that  the  right  side 
of  1)  is  <  6. 

Hence  E  is  discrete. 


Generalized  Definition  of  an  Integral 

519.  Up  to  the  present  we  have  supposed  that  the  integrand  f(x) 
is  defined  for  all  the  points  of  the  interval  8[=  (a,  J).  By  employ- 
ing the  results  of  the  last  articles,  we  can  generalize  as  follows : 

Let  ©  be  a  measurable  aggregate  in  21,  and  let  /(a?)  be  a  limited 
function  defined  over  JB.     Let  us  effect  a  division 

of  8[  of  norm  0. 

Those  intervals        i-  x     ^  x  /1 

all  of  whose  points  lie  in  ^,  form  a  system  which  we  denote  by  Dy 
The  lengths  of  the  intervals  1)  we  denote  by  SJ,  ^,  •-.;  while 

fj,  fji  •••  are  points  taken  at  pleasure,  one  in  each  interval  of  1). 
Let  us  build  the  sum 

If  as  S  =  0,  J^  converges  to  one  and  the  same  value,  however  the 
divisions  D  and  the  f 's  be  chosen,  we  call  this  common  limit  the 
integral  of  f(x)  over  :©,  and  denote  it  by 

We  say  in  this  case  that  /(x)  is  integrable  with  respect  to  fi. 
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520.  Let  f(x)  he  a  limited  function  defined  over  a  limited  point 
aggregate  ©  of  content  zero.     Then  f(x)  is  integrahle  over  ©,  and 

f^f(x)dx^O. 

have  the  same  meaning  as  in  619. 
Since  /  is  limited,  let 

\f(x)\<M. 
Then 

\j,\<]inv,. 

Since  9  is  of  content  zero, 

Um2S:  =  0. 

Hence 

lim  «7^  a  0, 

which  proves  the  theorem. 

531.  1.  Let  f(x)  he  a  limited  integrahle  function  defined  over  the 
measurable  aggregate  Sb>    Let  the  interval  91  =  (a,  h)  contain  0. 

^  gQx^f^fQx),        inSb; 

=  0,       for  points  of  21  not  in  ©. 

Then  g(x)  i$  integrahle  in  (a,  i),  and 

j^g(x)dx^j^f(x)dx.  (1 

Let  ns  effect  the  division  2>  of  9[  as  in  519. 

As  before,  let  D^  be  the  system  of  intervals  lying  in  ®.  Let  D^ 
be  the  system  of  intervals  containing  no  point  of  9.  Let  A  be  the 
system  of  intervals  containing  both  points  of  Sd  and  points  not  in  Sd. 

We  build  now  the  sum 

with  reference  to  the  interval  S[. 


in  Dp  we  have  now 
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Since 

D  =  Di  +  Dj-f  A, 

we  have 

J.  =  2i/(f JS.  +  l9i^:)K  +  f ^(f  .)S..  (2 

Since  g{x)  ^  0  in  i),,  the  second  sum  in  2)  is  0.     Since 

J»  =  IAUK  +  ^CL-)K'  (3 

Now,  by  hypothesis,  /  is  integrable  in  ©,  and 

On  the  other  hand, 

lim2(7(fjS,=:0, 

by  616  and  620. 

Hence,  passing  to  the  limit,  S  =  0,  in  3),  we  have  1). 

2.  The  reasoning  in  1  gives  as  corollary : 

If  f(x)  18  limited  in  ©,  and  g{x)  is  integrahle  in  31,  then  f(x)  ii 
integrable  in  ^,  and 


£gix)dx^jf(,x)d 


X. 


This  is  at  once  evident,  on  passing  to  the  limit  in  3). 

3.  Let  /(a:)  he  limited  in  31  =  (a,  6).  Let  ^he  a  discrete  aggre- 
gate in  31.  Let  ©  =  8[  —  A.  Let  f(x)  be  integrable  in  ©.  Then 
f(x)  is  integrable  in  8[,  and 


S>-Sj''' 


The  demonstration  is  similar  to  1,  omitting  the  system  D,. 

522.  1.  Let  f(x)  he  a  limited  integrahle  function  with  reepeet-  to 
the  measurable  aggregate  9,  lying  in  the  interval  3(  =  (a,  i).  Let 
D  s  (aj,  aj,  •••  a^_i)  he  a  division  of%of  norm  S.     Let 
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be  remlting  intervals  formed  of  one  or  several  contiguous  intervals  of 
2>,  lying  in  ©.     Then 

Let  us  introduce  the  auxiliary  function  g(x)  of  621.     Then,  by 
521, 

C  fdx=jgdx. 

Now  the  division  D  breaks  21  up  into  the  intervals 
(a,  aj),  (aj,  ajj),  (Oy  Og),  ...  (a,.i,  6). 
Letting  2>|,  D^,  A  have  the  same  meaning  as  in  621,  we  have 

£gdx  =  IX?' W^  =  |I>''^ ""  IX?*'^'*^  +  ?X?''^''*- 
Bat 

while 

since  ^  =  0  in  the  intervals  of  D,. 
Thus, 

J[  W  =  Xjy^^  +  X£'^'9dx.  (2 

Now,  if 

we  have,  by  489,  4, 

But  since  Sd  is  measurable, 

limA  =  0. 

Hence  the  second  term  on  the  right  of  2)  has  the  limit  0. 
Hence,  passing  to  the  limit  in  2),  we  get  1). 
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2.  The  preceding  reasoning  gives  the  corollary : 

If  f(x)  is  limited  in  Sd  and  integrahle  in  each  of  the  intervals 
(««»  /8,)i  ^'^^  ^  )   y^  **  convergent  a«  S  =  0,  iJien 

C  fdx^limVrjdx. 

This  is  evident  on  passing  to  the  limit  in  2). 

3.  Letf(x)  he  limited  in  9  =  (a,  6).     Let  A  he  a  discrete  aggre- 
gate in%.     iet  ©  =  a  -  A.     Then 

provided  the  limit  on  the  right  is  finite. 
For,  by  2, 

lim  5!  r  y^^  =  r  z^- 

But,  by  621,  8, 


CHAPTER  XIII 
PROPER  Df TBORALS 

First  Properties^ 

523.  In  the  last  chapter  the  integrand  f(x\  as  well  as  the 
interval  of  integration  21,  were  limited.  Integrals  for  which  this 
is  the  case  are  called  proper  integralsy  in  contradistinction  to  those 
in  which  either  /(a;)  or  21  is  unlimited.  These  latter  are  called 
improper  integrals. 

In  this  chapter  we  consider  only  proper  integrals.  We  wish  to 
establish  their  more  elementary  properties. 

In  21  =  (a,  J),  we  shall  take  a<6,  unless  the  contrary  is  stated. 
All  the  functions  employed  as  integrands  are  supposed  to  be  limited 
and  integrable  in  %. 

584.  For  the  sake  of  completeness,  we  begin  by  stating  the  three 
following  properties  already  established  respectively  in  489,  2; 
489,  4 ;  604,  viz,  : 

fjCx)dx  =  ^jj{x)dx,  a^b.  (1 

\fy(ix)dx\<M\b^a\,       a§h,  (2 

\f(x)\  being  <i!f  in  the  interval  (a,  6). 

£'\cifi  +  -  +  cj.\dx^c^fy^dx'h-  +  c.j^f.dx^     a^b.    (8 

525.   Let  a,  &,  c,  be  three  points  in  any  order.     Then 

Jdz^jjdx  +  jjdx.  (1 

861 
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Suppose  first  that  a<c<b.     Since 

lim2/(f.)S. 


a-o 


is  the  same,  whatever  system  of  division  D  we  choose,  let  us  con- 
sider only  such  divisions  in  which  c  enters.    The  points  of  D  which 
fall  in  (a,  <?),  let  us  call  Dj ;  those  falling  in  (c,  J),  call  D,. 
Then 

2A  =  2A  +  2A.  (2 

Now  f(x)  being  integrable  in  31,  is  integrable  in  (a,  e)  and 
Cc  6),  by  496. 

Hence,  passing  to  the  limit  in  2),  we  get  1). 

The  theorem  is  now  readily  established  for  any  other  order  of 
a,  5,  c. 


1.  7n  a  =  (a,  6),  let 

m<f(x)<M. 

Then  r 

m(h  -a)<  jfdx <  M(h  -  a).  (1 

^'''''  m<Ki:)<M. 

or  m(J)  —  a)  <  J^  <  M(h  —  a). 

Passing  to  the  limit,  S  =  0,  we  get  1). 
2.  Jw  a  Z««  Ax^>9(x)*     Then 

J^/d:r>J^(fa.  (2 

A(2:)=/(2:)-(7(a:)^0,         in «. 
Hence,  by  1),  * 

f^dx  =  jj'dx  -J^dx  5  0, 
which  gives  2). 
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527.  1.  We  saw  in  508  that,  if /(a?)  is  integrable  in  31,  it  must 
have  points  of  continuity  c,  in  any  subinterval  of  21.  This  fact 
leads  us  to  state  the  following  theorem : 

Letf(x)y,0  in  31.     Iffi^  continuous  at  c,  and!/((?)>0,  then 


ffdx>0. 


To  fix  the  ideas,  suppose  c  is  an  inner  point.     Then  by  351,  2, 
there  exists  an  interval  (j^^  <^^^  about  c,  in  which/(a;)>p>0. 
Hence  by  526, 


But 


J"  /•€'       /•<r       /•b 


2.  As  corollary  we  have : 

Letf(x)  ^g(x)  m%.  If  at  a  point  e  of  continuity  of  f  and  g, 
/(0>^(«).  <*«»  C  C 

3.  By  means  of  the  preceding  inequalities,  we  can  often  estimate 
approximately  the  value  of  an  integral  with  little  labor,  as  the 
following  examples  show. 

.6<f*-7^=<.6286,        n>2.  (1 


Ex.1. 


For,  ifO<«<l,  ,  y 


Hence* 

which  gives  1). 
Ex.2. 


a8r^<  f*e-^<fu<arctgx,       x>0.  (2 

For  by  418,  2,  . 

««=l  +  «+^e*«,       0<^<1. 

*  In  order  to  illustrate  these  and  a  few  immediately  following  theorems  we  astome  the 
elementary  properties  of  indefinite  integrals,  which  are  treated  in  086  seg. 
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Hence  «•>!  +  «,        »>0. 

■^^  «-P<e-«<-i-         ifO<«<x. 

1  +  u* 
Hence,  x  being  a  constant, 

which  gives  2). 

528.  1.  Let  f(^x)  be  limited  and  integrable  in  8;  then  |/(a;)|  t« 
integrable  in  9,  and! 

|j;/i.|<j;i/i<fe.  (1 

In  the  first  place,  |/|  is  integrable  by  607. 
On  the  other  hand, 

The  relation  1)  follows  now  by  626. 

2.  The  reader  should  guard  against  the  error  of  assuming  that 
f(x)  is  necessarily  integrable  in  %  if  \f(x)\  is  integrable  in  8. 
For  example,  let 

f(x)  s=  1  for  rational  x  in  31, 

s  —  1  for  irrational  x  in  9. 

'^^®''  |/(rr)  I  =  1,         for  every  x  in  «, 

and  is  therefore  integrable  in  21.     But /(a?)  is  obviously  not  inte- 
grable in  9. 

529.  1.  /n3l  =  (a,6),  fe« 

ni<g(x)<M.  (\ 

When  not  zero^  let  f(x)  he  positive.     Then 

mj^dx<j^gdx<MJ^dz.  (2 

For,  multiplying  1)  by  fix),  we  have 

r>^<f9<Mf. 
We  have  now  2)  by  526. 


FIRST  PROPERTIES  866 

2.  In  8[  let  /(a:)>0.     Let  fn<g(x)<M.     At  a  point  e  of  eon- 
tinmty  of  f(x),  g(p^,  let 

/((?)>0,        m<g(c)<M. 
Then 


mj^fdx  <j^gdx  <  MJ^dx. 


We  have  only  to  apply  527,  1  to  the  functions 
(ilf-5r)/  and   (^r-m)/. 


Ex.  1.                          ,           C*             dx               ^  arc  sin  £ 
apcain«<  I    2* ^«cwux^ 

•^  Vl-x».l-xaj«      VI -X 

where 

0<X<1,    0<x<l. 

For, 

1^        ^         ^      ^ 

^Vl-3^     Vl-X 

Hence 

f     dz 

^f             ^              ^       1       f      *^     . 

^  VT^ 

xs     ^«  VI  -  a^Vl  -  Xxa     VI  -  X-'"  VI  -  x^ 

which  gives  3). 

Et.  2. 

.383<  f*x««^dx<.907. 

For,  if  0<«<1, 

l<e-*<e. 

Hence 

(3 


(* 


Px^rfa; <  f 'x8«*»dx< e  f  *x«(laj, 
which  gives  4). 

530     1.  Let  fix)  =  g{z)  in  21,  except  for  the  points  of  a  discrete 
(aggregate  A ;  then  /,  g  being  limited  and  integrable^ 

f/dx  =  f^ffdx.  (1 

F«''««*  A(^)=/(:r)-K:r). 

Then  A  =  0,  except  for  the  points  of  A. 

Let  D  be  a  division  of  9(.     Let  L^  embrace  those  intervals  con- 
taining no  points  of  A.     Let  L^  embrace  the  other  intervals  of  D. 
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Let  now  8=0.     The  limit  of  the  left  side  is 

jhdx. 
Since  A  is  discrete,  the  limit  of  the  right  side  is  0  by  520.    Hence 


which  proves  1). 

2.  As  a  corollary  we  have 
In  the  integral 


-//' 


*dz 


we  may  change  at  pleasure  the  value  of  f(xi)  at  the  paints  of  an 
arbitrary  discrete  aggregate^  without  changing  the  value  of  Ji  pro- 
vided  the  new  integrand  is  also  liniited  in  9. 

First  Theorem  of  the  Mean 

531.    Let  f(x)^  g(x)  be   limited  and  integrable  in  J[s3(a,  6). 
When  not  0,  let  f(x')  be  positive. 
Then  ^  ^ 

jjgdx^ajjdx,        a^b,  (1 

where  G  =  Mean  gQx)^        in  H. 

For,  by  definition,  268,  4, 

m<a<]lf, 

where  m  and  3f  are  respectively  the  minimum  and  maximum  of 
g(^x)  in  a.     Also,  by  529, 

m  Cfdx<  \  fgdx<Mifdx^        a  <  6, 

which  gives  1)  in  this  case.  The  case  of  a>i  follows  now  at 
once. 

The  above  is  called  the  first  theorem  of  the  mean     We  give  now 
some  special  cases  of  it. 
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532.  Letf(x)  be  integrable  in  51  =  (a,  6).     Let 

SSI  =  Mean/(a;),        in  a. 
Then  ^t, 

J^f(jt)dx  =  SSl(b  -  a).         a^6. 

Proved,  by  taking  one  of  the  functions  in  531,  equal  to  1. 

533.  In  the  interval  21  =  (a,  6),  let  f(x)  be-  limited^  integrable^ 
and  non  negative.     Let  g(x)  be  continuouB.     Then 

ffgdx^gd^jfdx,        a<i<b.  (1 

For,  by  681,  setting  G  =  Mean  g(x)^ 

Jfgdx=  ajfdz. 

But  g(x)  being  continuous,  takes  on  every  value  between  its 
extremes  including  end  values,  while  x  runs  over  8[,  by  367.  Hence 
for  some  {  in  91, 

which  proves  1). 

534.  In  the  interval  21  =  («,  b)  let  f(x)  be  limited^  integrable  and 
non  negative.  Let  g(x)  be  continuous.  At  some  point  of  continuity 
of  fix)  let 

m<g(jt)<M^ 

where  m  =  Min  g(x)^  M=  Max  g(x)^  in  21. 
Then 

jfgdx^g(S)jfdx.         a<i<b. 

For,  by  627,  2, 

mCfdx<Cfgdx<Mjfdx. 

Hence, 

Cfgdx^  ajfdx,        m<  a<M. 
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Now  g(x)  being  continuous  takes  on  its  minimum  m  at  some 
point  a,  and  its  maximum  at  some  point  ^  in  9,  by  357.  More- 
over, at  some  point  f  in  the  interval  (a,  )8),  g(x)  must  take  on  the 
value  Q-.  As  g(x)  has  the  values  m  and  M  at  the  end  points  of 
this  interval,  f  must  lie  within  this  interval.     Hence 

a<i<l. 

535.  Letf(x)  he  continuous  in  SI  =s  (a,  6).     2%en 

J^rfn:=(6-.a)/(f),        a<f<J. 

This  is  a  corollary  of  584,  one  of  the  functions  being  1,  provided 
f(x)  is  not  a  constant,  when  the  theorem 
is  obviously  true. 

This   theorem   admits   a  simple  geo-     \c 
metric   interpretation.       It   states  that     I 
there  is  a  point  f,   a<f  <6,  such  that     '^  i  '"^ 

the  area  of  the  rectangle  ABC'iy  is  the 
same  as  that  of  the  figure  ABCD^  determined  by  the  graph  oif(x). 

The  Integral  considered  as  a  Function  of  its  Upper  Limit 

536.  Letf(x)  be  limited  and  irUegrahle  in  2  =  (a,  6).     Then 

F(x)  ^  J  f(jt)dx^        a^xin%i 

is  a  one-valued  continuoue  function  of  x  in  21. 

Since /(a;)  is  integrable  in  21,  F  has  one,  and  only  one,  value  for 
every  x. 

Let  \f(x)\<M. 

We  have 

LF  =  Fix  +  A)  -  F(x) = £^^f(x)dx  -  £f(x)dx  =  jT*^ /(:r)<fa. 
^®^^  lAJ'l  <  M\h\        by  524,  2). 
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Thus  if  we  take  i>  ^  € 

^"•^*^"  \AF\<e, 

for  every  hj  such  that  x  +  h  falls  in  9(,  and 

|A|<S. 
Hence  F(x)  is  continuous  in  9(. 

537.    1.  Letf(^x)  be  limited  and  integrahle  in  81  =  (a,  6).     Let 
J(x)  =  J  f{x)dx^         a,  z  in  ?l. 


Iff  is  continuous  at  x^         ,  ^ 
To  fix  the  ideas,  let 


i=/w.  a 


a<a<x<X'\-h<b. 

=  ASro,     by  632, 

where  SW  =  Mean  /(a:)  in  (a;,  x  -f-  A). 
But  since  f(x)  is  continuous  at  a:, 

9K=/(^)+i7,         |i7|<e, 
for  any  A  <  some  S. 

Hence  A«7     -,  >,  , 

Passing  to  the  limit,  we  get  1). 

2.  As  a  corollary  we  have : 

Letf(x)  he  limited  and  intsgrable  in  9  =  (a,  i).     2%«n 


TA 
(f  /  ia  eontimums  at  the  point  x. 


limi  f'^yix)dx =/(ic),        a?  m «,  (2 
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538.   1.  In  the  interval  81,  letf{x)  he  a  limited  integrable  function. 
Let  F(x)  he  a  one-valued  function  whoBe  derivative  isf(^z).     Then 

£fdx  =  -F08)  -  F(ia).         a,fiin%.  (1 

For,  let  D  =  (a^  a^,  •  •  a^-i)  b®  a  division  of  the  interval  (a,  /9). 
Then  by  the  Law  of  the  Mean, 

^(«i)--^(«)=/(fi)«i. 

J'(a,)-J\:a,)=/(f,)8r  (2 

J'08)-i'(a._,)=/(f.)S«. 
Adding  the  equations  2),  we  get,  since  terms  on  the  left  cancel 
inpairs,  J'09)- J'(«)=^(fJ8,.  (8 

Since /(«)  is  integrable, 

Um^(f.)S.=  r/(fa. 

Passing  therefore  to  the  limit  in  3),  we  get  1). 

2.  Example.    By  differentiation  we  verify 

^     x-Xarctg(Xtanx)^  1 

1_X«  1  +  X«tana» 

for  \\\^ltLndx^(2m-^  l)ir/2.    Hence  by  688,  1, 

f *        dx         _ X  -  X arctg  (X  tan x)        o^«.^«'         i\i.a.i 

The  integrand  is  not  defined  for  x  =  w/2  ;  let  us  therefore  assign  it  the  Talae  0. 
The  integral  on  the  left  is  continuous,  by  6S0.    Hence 

r^=Xlim  p=ZlimaLziAHcMiXt5n£l, 

Jo     1  +  X«tan«x     2  1-X«       2    H-|X| 

As  we  haye  derived  this  formula  we  have  been  obliged  to  asBOiiw  |X|  ^  1    It 
is,  however,  valid  even  when  |  X  |  =  1.    For, 

^0     H-tan««    Jo  12       4  Jo        4 

which  agrees  with  4)  when  |X|  =  1. 
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S39.    Oriticism.     A  common  form  of  demonstration  of  the  pre- 
ceding theorem  is  the  following.     Since 

we  have 

for  |A|<S.     The  equations  2)  of  588  are  now  written 


J'OS)-  l'(a,.|)=/(a,.|)A^  +  e,A^. 
Adding,  we  get 

FCfi)  -  FCa)  =  2/(a J  A.  +  SeA-  G 

If  e  is  numerically  the  greatest  of  the  €., 

|26Al<€2A.  =  €09-a),         /3>a. 

It  is  now  assumed  that  e^O  with  S.  Hence  passing  to  the  limit, 
8=0,  1)  gives  688, 1). 

The  objection  to  this  demonstration  lies  in  the  tacit  assumption 
that  the  difference  quotient  converges  uniformly  to  the  derivative. 
Cf.  404.  In  other  words,  that  it  is  possible  to  divide  the  interval 
(a,  )8)  into  subintervals  Aj,  A,,  •••  A^  such  that  ej,  e^,  •••  e^  are  all 
<  cr,  a  positive  number,  small  at  pleasure.  As  elementary  text- 
books say  nothing  of  uniform  convergence,  the  above  reasoning  is 
incomplete. 

Change  of  Variable 

540.    1.  Let  f(jc)  he  limited  and  integrable  m  9  =  (a,  6),  a  ^  6. 

^^  u  =  K2.)  (1 

he  a  univariant  function  in  %  having  a  continuous  derivative  ^'(x)^0. 
Let  Sb^(a^  p)hethe  image  of  81  afforded  hy  1).     Let 

x^y^(u) 
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be  the  inverse  function  of  ^.     Then,  if  f  1^00']'^' (u)  ft  integrahle 

jj(x)dx  =  J^  /[^(u)]  t'(u)(iu.  (2 

By  358,  the  correspondence  between  the  two  intervals  S,  9  is 
uniform. 

Let  E(u^,  11,,  •••)  be  a  division  of  Sd^  of  norm  h. 
Let  A2;.  in  91  correspond  to  Ait.  in  Sd. 
By  the  Law  of  the  Mean, 

Let  f«  in  9  correspond  to  17.  in  Sb.     Then 

5lf(f.)Aa:.  =  5lf  [.^(1,0]  t'(i;OAu..  (8 

are  limited,  and  integrable  by  hypothesis,  we  have  2)  by  passmg 
to  the  limit  in  8). 

2.  If  the  conditions  of  1  are  not  satisfied  in  the  intervals  9, 9,  it 
may  be  possible  to  divide  them  up  into  subintervals,  in  each  of 
which  these  conditions  hold. 

541.   1.  Let  U8  eyaluate 

Jo         1  +  a:a  ^ 

We  set 

X  =  tan  u  =  ^(u),   or  «  =  arc  tan  x  =  0(x). 

Then 

«=(0,  1),   «=(0,,r/4). 

The  conditions  of  640  are  obviously  satisfied.    Hence 
J  =  f '''*log(l  +  tan  u)du. 

Let  us  make  a  new  transformation 

u  =  ir/4  —  V. 
The  conditions  of  640  being  again  satisfied, 
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Bat 
Hence 


iH-\f 


tanv 


or  2J=:  log  2  f '^*(J«  =1  log2. 


Thua 


J'=ir/81og2.  (2 


2.  That  we  should  not  affect  a  change  of  variable  in  a  definite 
integral,  without  due  precaution,  is  illustrated  by  the  following 
example. 

Let  J>),*.  =  £^=[.„,tg]>|.  (, 


Let  OS  change  the  T»riable,  setting 

Then 

a  =  -l,    6  =  1;     a  =  -l,    /5  =  1. 

Also 


The  two  integrals  8),  4)  are  not  equal.    The  reason  for  this  is  that  the  function 

t«  =  0(x)  =  i 

X 

of  640  does  not  have  a  continuous  derivative  in  9[  =(—  1, 1).     Indeed,  it  is  not 
even  defined  throughout  K. 

642.  Let  X  =  '^(u)  have  a  eontimums  derivative  in  ©  =  (a,  )8), 
a^)9.  Let  91  be  the  image  of  ®.  Let  f(^x)  he  limited  and  inte- 
grabU  in  8[,  and  let  /['^(t*)]'^'(w)  be  integrable  in  ^.     Then 

jj(ix)dx  ^£fm^)WCn)du.        a  =  t(«),  b  =  t()8).     (1 

1.  Let  us  note  first  the  difference  between  this  theorem  and  that 
of  540.  In  540  -^(u)  is  univariant,  and  91,  ®  are  in  uniform 
correspondence. 

In  the  present  theorem,  y^  may  have  any  number  of  oscillations 
in  SS'.  Furthermore,  the  intervals  8  and  (a,  i)  may  not  be  the 
same. 
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Example,  Let  ac  =  ^(u)  =  8ln  ii,  ©=(0,  Y*").  Then  the  image  of  8  is  Uie 
interval  31  =  ( -  1,  1).  On  the  other  hand,  a  =  sin 0  =  0,  &  =  sinY«'  =  i*  Thus 
(a,  6)  =  (0,  i)  is  different  from  «. 

Let/(x)  =  a;.     Then 

f  fdx  =  \    xdx  =  i ;  J    A^^W^  ^**  ~  Jo        sin  t«  008  udu  =  \. 
Thus  the  two  integrals  are  equal,  as  the  theorem  requires. 
2.  To  prove  the  formula  1),  consider 

^^^^  f(x~)dx  -  J  g(u)du,        g(u)  =f[-^(u)W(u). 

We  shall  show  that  F(u)  is  a  constant  in  $.     As  it  is  0  at  a, 

F-0  throughout  «. 

To  this  end  we  show  ^, ,  .      ^  .     ^ 

J"(m)=0,         in®. 

Then,  by  400,  2,  -F(w)  is  a  constant  in  ©,  and  therefore  0. 
At  any  point  u  of  ©,  we  have 

^^^^       Ax)dx-£      giuydu.  (2 

There  are  two  cases : 

l^  ^'(w)  :^  0.  Then,  by  408,  ^(u)  is  univariant  in  V(u). 
We  can  thus  apply  640.     Hence 

AJ^=0,        in  r(w), 

and  therefore  -m     n^ 

F^  =  0,        at  u. 

2**.  '^'(w)=  0.  Let  us  apply  the  theorem  of  the  mean  532  to 
each  integral  in  2).     Then 

D^here 

*=:Mean/(a:),   ^  =  Mean^(it) 

in  A-^,  Au  respectively.     Thus 

Au  Au 


1^ 
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Also  ,.        ,,*        A 

lim  N?  =  0, 
since  /[-^(w)]  is  limited  in  81,  and 

^'  being  continuous.     Hence  ^'(w)=  0,  also  in  this  case. 

543.  LetfQc)  be  limited  in  21  =  (a,  6),  a  ^6.  Let  w=^(a;)  Aave 
a  con^tnuoi^^  derivative  ^'(a;)  =^  0  in  21.  Let  ^  =  (^(t,  0)  be  the  image 
o/2l;  «  =  ^(a), /8=^(6).  Z€^  a;  =  '^(w)  be  the  inverse  function 
of<f>.     Then 

£fdx  =  J^>(^(u))t'(u)du,  (1 

f/dx  =j[>(^(w))i/r'(w)du.  (2 

Let  us  prove  1) ;  the  demonstration  of  2)  is  similar.  Since  <f> 
is  univariant,  the  intervals  21  and  SS  stand  in  uniform  correspond- 
ence by  868.     To  fix  the  ideas  let  ^  be  an  increasing  function. 

Then  by  381,  -^'(w)  >0,  and  continuous.  Let  J?=  (Wj,  t^j,  •••) 
be  a  division  of  S  of  norm  8  into  subintervals  Aw^,  to  which  cor- 
responds a  division  D=  (2;^  x^  •••)  of  21  of  norm  d  into  intervals 

Ax .     Let 

X.  =  Max/(a:),  in  Aa:.. 

=  Max/('i/r(M)),  in  Aw.. 

M,  =  Max/C-f  (tt))^  (w),  in  Am.. 

\  =  Min  yjt'  (m),        /a.  =  Max  -^^  (m),  in  Am.. 

J'=Max|/|,  in  21. 
We  have  to  show  that 

have  the  same  limits.  4| 
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Since  ^'(x)  and  -^'(u)  are  continuous,  they  are  uniformly  con- 
tinuous. Hence  d  and  S  converge  to  0  simultaneously.  For  this 
reason  for  any  S<some  ^ 

^"  ""  ^"  "^  Flfi'-al'        ^^^^^7  ^  «• 
By  the  Law  of  the  Mean, 

Aa?.  =  '^'(v.)Au.,        v^  in  Ait,. 
Hence 

But,  obviously, 

Max/Min  -^  <  Max/^'  ^  Max/ Max  '^; 

if  Max/>  0,  while  the  signs  are  reversed  if  it  is  <  0. 

Thus  in  either  case  3f^  lies  between  L^\  and  Ljjk^.     Also, 
i,'^'(v«)  lies  between  these  same  bounds.     Hence 

|jjf.-X.v^(t».)|<x.o.-x.)< 


Hence  |e|<il|^  =  e.        S<S,. 

544.  Let  X  =  ^(u)  Aave  a  continuous  derivative  in  SS  =  (»,  /9), 
a  ^  /8.  Zet  '^'  vant«A  over  a  discrete  aggregate  A,  hvt  othennte  let 
it  nave  one  sign.  Let  9  =  (a,  i)  be  the  image  of  SS,  a  —  ^^(a), 
b  —  •^08).     1/  one  of  the  integral* 


e7i%U^  the  other  does,  and  both  are  then  equal. 

To  fix  the  ideas  let  U  exist.  By  408  the  correspondence  between 
8,  S  is  uniform. 

Let  us  effect  a  division,  of  norm  S,  of  ©.  Let  the  norm  of  the 
corresponding  division  of  8  be  17.  Let  Sdi  be  those  intervals  con- 
taining no  points  of  A,  while  ©2=®  —  ©j  is  the  complement  of  Sdy 

Let  81,  %2  correspond  to  ©j,  ©j  respectively. 
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Now 


X=X+X-  (1 

But,  by  648, 


while,  since  A  is  discrete, 


lim  r  =0. 


Hence  1)  gives 

J=lim   I    slim  I 
8      »=-o  •/«j      1,-0  •/«^ 

=/^,    by  522,  8. 
A  similar  reasoning  holds,  if  we  assume  that  X  exists. 

Second  JTieorem  of  the  Mean 

645.    Let  f(x)  he  limited  and  integrable  in  31  =  (a,  6). 
Let  g(^x)  be  limited  and  monotone  in  %.     Then 

jjgdx  =  gia  +  0) jr!f(ir  +  g(b  -  0) J^ /da:,  a  <  f  <  J.        (1 

Since  g  is  limited  and  monotone,  it  is  integrable  in  9  by  502. 
Hence  fg  is  integrable,  by  506. 
By  277,  8,  ^^^  ^  ^^^  ^^^  _  ^^^  ^^^^^ 

If  g(a  +  0)  =  g(b  —  0),  the  relation  1)  is  obviously  true.     We 
therefore  assume  that  these  limits  are  different. 
To  fix  the  ideas,  let  g(x)  be  monotone  increasing. 
We  begin  by  effecting  a  division  of  2, 

D(ay,  Oj  ...  a^.i), 

of  norm  h.     We  also  set 

«  =  «0'         *  =  ^«* 
^*  M,  =  Max/,        m.  =  Min/, 

in  the  interval  ^      i^  \ 
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Let  f.  be  any  point  in  S^. 

we  have  JfA>/(f.)«.  >"».«.,  (2 

and  also  ,^  ^       r 

From  2),  8)  we  have 

l/«.)S.-Xl<(^.- »««)«.. 

Hence  /• 

Multiply  4)  by  ^(f,)  ;  and  letting  x  =  1,  2,  •••  n,  let  us  sum  the 
n  resulting  equations.     We  get 

2/(f.)i7(f JS.  =  ^9{i.-)j^fdx  +  2<r.^(f.).  (5 

Now  /•         /•*  nb 

or  more  briefly,  ^        ^ 

Hence  letting  /e  =s  1,  2,  •••  w,  we  get 


/ll-l 
Adding,  we  have, 


2^(oX/^^=^<^fi>X'-^^^+ s  {5^(f.)-5^(f-i)}X./*'  (* 
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Since  g  is  monotone  increasing, 

Let  sot  be  the  maximum  of  the  integral  j  fdx^  and  m  its  minimum 
as  X  ranges  over  91.     Then 

fl'.in<(<7(0-Kf^.)}X_,<fl'.2», 
and  adding, 

Thus  7)  gives 

"^^^^  m<e<2R.  (9 

Thus  5),  6),  8)  give 

In  this  equation  let  S  =  0.     The  limit  of  the  left  side  is 

^^°        lim5ra,)  =  ^(a  +  0);   Urn  i,(f.)  =  i7(i  -  0). 
^*  lK:r)|<r; 

*^«°  |2«rXf.)l<r2<r.. 

^"^  2«r.59/,    by  494. 

As/isintegrable,  u^^/^O; 

hence  the  last  term  of  10)  has  the  limit  0. 

Thus  all  the  terms  of  10),  besides  that  in  6,  have  finite  limits. 
Hence  the  limit  of  O  exists.     Call  it  6. 
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But  F  being  a  continuous  function  of  «,  it  takes  on  the  value  0 
for  some  point  f  in  8  by  857. 
Hence  ^ 

Passing  now  to  the  limit  in  10),  we  have 

jj9dx^g(ia  +  Q)jjdx+  {^6- 0)-5f(a  +  0)}  J^/di.     (11 

But  since  r*_  n     r* 

we  get  1)  at  once  from  11). 

546.  If  gQt)  is  not  monotone,  the  formula  1)  of  645  may  not 
be  true,  as  the  following  example  shows. 

Let 

/(x)  =  x',       g{x)  =  COB  X. 
Then 

I       x^coBX<2x>0,      by  627, 1, 

since  the  integrand  is  never  negative  and  is  in  general  positive.    On  the  other  hand, 
^(a  +  0)  =  cos  -  v/2  =  0  ;       ^(6  -  0)  =  cos  w/2  =  0. 

Hence  the  right  side  of  1),  646,  is  zero.    The  formula  1)  is  thns  antme  hi  this 
case. 

mDEPUfflTB   mXEORALS 

Primitive  Functions 

547.  1.  The  theorem  of  588  is  of  great  importance  in  evaluating 
integrals.     For,  to  find  the  value  of 


=J]/(fo,  (1 


f(x)  being  limited  and  integrable  in  9  s=  (a,  «),  we  have  only  to 
seek  a  function  ^(2;)  which  is  one- valued  in  S  and  has  f(x)  as 
derivative.     Then,  as  we  saw, 

J^FCaO-'FCa)'  (2 


Ib^ 
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Let  ^(x)  be  any  other  function  which  is  one -valued  in  9  and 
has /(a;)  as  derivative.     Then 

J^aix^-aia).  (8 

Comparing  2),  8),  we  have 

where  (7  is  a  constant. 

The  functions  F(x)^  6)^(a;)  are  OdXiedpnmitivefunctiomoffijc). 
They  are  denoted  by  ^ 

y(x)dx, 

no  limits  of  integration  appearing  in  the  symbol.  Primitive 
functions  are  also  called  indefinite  integrals.  In  contradistinction, 
integrals  of  the  type  1)  are  called  definite  integrals. 

2.    Every  formula  of  differentiation^  as, 

D^FCx)  =/(a;), 

/(a;)  being  limited  and  integrable  in  an  interval  9,  gives  rise  to  a 
formula  of  integratiany 

jf(x)dx^F(x). 

For  reference,  we  add  a  short  table  of  indefinite  integrals.* 
We  observe,  once  for  all,  that  in  all  formulsB  involving  indefinite 
integrals,  we  shall  suppose  that  the  integrands  are  one-valued, 
limited,  and  integrable  in  a  certain  interval  9,  while  the  functions 
outside  the  integral  sign  are  one- valued  in  %. 

648.  \adx  =  a^. 


/f=iog|4 


•An  «zoell«nt  table  of  integrals  is  *< A  Short  Table  of  Integrals"  by  B.  O.  Peiiee. 
CMnnftCo.    Boston. 
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/a*dfa;=-^5l_,        a>0. 
log  a 

r-T^=-arctg5,        a^O. 
J  or  +  or     a  a 

/dz  X  A 

=  arc  sin  -,  a^O. 

Isin  a;  da;  =  —  cos  a;. 
Icos  a;  (2a;  =  sin  a;, 
j  tan  xdx^^  —  log  |  cos  a;|. 
Jcot  xdx=^  log  I  sin  a;|. 
(tan  a; sec  xdx  =  sec  a;, 
j  sec*  xdx^  tan  a;. 

549.    Not  every  limited  integrable  function  in  9  »  (a,  i)  has  a 
primitive,  as  we  now  show. 

Let /(a;)  be  continuous  in  %\  let 


Then,  by  687, 


F(jc)r=.jydx,         a<x<h. 
g=/(a;),  in«. 


Let  us  define  a  limited  function  g(x)  in  9  as  follows :  it  shall 
as /(a;)  except  at  points  of  a  discrete  aggregate  in  A,  at  which 
points  f(x)  ^  g(x) .     Then,  by  580, 

£gdx^F(x).  (1 

Suppose  now  g(x)  had  a  primitive  (7(a;)  in  %.    Then,  by  588, 

£gdx^a(x)--a(a).  (2 
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Comparing  1),  2),  we  get 

G-Qii)  =  F(jc)  +  C;         Oa  constant. 


H^^^  da     dF 


ina; 


dx      dz 

or  /(aj)  =  fl'(«),  in«, 

which  is  a  contradiction. 

Methods  of  Integration 

550.  In  order  to  find  the  primitive  of  a  function  /(a;)  we  may 
proceed  as  follows :  We  first  consult  a  table  of  indefinite  integrals. 
If  the  integral  we  are  seeking  is  not  there,  we  try  to  transform  it 
into  one  or  more  integrals  which  are  in  the  table. 

The  principal  transformations  employed  are : 

l*".  Decomposition  of  the  integrand  into  a  sum. 
2**.  Integration  by  parts. 
8**.  Change  of  variable. 

We  treat  these  now  separately. 

551.  Decomposition  of  the  integrand  into  a  sum.  This  method, 
as  its  name  implies,  consists  in  breaking  f(x)  up  into  a  sum  of 
simpler  functions.     Thus,  if 

/(^)=/i(^)+-+/X^). 

then  Jfd^  ^^f^dx  +  •  •  •  +  J/,(fa. 


A.1. 


'=/ 


2 
J'=jfdx  +  lfco8  2a:dx 
=  ia;  +  i8iii2aB. 
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Bx.2. 


Since 

Now 

Honos 

Thus 


J  a  +  fix 


^=U^+-£^J. 


y^=j^^(«-^^^- 


j^=|x+2e^iog(«+/te). 


Integration  by  Porta 

552.   In  the  interval  9,  let  u(x)^  v(x)  be  one-yalued  functions 
having  limited  integ^ble  derivatives.     Then 

Hence  /•  /• 

juf/dxssuv— j  vu!dz.  (1 

The  application  of  1)  to  evalue 

is  as  follows.     We  write 

/=  uv'. 

Then  1)  shows  that  ^  r    » , 

Jssuv  —  j  vu'dx. 

The  determination  of  J*  is  thus  made  to  depend  upon 

jvu'dx. 
55&  EZ.L 


Jszixlogxdx, 
Set 


HslOgXy  o'sX. 


^ 


Tlien 
Henoe 

554.  Ex.  3. 

Set 
Then 

Hence 
To  find 


CHANGE  OF  VARIABLE 
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X 


V=:ixK 


set 


=  |(loga!-l). 

«  =  sin  to,       «'  =  ««■. 

u'  =  6  COS  to,        V  =  -  «**. 
a 

J-zz-e-sindx-^  f 
a  aJ 

JTs  Je«»C08to(lx, 
«  =  COS  to,        r'  =  e«*. 


«"  COB  to  (te. 


Then 
Henoe 


1 


«  =  -«". 
a 


u'  =  —  &  Bin  to, 

ir=ie«»C08toH--  Te^BindxcIz 
a  aJ 


=  -e«»co8to  +  -j: 
a  a 


j__  €F'{a  sin  to  —  6  cob  to} 


This  placed  in  1)  giyes 

The  same  method  gives 

fe^coBto(fa=^^^^^-^^^^^) 
J  a«  +  6« 


(1 


(8 


Change  of  Variable 

555.  Letf(x)  he  continuovs  in  the  interval  9.  Let  u  =  ^(2;)  Aav^ 
a  contimums  derivative  ^'(x)^0  in  9.  Let  Sd  he  the  image  of  % 
and  X  =  '^(u)  he  the  inverse  function  of  ^.     Then  if 


we  have 
For, 


J/[^(«*)]^' (tt)rftt  =  a^u),        valid  in  S ; 

^f{x)dx  =  fl^[^(a;)],        vaZW  m  «. 


o 
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But  by  hypothesis, 
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,dx 


du 

As  ^  .  —ssl 

dx    du 
1)  gives  i(?rj>(^)]  :=/[Vr(tt)]  =/(a^). 

Jxlogx 

14  =  log  X. 
J=  f^  =  10gf4  =  10glOg«- 

J  u 

dx 


556.  Ex.  1. 

Set 
Then 

557.  Ex.  2. 

Set 
Then 


558.  Ex.  8. 

Set 
Then 


559.  Ex.4. 

Set 
Then 


'=; 


xy/2  ax  — a* 


-=JA 


14  =  V2  ax  —  a*. 


2       ._  V2ax~<^. 

=  -arctg • 

a  « 


f4  =  X+V«*±«*- 
jr=   f^=:l0gtt 

J  u 

=  log(x  +  V3?Ta«). 


,r,  f _ ^ 

J  V(x-a)(x-0) 


;  =  Vx  —  a. 


.  Integral  evaluated  in  Ex.  8. 


^  Vtt«  +  a  - 
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560.   Let  the  rectangle  bounded  by  the  lines  x^a^x^b^  tf^a^ 
y  =  I3he  denoted  by 

Leta==(a,  6),S  =  (a,)8). 

Let /(a;,  y)  be  defined  over  It.    If  we  give  to  y  an  arbitrary  but 
fioced  value  in  ©,  f(x^  y)  is  a  function 
df  X  defined  over  9(.      But  since  its      y 
v^alue   also   depends  on   the  particular      o 
^alue  assigned  to  y,  we  say/  is  a  func- 
tion of  X  which  depends  upon  the  param- 
tier  y.     If  for  each  value  of  y  in  ©,      * 
f(x^  y)  is  a  limited  integrable  function 
3f  X  in  31,  we  shall  say  it  is  regular  in      ^ 
B.     When /(a;,  y)  is  regular  in  iJ, 


R 


J(iy)^S/(.^y:>dx 


(1 


defines  a  one-valued  function  of  y,  over  the  interval  S. 

In  performing  the  integration  indicated  in  1),  we  consider  y  as 
constant  and  integrate  with  respect  to  x. 

In  the  present  section  we  propose  to  study  the  function  «7'(y) 
with  respect  to  continuity^  differentiation^  and  integration. 


Ez.1. 

1  =  (0,  t),  ©  any  Interval 
Ex.2. 


J(y)=f;^^dx. 


J(y)  =  f 'log  (1  -  2  y  COB  x  +  y*)<fe. 


9  =r  (0,  ir),  8  any  interval  not  including  y  =±l. 
For,  log  i«  is  continuous  when  u  >  0.    Here 

u  =  l  —  2ycosx-fy*=(y  —  cosa5)*-f  sin'x  %  0, 

wd  hence  k  ==  0  only  for  the  points  whose  coordinates  are 


(a 
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Continuity 

56L   Let  17  be  an  arbitrary  but  fixed  value  of  y  in  S  ss  (a,  ff). 

Let  us  denote  the  line  y  =  17  by  JJ. 

Let  4^(x)  be  defined  over  9=  (a,  i). 

If  for  each  €>0,  there  exists  a  £>0,  such  that 

|/(a:,i7  +  A)-*(a:)|<€,        (1 

for  each   0<|A|<S,   and   every  x         p 
in    21,    we   say:   /(a;,   y)    canvergeB    ^^ 
uniformly  to  4>(x)  along  the  line  JJ, 
or  with  respect  to  the  line  H. 
We  denote  this  by 

lim/(«,  y)  =  ^(a?),        uniformly  ; 

^^  f(Xj  y)  =  ^(a;),        uniformly  along  H. 

If  in  the  relation  1),  only  positive  values  of  h  are  considered,  we 
say /(a:,  y)  converges  on  the  right  uniformly,  etc. 

If  only  negative  values  of  A  are  considered, /(ay)  converges  on 
the  left  uniformly,  etc. 

If /(a;y)  converges  uniformly  to /(a:,  17)  with  respect  to  the  line 
iST,  we  shall  say  f(xy)  is  a  uniformly  contintume  function  of  y  with 
respect  to  the  line  H^  or  along  the  line  H. 

I{f(zy)  is  a  uniformly  continuous  function  of  y  with  respect  to 
each  line  y  =  17  in  ©  =  («i8)i  we  shall  say /(a;y)  is  a  uniformly  con- 
tinv^ous  function  of  y  in  Sd. 

562.   1.  Letf(jCy  y)  he  regular  in  any  72=  QabyjS^j  a<7</8. 
^^  i21im/(a:,y)=^(a;) 

uniformly  along  the  line  y  =  a. 
Let  (l>(x)  be  limited  and  integrable  in  91. 
Then  ^^  ^^  ^^ 

R  \\mjj(xy)dx = J^  iJ  lim/(ay)rfa;  =  J^  ^(a;)ila?.  (1 

For,  let 

A = JT/C*,  «  +  h)dx-£i>(x)dx  =  Xl/C*,  «  +  A) -  ^(a:)|<i«.     (2 
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We  have  to  show  that 

€>0,  S>0,  |A|<€,  0<h<S.  (3 

But  by  hypothesis,  for  each  €>0,  there  exists  a  8>0,  such  that 

|/(2:,«  +  A)-*(a:)|<-4  (4 

D  —  a 

for  each  0<  A<S,  and  any  x  in  31. 

Hence  3)  follows  from  2),  4),  and  524,  2). 

2.  That  the  relation  1)  may  not  hold  when  f(x^  y)  does  not 
converge  uniformly  to  ^(x),  is  shown  by  the  following  example : 


Let 

Here 

Hence 

On  the  other  hand, 

Henoe 


-^*'y)=^f7'        forx^O; 
=  0,  for  as  =  0. 

iJlim/(«,y)  =  0(a:)  =  O. 


Jzz  Cfdz=  T— J^-dx  =  arctgi,        y>0. 


(« 


As  6),  6)  have  different  values,  the  relation  1)  does  not  hold  here.     Ohyiously 
/(x,  y)  does  not  converge  uniformly  to  0  in  any  interval  containing  the  origin. 

563.    1.  As  corollaries  of  562  we  have : 

J^t  f(x^  y)  be  regular  in  R  =  (alaff).     Let  it  be  uniformly  eon- 
tinuo%L%  in  y,  along  the  line  y  =  i;.     Then 

is  a  contintume  function  ofyatrf.         ^<V<fi' 

2.  Let  f{xy  y)  be  regvlar  in  R  =  (abaff).     Let  it  be  a  uniformly 
continuous  function  of  y  in  ©.     Then  J(jf)  is  continuous  in  ©. 
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3.  If  f(x^  y)  he  corUinuous  in  Ii(abafi^^  •'(y)  **  contintums  in 
«  =  (a,)8). 

This  follows  at  once  from  352. 
Example.    In  538  we  proved  the  relation 

^^  ^    Jo     l  +  X^tanaa;     2*1  +  1X1  ^ 

for  all  values  of  X.  It  required,  however,  a  separate  integration  to  establish  it  for 
X  =  :£  1.  By  the  aid  of  3,  we  may  prove  the  correctness  of  1)  for  these  values 
without  any  calculation.  Consider,  to  fix  the  ideas,  X  =  1.  Since  the  integrand  of 
1)  is  obviously  a  continuous  function  of  x,  X  in  the  band  B  =(0,  ir/2, 1  —  «,  1  -f  3), 
the  integral  is  a  continuous  function  of  X  at  1.     Hence  1)  holds  for  X  =  1. 

564.  The  results  of  562,  563  may  be  generalized  as  follows : 

Let  A  be  a  discrete  point  aggregate  in  31.  We  can  divide  51  into<« 
two  systems  of  intervals,  S  and  D,  such  that  6  contains  no  point^i 
of  A,  and  the  total  length  d  of  the  intervals  !D  is  as  small  as  w^ 
please. 

We  shall  S2Ljf(x^  y)  converges  uniformly  to  ^(a;)  along  the  lin^ 
y  =  17,  except  at  the  points  A,  when,  for  each  €>0  and  any  6,  ther^ 
exists  a  S  >  0,  such  that 

|/(a:,i7  +  A)-<A(a:)|<6 

for  each  0  <  | A|  <  S  and  every  x  in  S. 

The  terms, /(a;,  y)  converges  on  the  rights  or  on  the  Irft  untformli/^ 
ea^eptfor  the  points  A,  need  no  special  explanation. 

Also  the  meaning  of  the  term  /(a;,  y)  is  uniformly  continuout 
along  the  line  y  =  1;,  except  for  the  points  A,  is  obvious. 

565.  Let  /(a;,  y)  he  regular  in  the  rectangle  R(a^  h^  a^  ff).  Let 
f  converge  uniformly  ta  ^(a?)  along  the  line  y  =  1;,  except  for  the 
points  of  a  discrete  aggregate  A.  Let  ^(a;)  be  limited  and  integrable 
in  31  =  (a,  6).     Then 

/*b  /•b  /•b 

lim  I /(a;,  y){ir=  I    lim/(a;,  y)da;=  I  ^(a;)(ic,  a<i7<i8. 

^®^  2>  =  J^/(^,  V  +  h)dx  ^jj>(x)dx. 


^ 
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We  must  show  that 

€>0,        S>0,        \I>\<€,        0<|A|<S.  (1 

Since/  is  limited  in  iS,  and  ^  in  9(, 

|<^(a:)|,         |/(a:,y)|<ilf,         in  iJ. 

Choosing  e  >  0  small  at  pleasure,  and  then  fixing  it,  we  choose 
the  system  ^  such  that  its  length 

Then 

i^i^lXI+IXI-  ^2 

But  ^ 

On  the  other  hand,  by  hypothesis, 

|/(aM,  +  A)-K^)|< 


■2(A-a) 
for  each  0  <  |  A  |  <  S,  and  every  x  in  6.     Hence 

Hence  2)  gives 


which  proves  1). 


I^Kl  +  i* 


566.   As  corollary  we  have : 

Let  /(a;,  y)  be  regular  in  the  rectangle  Ii=  (^a^b^  a,  jS).  Let  it 
be  uniformly  carUinumis  in  y  along  the  line  y=^rf^  except  for  the 
points  of  a  discrete  aggregate  A.     Then 

i%  continuous  at  17,  ^  <  ^  <  fi- 
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IHffererUiation 

567.    1.  V.  Letf(x,  y\fy(x,  y)  he  regular  in  R^iabaff). 
2^.  Letfy  he  uniformly  eontinuouB  in  y  along  the  line  ysstf^  ex- 
cept for  the  points  of  a  discrete  aggregate. 

Let  ^f, 

Then  /•* 

For, 

Aij  A  Jo  X 

But  by  the  Law  of  the  Mean, 

where  ^  lies  between  ij  and  ii  +  h  and  depends  on  x  and  A.    Bat 
by2», 

lim  <r  =  0,         uniformly  except  for  A. 

Thus  AT     rf>  rf> 

^=lfXx.v)dx-\-jadx,  (3 

which  gives  1),  on  passing  to  the  limit,  A  =  0. 

2.  As  corollary  we  have  : 

Letf{x^  y^^fyix^  y)  he  continuous  in  the  rectangle  (abaff).    Then 

j-f/i^.y:>dx=£fy<:x,y:^dx.        a<y<fi.    (3 

3.  Criticism.  Many  text-books  give  the  following  incorrect 
demonstration  of  1.  From  2)  we  have,  changing  slightly  the 
notation, 

dy  Ay  *^«  Ay 
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It  is  now  assumed,  without  further  restriction,  that 

limr^=  fnm^.  (5 

Ay     By 
4)  and  6)  give  dJ^^B^^^ 

dy      J  a    By 

But  we  have  already  seen  in  562,  2,  that  an  interchange  of  the 
symbols 

Urn.        J 

is  not  always  permissible. 

4.  Example.  ^ 

J-=  f 'log(l  -  2  y  cos  X  H-  y«)(te.  (6 

Here,  /(as,  y)  and 

'''^  ^^     l-2yco8a;H-y« 

are  continuous  in  the  rectangle  (0,  ir,  a,  ^)  if  (a,  p)  does  not  contain  the  points 
y  =  ±l.    Cf.  660,  Ex. 2.    Hence 

^-^Jo  l-2yco8x4-lf«'        '^'^^-  ^^ 

5.  The  following  is  an  example  where  the  conditions  of  theorem 
1  are  not  satisfied,  and  where  differentiation  under  the  integral 
sign  leads  to  a  wrong  result. 


Let 


Then 


Henoe 


J'(x,y)=    ,^ ,  except  at  origin ; 

=  0,  at  origin. 

I>mF(x,  y)  = ^ — r,  except  at  origin ; 

(x»  +  y«)i 

=  0,  at  origin. 

i^DnF{xy)dx  =  -7==,  y  arbitrary. 
Vl  +  y* 


Then 

Hence 

On  the  other  hand, 

Hence 
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^^  «s 

f(x,y)=i ^ -,       except  at  orighi; 

=  1,  at  origin. 

^-'(0)  =  !.  (8 

/J(x,  0)  =  0,  X  arbitrary. 

The  equations  8),  9)  show  that  in  this  case  differentiation  under  the  integral 
sign  is  not  permissible.    In  fact,  we  observe  here  that 

/;(x,  y)  = =^1        except  at  origin ; 

=  0,  at  origin, 

and  is  therefore  not  limited  about  the  origin.    Thus,  condition  l**  of  theorem  1  is 
not  fulfilled. 

Integration 

568.  1.  Let/(a;y)  be  continuous  in  the  rectangle  i2=  (a,  6,  a,  jS). 
Since 

Cfdx  a<x<b.  (1 

is  a  continuous  function  of  y  by  563,  2,  it  is  integrable  in  (a,  /S). 
Therefore 

is  convergent  for  each  cc<t/<fi' 

The  integral  2)  is  obtained  from  1)  by  integrating  with  respect 
to  the  parameter  y.  It  is  called  a  double  iterated  integral;  or  more 
shortly,  when  no  ambiguity  can  arise,  a  double  integral, 

2.  Let  f(xy  y)  be  continuous  in  R  =  (^abal3}.     Let 

^C^^  2/^=  \  dy  \  fdx,         X,  y  in  R. 
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For,  by  637,  F',^  £fdx, 

n^=/(^)-  (4 

On  the  other  hand,  by  567,  2, 

=£fdy,    by  537. 
Hence,  by  537,  F'^^Axyy  (5 

The  relation  8)  follows  now  from  4),  6). 

Inversion  of  the  Order  of  Integration 

569.  The  integral  of  568,  viz. 

Syypdx.  (1 

is  obtained  by  integrating  first  with  respect  to  x^  and  then  with 
respect  to  y. 
But  we  might  have  integrated  in  the  inverse  order,  getting 

Sjx£fdy.  (2 

It  frequently  happens  that  the  integrals  1),  2)  are  equal,  and 
this  fact  is  of  greatest  importance  in  transforming  such  integrals. 
When  these  two  integrals  are  the  same,  we  say  that  we  can  invert 
the  order  of  integration^  or  the  integral  2)  admits  inversion.  We 
give  now  a  simple  case  when  this  inversion  is  possible.  Later  we 
shall  give  a  broader  criterion. 

570.  1.  Let  f{xy)  he  limited  in  the  rectangle  R=i(^abap^.  Let 
it  he  continuous  in  jR,  except  possihly  along  a  finite  numher  of  lines 
parallel  to  the  x  or  y  axes^  along  which,  however,  f  is  integrahle. 


;?«>■ 
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.  .»«o  1.     Let/  be  continuous  in  R  without  exception. 
We  :^w  in  568  that 


Henoe^  by  688, 


J»  Su  Sv 


ay 


ay 


For  the  same  reason. 


=  ^"(6,  /9)  -  F(b,  a)  -  J-Co,  /9)  +  J'Ca,  a).      (2 

Similarly,  rK,   ^  dF(xl3')  _  dF(xa) 

J*  da:  a*     ' 

and  £dx£fdy^F(J>fi^-Fiap^-F(ha)^F(ad).  (3 

From  2),  8)  we  get  1). 

Ca»e  2.     Let/  be  continuous  in  ii,  except  for  points  on  the  line 
x^b. 

By  1  we  have,  a  <  i'  <  6, 

Moreover,  by  663,  3, 

being  a  continuous  function  of  x  in  (a,  6)  except  possibly  at  &,  and 
limited  in  (a,  i), 

exists. 
Now,  by  686,  ^ 


INVERSION  OF  THE  ORDER  OF  INTEGRATION 
On  the  other  hand. 

But  since  /  is  limited,  let 

I/I  <  if,        in  J?. 

Then 

\X.fdx\<M(b-V). 

Hence  the  right  side  of  4)  gives 

i%jjdx = £^y£fdx  -  S!^ySydx. 

\S!^dx£fdy^£dy£fdx\<M(iP -  «)(6  - *')• 
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Thus 


Letting  J'  =  J  and  using  5),  we  get  1). 

Evidently  the  same  reasoning  applies  when  /  is  continuous  in 
72,  except  on  one  of  the  sides  of  R  parallel  to  a;-axis. 

Ca$e  8.     Let  /  be  continuous  in  R  except  on  the  two  lines, 
a;  =  6,  y  =  ^. 

Let  a  <  ^'  <  ^.     Then,  by  Case  2, 


£dySjdx^Sl^''Sy^y^ 

We  can  reason  with  this  equation  in  the 
same  manner  as  we  did  with  4).  This 
proves  the  theorem  also  for  this  case. 

Ca%e  4.  If/(ay)  is  discontinuous  within 
R^  we  have  only  to  divide  R  into  four 
rectangles  9},  as  in  the  figure. 

Then  each  of  the  rectangles  91  falls  - 
under  Case  8.     By  breaking  up  the  given 
integrals  into  these  rectangles  91,  we  prove  1)  readily. 
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CaBe  5.  General  Case.  By  breaking  R  into  smaller  rectangles 
91,  bounded  by  the  lines  on  which  the  points  of  discontinuity  lie, 
we  reduce  this  case  to  Case  4. 

2.  We  have  shown  in  1  that  inversion  is  permissible  when /(a:y) 
is  continuous,  except  at  points  lying  on  a  finite  number  of  lines 
parallel  to  the  x  and  y  axes.  It  will  be  shown  in  Chapter  XVI 
that  inversion  is  permissible  under  much  wider  circumstances. 

The  points  of  discontinuity  may  lie  on  an  infinite  number  of 
lines ;  moreover,  these  lines  do  not  need  to  be  parallel  to  the  axes ; 
they  do  not  even  need  to  be  right  lines. 

Example.    We  saw  by  688,  2,  that 

dx  T  1 


Jd      1  +  1 


^tan^a;     2     l  +  |y| 

Hence  p      p/, ox ^.  r^^^n     g.  ^j 

Jo    ^  h      l+y2tan2x     2  >  1+y     2^  ^ 

As  the  integrand  is  limited  in  the  rectangle  [0  ^  01 V  and  is  discontinaoos  only 
when  X  =  ir/2,  we  can  invert  the  order  of  integration.     Hence 

J=  ('^'dx  C         ^y =  (;"^'tf^rarctg(ytanx)-|i 

Jo  Joi  +  yatanSx     Jo  L        tanx        Jo 

^  r»/«xdx^  ,, 

Jo      tanx 

Thus  1),  2)  give  f-^'^^  =  Ii«2. 

Jo     tanx     2 


CHAPTER  XIV 

IHPROPER  INTEGRALS.    INTEGRAND  INFINITE 

Preliminary  Definitions 

571.    1.  Up  to  the  present,  we  have  considered  only  integrals 


jjix^fdx. 


in  which  the  integrand  is  limited,  as  well  as  the  interval  of  inte- 
gration a  =  (a,  6). 

It  is  desirable  to  extend  the  definition  of  an  integral  to  embrace 
integrands  and  intervals  of  integration  which  are  not  limited. 
Such  integrals,  we  said,  are  called  improper  integrals. 

In  this  chapter  we  consider  improper  integrals  for  which  9  is 
limited,  and /(a;)  is  unlimited  in  9. 


Jo    a;  Jo  ' 


dx 


are  examples  of  such  integrals. 

2.  The  reader  will  observe  that  the  integrand  of  J'is  not  defined 
at  a;  sa  0,  and  the  integrand  oi  K  B,t  x^\.  When  convenient,  we 
may  assign  to  the  integrand  at  such  points  any  value  at  pleasure. 
Cf.  598. 

572.  Let/(x)  have  a  finite  number  of  points  of  infinite  discon- 
tinuity in  a,  847, 

<?p    C^    •••    ^m* 

We  shall  call  these  mtgvlar  points^  and  say  f(x^  is  in  general 
limited  in  9 ;  or  that  it  is  limited  except  at  these  points.  Let  us 
inclose  each  point  e^  within  a  little  interval  £«  containing  no  other 
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singular  points.  Let  SS  be  what  is  left  after  removing  the  inter- 
vals (5,  from  a.  On  varying  the  intervals  (5«,  SS  will  vary.  If  for 
each  choice  of  S,  /(x)  is  integrable  in  S,  we  say  f(x)  is  regular 
in  a  except  at  the  pointe  <?x  •'•  ^m5  or  we  say  f(x)  is  in  general 
regular  in  81. 

573.    1.  Let /(a;)  be  regular  in  81=:  (a,  6)  except  at  i.     If 

lim  rjr(a:)rfx,         a<l3<b,  (1 

is  finite;  we  8S,jf(^x^  i$  integrable  in  81,  and  define  the  symbol 

to  be  this  limit. 

Similarly,  if /(a?)  is  regular  in  81  except  at  a,  and 

lim 


[im  ff(x)dx,         a<a<b,  (2 


is  finite ;  we  say  f(x)  is  integrable  in  81,  and  define  J"  to  be  this 
limit. 

Finally,  if /(a?)  is  regular  in  31,  except  at  a,  6,  and 

lim  f^Qx^dz,        a<a<l3<b,  (3 

is  finite ;  we  say  /(a;)  is  integrable  in  31,  and  define  J"  to  be  this 
limit. 

When  these  limits  1),  2),  3)  are  finite,  we  say  J"  is  finite  or  con- 
vergerU.  When  these  limits  are  infinite,  we  say  J  is  infinite.  If 
these  limits  do  not  exist,  finite  or  infinite,  we  say  J  does  not  exist. 

2.  In  ^, 

J=fjdx 

we  have  taken  a<b.     Precisely  similar  definitions  would  apply  if 
a>b. 

Obviously,  ^^  ^^ 

S/dx^'jJ^^^  (4 
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For,  to  fix  the  ideas,  suppose  f{x^  regular  except  at  a,  and  let 
the  integral  on  the  right  be  convergent.     Then,  if  a  <  a  <  6, 

SJ^^'^-'S/^'  by  624,1). 

Passing  to  the  limit,  we  get  4). 

574.   1.  Let  f{po)  be  regular  in  9  =  (a,  6),  except  at  6. 
For  f(jc)  to  be  integrable  in  31,  according  to  the  definition  just 
given,  it  is  necessary  and  sufficient  that 

e>0,         8>0,         \ja^^^^Sy^\^^ 
for  any  pair  of  numbers  /8,  0  within  (h  —  8,  6),  by  284. 
^^^®  /•/r      rfi      rff 


it  is  necessary  and  sufficient  that 

jr/(*)da!  <t. 

(1 

The  integral                        .- 

J/<:x)dx,        J-S</3,/S'<i, 

(2 

is  called  the  left-hand  singular  integral  of  norm  Bfor  the  point  b. 
Similarly, 

j^fdx,  a<a,a'<a  +  B, 

is  called  the  right-hand  migular  integral  of  norm  Bfor  the  point  a. 
We  have  thus  this  result : 

Let  f(x)  be  regular  in  %  =  (a,  6)  eoccept  at  an  end  pointy  eay  6. 
For  f(x)  to  be  integrable  in  9,  it  is  necessary  and  sufficient  that  the 
singular  integral  at  b  have  the  limit  0  ;  i.e. 

lim  ff(x)dx^O,  a<b^B<fi,/3^<b. 

2.  When  a  singular  integral  such  as  2)  converges  to  zero  as  its 
norm  S  sa  0,  we  shall  say  the  singular  integral  is  evanescent. 
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3.  Let  f(x)  be  regular  in  31  =  (a,  J)  except  at  the  end  paintu  a,  J. 
For  ^ 

to  he  convergent^  it  is  necessary  and  sufficient  that  the  singular 
integrals 

jjdx,        fjfdx,        a<a'<a'\        V  <W  <b 

be  evanescent. 

It  is  necessary.     For,  when  J  is  convergent, 

e>0,        8>0,         t7-  I      <^.        a<a<a  +  h,        b-h<P<h, 
1        •/«  1      Z 

Also  r  ~ J  '  1^5'        a<ci <a  +  h. 

Adding, 

< 6,  a<ay  a'  Ka  +  h. 

Thus  the  singular  integral  at  a  is  evanescent.  The  same  is  true 
for  6. 

It  is  sufficient.  For  the  singular  integrals  being  evanescent, 
we  have 

'>«'  «>0'  ix"i<i'  ir'hi- 

Hence  .  ^^.      ^^..|     .  ^^,^     .  ^y,. 

IX -X.  NIX  l+IX  l<- 

Hence  ^^ 

lim     \  fdx,         a<a<p<h 

is  finite,  and  hence  by  definition  J  is  convergent. 
Now,  forO<^<l,  ^^     ^ 


IJ-Cx)  =  P   Z*'      =  arc  sin  /S. 
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Ab 

limarosin^  =  ir/2, 

The  siDgular  integral  at  1  is 


As 


f    — ===  =  arcsin/5' -arcsin/8.  (1 

limarcsinx  =  ir/2, 

the  difference  on  the  right  of  1)  is  numerically  <e  in  F^Cl),  for  a  sufficiently  small  d. 
Ex.2. 

Here,  forO<a<l, 


Jo   X 


r^=-iog«. 

But  •'•  * 


X 

^limloga  =  — 00. 


Hence  J  is  infinite,  viz.  «/=  +  oo. 
The  singular  integral  at  0  is 

P"*^  =  log«^,       0<a'<a"<«. 
J«'    X  a' 


But 

does  not  exist,  by  S21. 
Ex.  3. 

Now,  if  0<a<l, 

But 

Hence 


a' 

n 


limlog^ 
J'=fV-kte,        X>0. 

•^A  X 


Um  1^1^  =  1,        by  299,  2. 
«-o      X         X'  ^        ' 

X 


576.    Let  f  {it)  he  irUegrable  in  9  =  (a,  6),  and  regular  except  at 
a,  J.     Let  e  he  any  point -within  31.     3f%en 

For,  since  Jw  convergent, 
e>0,     S>0,     |j--P|<i,    a<a<a  +  S;    J-S</8<i.     (2 
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By  574,  3,  the  integrals 

are  convergent.     We  can  therefore  take  h  such  that  also 

ft/a        Jo.   I        4  l*^'^         J^    I       4 

Adding  these  last  inequalities  gives 

i(r^r)-ri<i-         (* 

Adding  2),  8)  gives 


-(r-Di<- 


From  this  follows  1). 


577.  1.  Definition,  We  can  now  generalize  as  follows.  Let 
f{x)  be  regular  in  %  except  at  the  singular  points 

a  <  (?j  <  (?3  <  ••.  <  <?^  5  *• 
\if{x)  is  integrable  in 

(a,  <?i),   ((?!,  ^,),    ...    {e^,  i), 
we  say/(x)  is  integrable  in  31,  and  set 

X/dx  =  j;>da:  +  jr>dx  +  ...  +£fdT. 

2.  We  can  therefore  say : 

Letf(x)  he  regular  in  81 = (a,  J),  €a:c€j>t  at  (^rtam painti  c^  c^  ••.  c,. 
Forf(x)  to  be  integrable  in  9,  tt  i%  necessary  and  sufficient  that  the 
singular  integrals  at  Cyt  c^  ...  be  evanescent. 

3.  From  this  follows  at  once 

Iff(x)  is  in  general  regular  and  is  integrable  in  8,  it  is  integrable 
in  any  partial  interval  ofH. 


fk 
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4.  To  avoid  confusion  and  errors  of  reasoning,  the  reader  should 
remember  that,  when  f(jjo)  is  not  limited  in  8  but  yet  integrahle 
in  9(,  there  ai*e  only  a  finite  number  of  singular  points  in  9( ;  and 
/  is  limited  and  integrable  in  any  partial  interval  of  9,  not  em- 
bracing one  of  the  singular  points. 

Criteria  for  Convergence 
578.    1.  The  integral 

is  called  the  acyaint  integral  of 

We  write  K^AdyJ. 

Iietf{x)  be  in  general  regular  in  31.     If  the  adjoint  of 

J^Jfdx 

is  convergent^  J  is  convergent. 

Let  (?  be  a  singular  point  of  f(x).  We  wish  to  show  that  the 
singular  integrals  at  this  point  are  evanescent.  To  fix  the  ideas 
let  us  consider  the  left-hand  singular  integral.     By  528, 

|j^^|<J^1/l^^.         c-B<y<ryf<c. 

By  hypothesis,  the  integral  on  the  right  vanishes  in  the  limit 
fissO.  Hence  the  integral  on  the  left,  which  is  the  left-hand 
singular  integral  at  c^  is  evanescent. 

When  AdjJ  is  convergent  in  21,  J  is  said  to  be  absolutely  conver- 
gent in  a  and/(x)  is  absolutely  integrable  in  9. 

2.  Letf(x)  be  absolutely  integrable  in  9,  and  in  general^  limited. 
Then  f  is  absolutely  integrable  in  any  partial  interval  of%. 

The  demonstration  is  obvious. 

8.  The  reader  should  note  that  f(x^  may  be  integrable  in  % 
and  yet  not  absolutely  integrable,  as  the  following  example  shows. 
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Let  U8  divide  the  interval  H  =  (0, 1)  into  partial  intervals,  by  inserting  the  points, 

In  the  interval  fU  =  I ,  - ) ,  n  =  1,  2,  ...  let  us  erect  a  rectangle  Bn  of  area 

\n  +  l    n/ 

1.    Let  these  rectangles  lie  alternately  above  and  below  the  z-axis.    In  the  interval 
n 

fUy  exclading  the  left-hand  end  point,  let  f(x)  =  height  of  JS»  taken  positively  or 
negatively  accordingly  as  i?n  is  above  or  below  the  axis.    Then  /(x)  has  a  singular 
point  at  as  =  0. 
We  have  now, 

Cfdx  =  lim  Cfdx  =  lim  Cfdx  =  lim  f  1  -  ^  +  ^  -  -  +  ^^  H*V 


Also, 


;;i/i<rx=ito(i+i+|+...+-Lj). 


As  the  reader  probably  knows,  or  as  will  be  shown  later,  the  first  limit  is  finite, 
the  second  infinite.    Thus /is  integrable  but  not  absolutely  integrable  in  fL 

4.  The  reader  should  note  this  difference  between  proper  and 
improper  integrals,  ^^ 

j=j/(.x:)dx. 

If  J  is  an  improper  integral,  we  have  just  seen  that  J'is  conver- 
gent if  >,» 

is  convergent. 

But  if  J"  is  a  proper  integral,  we  saw  in  528,  2,  that  we  could 
not  conclude  the  existence  of  J  from  that  of  K. 

On  the  other  hand,  if  J"  is  a  proper  integral,  the  existence  of  K 
follows  from  that  of  J",  by  607 ;  while  if  J  is  an  improper  integral, 
we  cannot  conclude  the  convergence  of  K  from  that  of  J^  by  8. 

579.  1.  The  fi  test.  Let  f{x)  he  regular  in  ^^(a^li)  except  at  a. 
For  some  0  <  aa<  1,  and  Jtf">  0,  let  there  exist  a  V*(a)  such  that 

(ix-a;)^\f(^x)\<M,  inr*. 

TTien  f(x)  is  absolutely  integrable  in  31. 
Consider  the  singular  integral  at  a.     We  have 

o^j;i/l<^^/(^=ir;{(«"-°)-'-C"'-)'-)' 

which  vanishes  in  the  limit,  by  299,  2. 
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2.  As  a  corollary  we  have: 

Let  f(x)  be  regular  m  21  =  (a,  J)  except  at  a. 
Far  some  0  <  ft  <  1,  let 

R  lim(x- ay  Ifdx^l 

be  finite.     Then  f(x)  i$  aheolutely  integrahle  in  81. 
Ex.  1. 


is  convergent. 

For,  by  464,  Ex.  2, 

Ex.2. 


J  logZ(2x 
^limx''|logx|=0,        Ai>0. 

1  ac""*8in-  dx 
Jo 


18  convergent.  Jo  x 

^^''  I  -1      II 

s»4)  I  X| 

880.    Let  f(x)  he  regvlar  in  91  =  (a,  J)  except  at  a. 
In  F*(a)  let  f(x)  have  one  sign  <r,  while 


Then 


(x^d)af(x)>M>Q. 


For,  let  aKaKcKa-^-t 

Then  ,  ^,      ,      ^  jif 


Hence 


ETuxmpU, 


{•/«  "^      I  -^•/*  a?  —  a  '^  a—  a 

=  +  00,  when  «  =  a. 


5  <r  •  00. 


r^P      (to      ^ 

Jo  1  -  x« 


+  00. 


For,  1        1 

for  X  near  1. 
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081.   Let  f(x)  he  regular  tn  9  =  (a,  i),  except  at  a. 
■^*  X=lim(a;-a)/(a!) 

exi9t.     If  f(jc)  %$  integrahle^  X  must  he  0. 

Let  us  prove  the  theorem  by  showing  that  the  contrary  leads  to 
a  contradiction. 

To  fix  the  ideas  suppose  X  >  0.     Then,  for  each  /i  such  that 

0</*<X 
there  exists  a  V^*(jii)  such  that 

(x-a)/(z)>Ai,        inTa*. 
Then  the  singular  integral, 

J^/cla:  =  +  oo,    by  680. 
Hence  /  is  not  integrable  in  8[. 

582.    The  criteria  of  579,  580  admit  a  simple  geometric  inter- 
pretation. 

Consider  the  family  of  curves 


^m; 


(x^ayy^M,        M>(i,    /*>0, 


in  the  vicinity  RV^(a). 

The  curve  H^  is  a  hyperbola. 

If  AA<1,  H^  lies  below  JSTp  while 
if  AA  >  1,  H^  lies  above  Hy  Further- 
more, if  1  >  ft  >  aa',  J5f^  lies  above  fl^.. 
The  curves  H^  all  cut  each  other  at 
the  point  a?  =  a  +  1.  As  we  are  only 
interested  in  these  curves  in  the 
immediate  vicinity  of  the  point  x=a, 
the  point  a  +  1  lies  beyond  the  range  " 
of  the  figure. 

The  /i  tests  may  now  be  stated  as  follows : 

If  in  some  V^(a)^  1/(^)1  remains  below  some  H^  which  lie 
below  JTj,  f(x)  is  integrable.  If,  on  the  other  hand,  f(x)  has  om 
sign  in  V*(ji)^  and  |  f(pi)\  remains  above  JST^  the  correspondiia 
integral  is  infinite. 
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Bly  ringnlar  point  is  x  =  1.    Let  na  apply  the  m  tait  at  this  point.    Since 


y/r^^   >/r=«   vT+« 

iUm(l-«)i/(x)=-L. 
ay  therefore  take  m  =  ii  and  J  is  convergent. 

Ex.2.  ^1 

J=  C-  ^  .        0<ir<l. 

Ingular  points  are  1,  -• 
ler  the  point  x  =  1. 

VaJ»  -  1 . 1  -  «*iJ«  =  VSTTl  Vx  +  1  •  1  -  «W. 
5  lim  (X  -  1)*/W  = 


•-* V2(l  -  it«) 

M  test  we  can  therefore  take  m  =  i* 
ler  the  point  x  =  i  • 

i  lim  f  1  -  X  W(x)  =  — =^— - , 

ke  M  =  i  ftt  this  point. 
r  iB  convergent 

J^=  I  logsinxdx,       0<x<r. 
agolar  point  is  x  =  0. 
'^  llm5!5L«=i. 

«M)      X 

8inx  =  x^(x), 
Umy(x)  =  l. 

logsinx  =:  logx  +  log^(x), 
x'^logsinxsrx^logx  +  x^logyCx),       M>0.  * 

lim  x^  logx  =  0,        11m  x^  ^ogg(x)  =  0. 

limx^log8inx  =  0. 
Q  the  M  test,  we  can  take  for  /i  any  positive  number  <  1.     Hence  J  is 
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586.  Ex.4. 


j^  f  22i^(ix,       a>0. 


The  singular  point  of  the  integrand  /(x)  is  x  =  0.    In  its  yicinity  F»(0),  /(z) 
has  one  sign  0-  =  +  1* 

Then,  by  679,  J  is  convergent  for  /i  <  1 ;  and,  by  580,  it  is  divergent  for  ii^l. 


587.  Ex.  6. 

t/  =  I 


J=  r^BJ^dx,       a>0. 
Jo    xf*- 


The  only  singolar  point  is  x  =  0.    In  r*(0),  the  integrand  has  one  sign  0*  =  + 1. 
As 

lim^^=l, 

«b1      X 

we  see,  by  679,  that  J  is  convergent  if  At  <  2 ;  and,  by  680,  that  it  is  divergent,  if  /i  5  2> 

588.   Logarithmic  tests.    Letf(x)  be  regular  in  81  =  (a,  6),  except 

at  a.     Far  some  M>0^  X>1,  «,  let  there  exist  a  V*(jt)^  such  that 

in  it 

(:,_a).Z     1     .;     1     ...Z..      1     .ijJ_.|/(^)|<JJf.    (1 
X'-a       x^a  x  —  a       x-^a 

Then  f  is  absolutely  integrable  in  ?[. 

By  389,  5),  iov  x>a  sufficiently  near  a,  and  «  =  1,  2,  ••• 


DJ,\ 


l-A     1  X-1 


x—a    x—a        x—a 


Integrating,  we  have,  for  a  <  a'  <  «"  <  a  +  S, 

a;  —  a  x  —  a 

<  e,         for  S  sufficiently  small. 

Thus  the  singular  integral  of  \f(x)  |  at  a  is  evanescent ;  for 

£'\f(x)\dx<M€. 
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589.    Letf(x)  be  regular  in  31  =  (a,  V)  except  at  a. 
Letf{x)  hive  one  Bign  a  in  V*(ji)^  where 

(x-a^^— Z,-l-  .cr/(a:)>i!f>0. 

a;—  a         x  —  a 

Then  /*6 

J^  J  fdx  =  O-  •  QO. 

From  889,  4),  for  «  =  1,  2,  •••,  and  x>a  suflBciently  near  a, 
DJi,^,  -J-  = Zl __. 


x^a 


(^-«X •  •  Ir 


x—a         x—a 
Integrating, 

r*^                   d^                       1    e  —  a  .  ^ 

I    3 3 —  =  ^+1 ,         a<a<c<a'\-S, 

Hence  l  fc      i      _„     (?  -  a 

I/da:  >Jt«,+, , 

l*/tt        I  a  —  a 

=  +  00,         when  a  =  a. 
Hence  _ 

590.    The  logarithmic  tests  588,  589  admit  a  simple  geometric 
interpretation. 

Consider  the  family  of  curves 

ci,A;  y  = T 1— '      ^>l5 


0 

y-              1 

Cx  —  a)L 

^         ^^x  —  a 

D 

<-! 

*            1 

and 

A; 


in  5F»(a). 

It  is  shown  readily  that  any  C  curve  finally  lies  constantly  below 
any  D  curve. 
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For  a  ^ven  X,  the  O  curves  rise  as  «  increases ;  while  the  D 
curves  sink  as  in  the  Rgure. 

The  logarithmic  tests  may  now  be 
stated  as  follows : 

If  \f(^x)  I  finally  remains  below  some 
C  curve,  f{x)  is  integrable.  On  the 
other  hand,  if  f{x)  preserves  one  sign 
near  a,  and  \f{x)  \  remains  above  some 
D  curve,  the  corresponding  integral  is 
infinite. 


Properties  of  Improper  Integrals 

591.  In  the  following,  as  heretofore  in  this  chapter,  we  shall 
suppose  that  the  integrands  have  but  a  finite  number  of  singular 
points  in  the  intervals  considered. 

When  f(x)  has  more  than  one  singular  point  in  21  =  (a,  6),  we 
can  break  ?[  into  partial  intervals,  such  that  f(x)  has  a  singular 
point  only  at  one  end  of  each  such  interval. 

For  example,  if  the  points  a,  Cj,  c^  are  the  singular  points  of 
f(x)  in  %  we  have,  by  576,  577,  /  being  integrable. 


where  aj,  a,  are  points  lying  between 
the  singular  points. 


J!l 


tr 


JiL. 


On  account  of  this  property,  we  may  simplify  the  form  of  our 
demonstration  often,  by  supposing  9  to  have  but  one  singular 
point,  which  for  convenience  we  shall  take  at  the  lower  end  of  the 
interval. 


692.   Let  f^^x)^  '"fnC^^  ^^  integrable  in  (a,  6).     Then 

.  (<?l/l  +  -  +  Cnfn)dx=C^j^f^dX'\-  '"  +  C^j^f^dx. 

Suppose  f-^'-fn  limited  except  at  a. 
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Then,  if  a  <  a  <  6, 

X  (^1-^1  +  -  +  CiJn)dx  =  c^f^fidx  +  -  +  ^hJTaAp. 
Passing  to  the  limit,  we  have  1). 

593.  Let  f(jz)  be  integrable  in  (a,  6).     Then 

J^f(x)dx  =  jydx  -h  jT/da;,         a<c<h. 

If  (?  is  a  singular  point  of  /,  the  above  relation  is  a  ipatter  of 
definition  by  677. 

If  c  is  not  a  singular  point,  the  demonstration  follows  at  once 
from  676,  677. 

594.  Jn  81  =  (a,  6)  let  /(a:)  he  integrable^  and 

jJ(x)dx^M(h-'a\        a<h.  (1 

For,  suppose  a  is  the  only  singular  point  in  9. 
Then,  if  a<a<h, 

£fdx  5  M(h  -  a),     by  626, 1. 

Passing  to  the  limit  a^a^  we  have  1). 

596.    Let  /(a;),  g(^x^  he  integrable  in  (a,  5). 

Except  posaihly  at  the  lingular  points^  l^t  f(x^>g(x).     Then  . 

£fdz>S,W  (1 

Suppose  /,  g  are  limited  except  at  a. 
If  a<a<6, 

fydx>J^gdx,    by  526,  2. 

Passing  to  the  limit  a  =  a,  we  have  1). 
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596.  Let  /(x),  gipc)  he  integrahle  in  (a,  6). 

Except  po9%ibly  at  the  singular  paints,  let  f(jc)%g(x)* 

At  a  point  of  continuity  c  of  these  functions^  letf(^c')  >g(c)>    Then 

fjdx>f}dx.  (1 

Suppose  /,  g  are  limited  except  at  a. 
Let  a<a<c<b.     Then,  by  527,  2, 

by  596, 

Adding,  we  have  1). 

597.  Let  f(x)  he  absolutely  integrahle  in  (a,  V).     Then  f(z)  it 
integrahle  in  (a,  6),  and 

\£fdx\<£\Kx-)\dx.  (1 

In  578  we  saw  that /(a;)  is  integrahle  in  (a,  6). 
Suppose /(a:)  is  limited,  except  at  a. 
Let  a<a<h.     Then,  by  528, 

\S}M<£\f\d^-  (2 

Passing  to  the  limit,  we  have  1). 

Suppose  Cj, «,,  •••  e,  are  the  singular  points.     Then,  if  e,<a,<e^^, 
r  =  l,  2,    -a-l. 

Hence 

LCH^irkirk- 

<  j;Vl<i*+X"'l/l'^+  ...,         by  2), 
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698.    La,  fix)  he  integrahle  in  21  =  (a,  6). 

Let  J 

J=jjdx. 

We  may  change  the  valuee  of  f(x)  over  any  discrete  point  aggre- 
gate in  %  without  altering  the  value  of  </,  provided  the  new  values 
of  f  are  limited. 

Suppose/ limited  except  at  a.     Let  a<a<h.     Then,  by  630,  2, 


/•6  /•ft 

J^fdx  =  J^  gdx. 


where  g  is  the  new  function. 
Let  now  a^a.    The  integral  on  the  left  converges  to  J.    Hence 


gdx  =  I  gdx  =  J. 


599.  1.  Let  f{x)^  g(x)  he  absolutely  integrahle  in  31  =  (a,  6), 
having  none  of  their  singular  points  in  common.  Then  h^fg  is 
absolutely  integrahle  in  81. 

To  fix  the  ideas,  let  c  be  a  singular  point  of  /,  but  not  of  g ; 
a<c<b.     Then  g  is  limited  and  integrahle  in  Fi(<?). 

Consider  one  of  the  singular  integrals  of  |A(a;)|  at  <?;  say  the 
right-hand  one, 

R^f!  \fg\dx,        (?<y<y'<c  +  S. 

Let  8  be  a  mean  value  of  \g(2>)  \  in  V{c).     Then,  by  681, 

R  =  %£"\f\dx. 
But  \f(x)  I  being  integrahle, 

lim  C"\f\dx^O. 

H«»»««  UmiJ=:0, 

as  B  is  less  than  some  positive  number  M. 


416  IMPROPER  INTEGRALS.    INTEGRAND  INFINITE 

2.  7n  81  =  (a,  6),  let  f(x)  he  integrahle  and  g(x)  limited  and 
monotone.     Then  fg  is  integrahle  in  31. 

For  simplicity,  suppose  /  is  limited  except  at  h.  We  mnst 
show  that 

€>0,        8>0,         |X-^^^^|<*'        h-SKe,        d<h. 
Now,  by  the  Second  Theorem  of  the  Mean,  546, 

But  /  being  integrahle  in  9,  the  integrals  on  the  right  are 
numerically  as  small  as  we  choose  if  S  is  chosen  sufficiently  small. 

600.  If  /(a:),  g(Qc)  have  a  singular  point  in  common,  fg  may  not 
be  integrahle,  as  the  following  example  shows  : 

/(x)  =  g(x)  =  — -J— »       «  =  (0, 1). 
Here,  by  588,  /  and  g  are  abeolately  integrable  in  K.    On  th«  Other  hand, 

Hence,  by  580,  2, 

Jo  Jo  1  -  X* 

and  h  is  not  integrable  in  (0,  1). 

•01.  Letf(x)  he  ahsolutely  integrable  in  21  =  (a,  5).  Let  g(x)  he 
integrahle  in  %  and  \g(^x^  \  <  6?.     Thenfg  is  integrable  in  8,  and 

For,  g(x)  being  limited  and  integrable,  \g(x)\  is  also  integrable, 
by  507.  Hence  \fg\  is  integrable  in  8,  by  599.  For  simplicity, 
suppose  that  h  is  the  only  singular  point  of  /(a?).  Let  a</9<  J. 
Then,  by  528,  ,  ^^       ,      ^^ 

\S/9M<Xm^ 

<a£\f\dx,         by  529. 
Passing  to  the  limit  fia^h^we  get  1). 


iii 
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802.    1.  Let  f(x)  he  non-negative  and  integrahle  in  81==  (a,  6). 
Let  g(x)  he  integrahle^  and 

m<g(x}<M. 

Then  r  r  r 

mj  fdx<J  fgdxKMj  fdx;  (1 

(Mr  r  r 

I  fgdx  =  a  I  fdx,       a  =  Meang(x).     (2 

For,  as  in  601,^  is  integrable.     If,  to  fix  the  ideas,  we  suppose 
6  is  the  only  singular  point  of/,  we  have,  by  629, 


'^sy^^<sy^^^  -  ^sy^^  « <  ^s  <  ** 


which  gives  1)  on  passing  to  the  limit  ^  =  i. 
Equation  2)  is  obviously  only  another  form  of  1). 

2.  As  a  corollary  we  have : 

Let  f(x)  he  non-negative  and  integrahle  in  (a,  5);  while  g(x^  m 
eontintwiu. 

Then  ^,  ^, 

Jjgdx  =  giDJJdx,      a<i<h. 

3.  By  repeating  the  reasoning  of  534  and  using  596,  we  have : 

Let  /(a;)  he  integrahle  and  non-negative  ;  while  g(jc)  i%  continuous 
in  8.     Let  c  be  a  point  of  continuity  off(jc),  and 

Min  g{x^  <  ^(c)  <  Max  g(jt),        in  8. 
Then  ^^  ^^ 

jjgdx^gi^^jjdx,  a<^<b. 

603.    1.  Letf(x)  he  integrable  in  3  =  (a,  6).     Then 

t/iCa;)  =  J  fdxy         a,  x  m  8, 

u  a  continuous  function  of  x  in  81. 
To  fix  the  ideas,  let  a  <  a  <  a;  <  6. 

Then  ^^a 

A«7=J^  fdx. 
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If /(x)  is  limited  in  F^Ca?), 

limAt7==0  (1 

by  586.     If  2;  is  a  singular  point,  1)  still  holds  by  674,  since  /  is 
integrable  in  91. 

2.  As  corollary  we  have : 

Letfix)  he  integrahle  in  (a,  6).     Then 

lim  (f(x)dx^  f/Ca?)^,         a<x<h. 

604.  1.  Let  fix)  be  integrable  in  3l  =  (aJ).  Iff(x)  is  continu' 
ousatx,  , 

To  fix  the  ideas,  \eta<a<x<b.  Since  /  is  continuous  at  x,  this 
is  not  a  singular  point  of/.  Let  c  be  chosen  so  that  a<c<x, 
while  ((?,  x)  contains  no  singular  point.     Then  setting 


/•x  /•«  /•« 

•/«  •/a  «/c 


we  have  t/rr  (7+  -K     But,  by  587, 


dK     /.x  V 


Hence,  since  (7  is  a  constant, 

2.  Letf{x)  be  integrable  in  81  =  (a,  6).     Iff  is  continuous  at  x, 

1  Z**^* 
lim  Y  I     f(x)dx  =/(a;),        a;  in  81. 

This  is  a  corollary  of  1. 

605.   In  8(  =  (a,  i)  let  f(jc)  he  integrable.     Let  it  he  continwms 
except  at  certain  points  c^---  e^  where  /(x)  may  he  unlimited. 


k 
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If  FQc)  is  a  one-valued  continuous  function  in  ?l,  having  f(x)  as 
derivative^  except  at  the  points  c^ 

jj(x)dx  =  F(b)  -  J'Ca).  (1 

Suppose /(a;)  is  continuous  except  at  a. 
Let  a<a<l.     Then,  by  588, 

£fdx^F(h)-Fiay  (2 

Since  F  is  continuous, 

lim  F(a)  =  F{a). 

Passing  to  the  limit  in  2),  we  get  1). 

Suppose  now  a  and  c  are  points  at  which/  is  discontinuous.    To 
fix  the  ideas,  let  ^  ^    ^  -  ^  jl 

Then  /•t      /•«      /•<•      /•» 

•/a         «/a         «/a         «/e    •  ^ 

Now  as  just  shown, 

jr'=i'(«)-^(a). 

Adding,  we  have  1)  from  3). 

Ex.  1.  n      dt         r       t     -.^ 

\    —  =  [arc  sin  x]     =  ir. 


is  integrable  in  9(  =(—  1,  1).    Its  points  of  discontinuity  in  ^  are  x  =  :!:  1. 

F(x)  =  arc  sin  X 
is  one-Talned  and  continnoos  in  9,  and  has  f(x)  as  derivative. 
Ex.  2. 


fj=[-a',=- 


This  result  is  obviously  false,  since  the  integrand  is  positive.    The  integrand  is 
not  an  integrable  function  in  (—  1,  1),  by  680. 
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Change  of  Variable 

606.  1.  LetfQc)  he  in  general  regular  in  31  =  (a,  6)  a  ^6.     Let 

u  =  4>(x) 

have  a  contintums  derivative  <f>'(x^  ^  0,  in  91.     Let  jgj  =  (O)  )9)  be  the 

image  of  $(,  and  let 

x^irdu) 

he  the  inverse  function  of  <f>.     If  either 

J.  -=f^Ax-)dx,  or  J; = jr/[V^(u)]^'(«)<lu 

is  convergent^  the  other  t«,  and  Jx^^u- 

By  hypothesis  the  points  of  9,  9  stand  in  1  to  1  correspondence. 
To  fix  the  ideas,  let/  be  regular  except  at  a.  Let  (t,  7  be  corre- 
sponding points  in  $(,  ^.     Then,  by  543, 

£f{x)dx=^fl^iu)W{?i)du,  (1 

since /(a:)  is  limited  and  integrable  in  (c,  6).  If  now  (Tsa,  7  =  0, 
and  conversely.  Thus  if  either  integral  J^  or  t/j,  is  convergent, 
the  relation  1)  shows  that  the  other  is,  and  both  are  equal. 

2.  7n  ©  =  (a,  ^9),  «>  A  /e^  a;  =  -^(1*)  have  a  continUaus  derivative 
which  mag  vanish  over  a  discrete  aggregate^  but  otherunse  has  one 
sign.  Let  81  =  (a,  6)  be  the  image  of  ©.  Let  f(x)  be  in  general 
regular  in  81.     If  either 

^,=^/(*)<i^,  or  J'.=jr/[V'(«)]V^(«)«iu 

is  convergent^  the  other  is^  and  J^^J^, 

We  employ  the  reasoning  of  1,  with  the  aid  of  544. 

607.  Ex.  1.  ^  ^  ri    (to 

^^  X  =  sin  u  =  ^(u). 

Here  ^'  is  positive  in  8  =  (0,  ir/2)  except  at  r/2. 
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Also  /•,/»         , 

Obyioiuly  Jm  is  convergent.    Henoe,  by  006,  2, 

^.  =  »/2,. 
a  result  already  obtained. 


x  =  sintf. 


Let 


Then  _      ^,/,         ^„ 


•^-=Jo 


^     Vl-<ca8in«u 

But  the  integrand  of  Ju  is  continaous  in  (0,  ir/2)  =  8.    Hence  Jn  is  finite. 
Therefore  J.  is. 

Both  these  examples  illustrate  how,  by  a  change  of  variable,  an 
improper  integral  may  be  transformed  into  a  proper  integral. 


Second  Theorem  of  the  Mean 

606.    Let  f(x)  he  integrahle  in  81  =  (a,  6).     Let  g(z)  be  limited 
and  monotone  in  S.     Then 

J^Sj9dx  =  g(ji  +  0^jydx  +  g(h-Q^j^fdx,  (1 

^*^^  a<^<h. 

We  assume  that  g(a  +  0),  ^(6  —  0)  are  dififerent,  as  otherwise  1) 
is  obviously  true. 

Let  u%  9uppo%e  firsts  that  /  is  regular  in  %  except  at  a.     Then,  by 

545,11),  ^    ^. 

a<a<b 

jjgdx^gia+0^£fdx  +  K^^  .  {5^(6- 0)-5r(«+0){»       (2 

Mrhere  ^(a)  is  a  mean  value  of 

£fdx,        a<x<l.  (3 
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In  2)  let  a=a.     We  have 

lim<7(a+0)=^(a  +  0> 

limj  fdx  =  J  fdx. 

As  all  the  terms  in  2),  except  ^(a),  have  a  finite  limit,  it  follows 
that  ^  (a)  must  have  a  finite  limit  ^.     Hence 

J]/i7<ia:  =  5r(a  +  0)J^/(ia;+i»|<7(J-0)--5r(a  +  0)}.  (4 

Reasoning  now  as  we  did  at  the  close  of  545,  we  arrive  at 
equation  1). 

Suppose  next^  that  /  is  regular  in  S,  except  at  a,  b.     Then  if 

a<l3<b, 

fygdx=^g(ia  +  0)fydx  +  ^,(l3)\g(ifi--0:f^ffCa+0:^U 

as  we  have  just  seen  in  3). 

Passing  to  the  limit,  we  have,  as  before, 

fygdx^g(ia  +  0)£fdx  +  ^^\gib--0)--g(ia+0:)l. 

This  may  be  transformed  as  before,  giving  1)  also  for  this  case. 
Let  tu  suppose  finally^  that  the  singular  points  of  /  are 


Then 


-r-r— x- 


If  a  or  i  are  singular  points,  the  first  or  last  integral  may  be 
discarded. 

By  the  preceding, 

P^  g(a  +  0)  Cydx  +  g(ic,^  0)  fydx 
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Similarly, 


X>K.-,+«){jr-Xj+K«.-«){x.-X} 

Adding  all  these  equations,  we  get,  setting  0^  =  0,  c,^.i  =tb: 
J=g(a  +  0)jr'  +  2;  [9<ic,  +  0)  -  gic,  -  0)  }  jT 

+ X  (^(""^  -  ^)  -  ^(''« + ^)  IX* 

'^gCa-^O^C  +  S+T.  (5 

Now  m,  SR  denoting  the  extremes  of  the  integral  3), 
ml  JK''.  +  0)-i?(<r.  -  0)  j<  ^<2»2{i7(c.  +  0)-5-(c.  -  0)} 
ml  JK^.+i - 0)-5'(«'.  +  0) j <  r<2»2  {Kc.+i -  0)-i?(c.  +  0)j. 

Which  added  give 
»n(K*  -  0)  -  K«  +  0))  < 'S  +  r<  aKGr(i  -  0)  -  i)r(a  +  0)). 

Thus  6)  gives 

J=gia  +  0)  r+  *0(> -  0)-^(a+0)). 

This  is  an  equation  of  the  same  form  as  4).     Thus  reasoning  as 
we  did  on  4),  we  get  1). 
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INTEGRALS  DEPENDING  ON  A  PARAMETER 

Uniform  Convergence 

609.  Let  f(x^  y)  be  defined  over  a  rectangle  R  =  (a,  5,  a,  /8),  )3 
finite  or  infinite,  and  be  unlimited  in  R.     Let  8=  (a,  6),  ©  =  (a,  ^8). 

For  each  y  in  ©,  let  ^j, 

be  convergent.     Then  J"  is  a  one-valued  function  of  y  in  C 

As  in  Chapter  XIII,  we  wish  now  to  study  J"  with  respect  to 
continuity,  differentiation,  and  integration,  restricting  ourselves 
to  certain  simple  but  important  cases. 

610.  1.  For  brevity  we  introduce  the  following  terms.  We 
shall  say  f{xy)  is  regular  in  5  =  (ahafi)^  fi  finite  or  infinite,  when 

1**.  f(xy)  has  no  points  of  infinite  discontinuity  in  R. 

2®.  f(xy^  is  integrable  in  31  =  (a,  J)  for  each  y  in  ©  =  (a,  /8). 

When  /8  is  finite,  we  shall  sometimes  need  to  integrate  f(xy) 
with  respect  to  y.     In  this  case  we  shall  also  suppose 
.    3®.  f(xy^  is  integrable  in  ©  =  (a,  ff)  for  each  x  in  81. 

For  example,  f(x,  y)  =^  y  sin  x  is  regular  in  B. 

If  /3  is  finite,  /  is  limited  in  B.  If  /3  =  « ,  /  is  not  limited  in  B  althoagh  it  has 
no  points  of  infinite  discontinuity. 

2.  If  /(a;y)  is  regular  in  Ry  except  that  it  may  have  points  of 
infinite  discontinuity  on  certain  lines  x  =  a^,  •••  a?  =  a^  we  shall 
say  f(xy^  is  regular  in  R  except  on  the  lines  a:  =  a^,  ••• ;  or  that  it  it 
in  general  regular  with  respect  to  x. 

8.  Let/(a?y)  be  continuous  in  R  except  on  certain  lines 

x^a^,  ...  x=:a^;  y  =  a^,   ..  y=^a,. 

On  the  lines  a;  =  aj,  .••  it  may  have  points  of  infinite  discontinuity; 
on  the  lines  y  =  a^ ...  it  may  have  finite  discontinuities.  If  /(ay) 
is  otherwise  regular,  we  shall  say  it  is  simply  regular  except  on  the 
lines X  =  a^,  ...  xss^a^;  yss  aj,  »»-  y^a^;  or  that  it  is  simply  irregu- 
lar with  respect  to  x. 

Tjbus  the  simply  irregular  functions  are  a  special  case  of  the 
functions  which  are  in  general  regular. 


i^ 
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4.  The  lines  a:  =  a^,  •••  a;=  a^  on  which  /(a;y)  may  have  points 
of  infinite  discontinuity  are  called  singular  lines. 

The  integrals 

I    fdx^       I      fdz      S  >  0,  arbitrarily  small 

are  called  the  left  and  right  hand  singular  integrals  relative  to  the 
lines  a;  =  a^,  t  =  1,  2  •••  r. 

5.  In  609  we  made  the  formal  requirement  that  /(a:y)  should 
be  defined  at  every  point  of  R.  It  usually  happens  in  practice 
that  /  is  not  defined  at  its  points  of  infinite  discontinuity.  .  Such 
is  the  case  in  such  integrals  as 

It  is,  however,  easy  to  satisfy  the  above  requirement  in  all  the 
cases  we  shall  consider ;  for,  by  598.  the  value  of 


jji^^  y)^^ 


is  not  affected  by  a  change  of  the  value  of  /  at  points  lying  on 
the  lines  :r  =  a^  •••  subject  to  the  restrictions  of  that  theorem. 

6.  This  fact  may  also  be  used  to  advantage  sometimes  to  sim- 
plify /(a:,  y)  by  changing  its  value  at  points  lying  on  these  lines. 

611.  1.  Let  f{xy)  be  regular  in  72  =  {aba^^^  P  finite  or  infinite, 
except  on  a:=ai,  ••• 

If  the  singular  integrals  relative  to  these  lines  be  uniformly 
evanescent  in  ©,  we  say 

is  umformly  convergent  in  SS. 

2.  If  J  is  uniformly  convergent  in  the  intervals  ©j,  •••  ©^,  it  is 
obviously  uniformly  convergent  in  their  sum. 

3.  If  J  is  the  sum  of  several  uniformly  convergent  integrals  in 
S,  it  is  itself  uniformly  convergent  in  ©. 


>iow  J 


•«,^wi^i»idr  jnroGRALS.  integrand  infinite 

7     -f  r '  '  *  ''^  :/9meral  regular  with  respect  to  zin  R^  (ahafi), 
.^  .       -•*.  *#.  *^nif9rmly  convergent  in  ©,  it  is  limited  in  SS- 

^  :  ^r^i^^iuty  :$appose  a;  =  ft  is  the  only  singular  line.     Then 
I J  fdx\  <  <r,         uniformly  in  ©. 
^M  :a  tiitf  rectangle  (aVafi)^ 

\A^y^\<M. 

^^^^  |J^|<if(i-a)4-<r. 

as.    Let  f(xy)  he  regular  in  R  =  (ahaP\  fi  finite  or  infinite, 
except  on  x  =  b. 

The  singular  integral  ^^ 

yKxy^dx,        h^<V<h,  (1 

it  uniformly  evanescent  in  ©  =  («,  yS)  if 

l/(^y)l<Ka'),      ina'=(j^A), 

and  <l>  is  integrable  in  W. 

For,  fCxg)  being  limited  and   integrable  in  (*',  J"),  where 
b'  <  J"  <  6,  we  have  for  any  y  in  © 

\SJfM<£'\f\'^^     by  528 


<y4>dx,       by  526,  2. 


But  ^  being  integrable  in  91',  we  can  take  h^  so  near  h  that  the 
last  integral  is  <  e.     But  as  Xhis  is  independent  of  y, 

\£f(xy')dx\<€,        in«. 

Hence  1)  is  uniformly  eyanescent. 
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613.  Example,    Let  us  consider  the  integral 

J'=  J^'log(l-2ycoex  +  ya)(ix  (l 

for  yalues  of  {^  in  9  =  (a,  p),  p  finite.    The  integrand  f(xy)  is  continuons  except  at 
the  points 

X  =  WIT,    y  =(-  1)*,    m  =  0,  ±1,  ... 

by  660,  Ex.  2.    Let  us  first  consider  the  singular  integral 

8=(Jfdx,        0<a'<8 

relative  to  the  line  a;  =  0.    Since  y  =  1  is  the  only  point  of  infinite  discontinuity  on 
this  line,  we  may  restrict  ourselves  to  an  interval  16'  =  (1  —  0*,  1  +  0*).    We  set 

y  =  l  +  ^,        \h\<<r. 

Hien  ,  H 

^=|>g{2(l  +  .)(l-cosx  +  ^^)jdx 

=  log2(l  +  ^)J^-dx  +  |;'log(l.cosx  +  ^^)^ 

=  iS'i  +  5i. 

Obviously  Si  is  uniformly  evanescent  in  ©'. 

To  show  that  ^2  is  uniformly  evanescent,  we  observe  that 

|log(l-cosx  +  ^^^^^^|<|log(l-cos«)|, 

since  log  x  increases  with  x,  and  is  negative  for  small  values  of  the  argument    We 
apply  now  612.    To  this  end  we  show  that 

0(x)=log(l-co8«) 

is  absolutely  integrable  in  (0,  a'),  using  the  firtest. 
Now  in  464,  Ex.  1,  we  saw  that 

filimx^log(l-co8x)=0,       0<Ai<l. 

Hence  1 0 1  is  integrable,  and  Si  is  uniformly  evanescent.  Hence  8  is  uniformly 
evanescent  not  only  in  Sd',  but  in  16. 

The  same  reasoning  may  be  applied  to  the  singular  integral  relative  to  the  line 
X  =  T.     Here  the  only  point  of  infinite  discontinuity  is  {^  =  —  1. 

Hence,  by  611,  2,  the  integral  J  is  uniformly  convergent  in  $d» 
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614.  Example.    Let  us  consider  the  integral 

J=iC  a^-i|logx|"<te,        n^O.  (1 

We  show  first  that  it  is  convergent  only  for  y>0. 
For,  lety>0.    Applying  the  /x-teet,  we  have 

limxM  •  a^-i  I  log* I  •  =  limx^  |logx|»,        X>0 

=  0,    by  454,  Ex.2, 
for  properly  chosen  0  <  /*  <  1. 
Hence,  by  679,  J  is  convergent. 

Lety^O.    Then       iirnX'tff'-^\ogx\»=zUmx^\\ogx\\        X^O 

=  +00. 

Hence,  by  680,  J  is  divergent 

Let  0<a<p,  We  show  that  J  is  uniformly  convergent  inSd^^ct,  />).  In  the 
first  place  we  note  that  the  integrand  is  continuous  in  B  =(0,  1,  a,  /3),  except  on 
the  line  x  =  0,  where  it  has  points  of  infinite  discontinuity.  We  have,  therefore, 
only  to  show  that  the  singular  integral  S  relative  to  this  line  is  uniformly  evanes- 
cent   To  this  end  we  use  612.    Now 

xi'-MJogx|»<x«-i|logx|»,       y>€L 

But  we  have  just  seen  that 

0(x)=x»-*|logx|*.  (2 

is  integrable.     Hence  S  is  uniformly  evanescent  in  9. 

615.  Let  f{xy)  be  regular  in  R  =  (^aba/3^^  fi  finite  or  infinite, 
except  on  x  —  b.      The  singular  integral 


£• 


lf(xt/)dx.  b'<b, 

is  uniformly  evanescent  in  ®  =  (a,  ^),  ?/ 

f(xy)  =  <f>(x)g(xf/^,     in  72^  =  (i  -  S,  6,  a,  ^; 

where  1°  ^(a:)  is  integrable  in  21'  =  (J  —  S,  6)  ; 

2°  g(xy)  is  limited  in  iJ^,  and  integrable  in  any  (b  —  S,  b")^ 
b'^  <  b^for  each  y  in  ^. 

For,  by2^  \g<ixy)\<M. 

Then  by  1*^,  there  exist  for  each  €  >  0,  a  S  >  0  such  that 


DC' 


,j.  Kxyx 
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Then  for  any  y  in  ©, 

<€,  by  1). 

Continuity 

616.    1.  Let  /(jcy)  he  regular  in  R  =  (ahap)^  /8  finite  or  infinite^ 
except  an  the  lines  a;  =  a^,  •••  x  =  a^. 

1^.  Let  the  singular  integrals  relative  to  these  lines  be  uniformly 
evanescent  in  ©  =  (a,  fi). 

2°.  Let  rj^  finite  or  infinite^  lie  in  S,  and 

lim/(a;y)  =  ^(a;)         untfomUy 

in  9  =  (a,  J),  except  possibly  at  x^a^,  •••  a;  =  a^. 
8*^.  Let  4>(x)  he  integrable  in  81.     Then 

Xb  r»b  fb 

f{xy)dx^\    \\mf{xy)dx^  \  ^{x)dx.  (1 

For  simplicity,  we  shall  suppose  there  is  only  one  singular  line, 
viz.  x=:b;  we  shall  also  take  i;  =  oo. 

We  wish  to  show  that 

e>0,     (?,     11>|<«,       for  any  y>Q^. 

jjow 

D  =fjf<:xy)-^(x)\dx+£fdx-£<l>dx,        V<b, 
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Now  by  1°,  3®,  the  last  two  integrals  are  numerically  <  €/3,  if  V 
is  sufficiently  near  ft,  for  any  y.  On  the  other  hand,  if  (7  is  suffi- 
ciently large,  we  have  for  any  y  >  (7, 

l/(.y)-^(.)|<3^, 

for  every  x  in  (a,  6')^  '^7  virtue  of  2®. 
Hence  1  l>i  |  <  €/3.     Hence 

|2)|<€,        y>(7, 
which  establishes  1). 

2.  Letfixy)  he  regular  in  R=  (ahaP)^  P  finite  or  infinite^  except 
on  the  line%  a;  =  a^,  •••  a;  =  a^. 

1*^.  Let  the  singular  integrals  relative  to  these  lines  be  uniformly 
evanescent  in  ©  =  (a,  ^). 

2®.  Let  r^^  finite  or  infinite^  lie  in  ©,  and 

lim/(a:,  y)  =  ^(a;)         uniformly 

in  a  =  (aJ),  except  possibly  at  x^a^^  •••  a;  =  a^. 

y  =s  lim  I  f(xy^dx        exists. 

3®.  iic^  ^(a?)  ft«  integrable  in  H.     2%«n 

\  f(xy)dx=^  I    lim/(a;y)rfa:=  I  Mx^dx. 

We  need  only  show  that  j  exists,  since  the  rest  follows  by  1. 
Let  us  suppose,  to  fix  the  ideas,  that  a;  =  ft  is  the  only  singular 
line,  and  that  17  =  oo. 

Then 
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But  by  1®,  there  exists  a  V  such  that 

lAI,      |D3|<6/4 
for  any  y  in  ©. 

By  2®,  we  can  take  7  such  that  for  any  x  in  (a,  J') 

|/(:ry)-<^(a:)|<j^^^,         y>7. 
Hence 

l/(^y')-/(x,y")l<2(j^y 

for  any  y',  y"  > 7,  and  x  in  (a,  J'). 

Thus 

|2)i|<€/2. 

Hence  ,  _ , 

|1>|<€,         foranyy>7; 

and  the  limit  y  exists. 

617.  1.  In  561  we  have  defined  the  ievmfQc^  y)  as  a  uniformly 
continuous  function  of  y  in  ©.  It  may  happen  that  /(a;,  y  4-  A) 
converges  tof(xy)  for  each  y  in  ©  and  any  x  in  81,  but  that  the 
uniform  convergence  breaks  down  at  points  lying  on  the  lines 
x  =  ai^  '"  x  =  ar.  In  this  case,  we  shall  say/  is  a  regularly  con- 
tintu)U8  function  of  y  in  ©.  If  /(a;,  y  4-  A)  converges  uniformly  to 
/(^y)  except  on  x=:a^,  •••,  where  it  may  not  even  converge  to 
/(a:,  y),  we  shall  say  that  f^xy^  is  a  Bemi-uniformly  continuous 
function  of  y . 

In  both  cases,  we  can  inclose  the  lines  a;  =  a^,  •••  in  little  bands 
of  width  small  at  pleasure  but  fixed,  such  that  the  convergence  is 
uniform  in  S,  when  x  ranges  over  H,  excluding  values  which  fall 
in  the  above  bands. 

2.  It  may  happen  that /(a:,  y)  is  a  regularly  or  a  semi-uniformly 
continuous  function  of  y  in  ©  except  on  the  lines  y  =  a^, ...  y  =s  a^. 
We  shall  say  in  this  case  that  /  is  in  general  regularly  or  semi- 
uniformly  continuous  in  y. 

3.  We  wish  to  make  a  remark  here  which  will  sometimes  per- 
mit us  to  simplify  the  form  of  a  demonstration  without  loss  of 
generality.  In  questions  of  uniform  convergence  or  uniform  con- 
tinuity, the  uniformity  may  break  down  at  points  lying  on  certain 
lines  a:  =  ai,  •••  a;=sa^.     In  this  case  we  may  count  such  lines  as 


432  IMPROPER  INTEGRALS.    INTEGRAND  INFINITE 

singular  lines.  When  P  is  finite,  and  no  points  of  infinite  discon- 
tinuity lie  on  these  lines,  their  singular  integrals  are  obviously 
uniformly  evanescent  in  ©. 

818.  1.  As  corollaries  of  616  we  have,  using  611,  4 : 

Let  f{xy)  he  in  general  regular  with  respect  to  x  in  R=i  (aJa^), 
13  finite. 

Let  fixy)  he  a  nemi-unifomdy  continuotts  function  of  y,  except  at 

^^  ^(y)=X/(^y)cfc  (1 

he  uniformly  convergent  in  ©  =  (a/3^. 

Then  J  is  limited  in  ©  and  continu4)u»^  except  possihly  o^  o^,  •••  a^, 

2.  Let  f(xy)  he  continuous  in  iZ,  except  on  x^a^^  •••  a:  =  a^. 
Let  1)  he  uniformly  convergent  in  SS*     Then  J  is  continuums  in  S. 

819.  Ex.  1.  The  integral 

Jo 

is  a  continuons  function  of  y  in  any  interval  9  =  (a/3).  For  the  integrand  is  contin- 
noua  in  (0,  t,  a,  /}),  except  on  tlie  lines  x  =  0,  x  =  t.  In  613  we  saw  J  is  uniformly 
convergent  in  $d.    Hence,  by  618,  2,  «/*  is  continuous. 

Ex.  2.  The  hitegral  ^^ 

J=  i  xr-»|logy|*da5 
Jo 

is  continuous  in  (a,  ^).        0  <  a  <  p. 
This  follows  from  618,  2,  and  614. 


Integration 

820.    1.  Up  to  the  present  we  have  been  considering  the  case 
when  the  singular  integrals 


S,=^£f<ixy)dx 
relatiye  to  a  line  x^sc  are  uniformly  evanescent. 
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For  the  purpose  of  integrating 

with  respect  to  the  parameter  y  over  a  finite  interval  ©  =  (a,  /8), 
we  can  take  a  slightly  more  general  case. 

As  before,  let  /(xy)  be  in  general  regular  in  R^(dbafi).  To 
fix  the  ideas,  let  us  consider  the  left-hand  singular  integral  at  e. 

Suppose  now  that  for  each  €  >  0  there  exists  a  S  >  0  such  that 
for  any  y  in  ©♦  =  (a,  ^), 

l'S'c|<e<r(y) 

for  every  </  in  (<?  —  S,  <?).  Here  a  is  regular  in  ©  except  at  /8,  and 
is  integrable  in  3 ;  it  is  also  independent  of  €.  In  this  case  we 
shall  say  this  singular  integral  is  normal.  Similar  remarks  hold 
for  the  right-hand  singular  integral  at  c. 

2.  Obviously,  if  the  singular  integrals  at  c  are  normal,  they  are 
uniformly  evanescent  in  any  partial  interval  (aff^  of  ©. 

Also,  if  the  singular  integrals  at  c  are  uniformly  evanescent  in 
C  they  are  a  fortiori  normal. 

3.  When  the  singular  integrals  of 

are  normal,  we  shall  say  J\s  normally  convergent  in  ©. 

4.  If  the  singular  integrals  at  c  are  normal^  there  exists  for  each 
€  >  0,  a  8  >  0,  such  that     .  ^^      ^^      . 

I  J,  dyjjdx\<e. 

for  any  a?  in  (c  —  S,  e?)  or  ((?,  c  -h  S),  and  any  X,  /i  in  ©. 
To  fix  the  ideas  consider  only  the  left-hand  singular  integral. 
Then  ,  ^        ,         .  . 

where  ^^        _  ^^ 

S^J    (rdy^J    ady. 


Hence 


\s:sM\s:w> 


484 


IMPROPER  INTEGRALS.    INTEGRAND  INFINITE 


621.    Let  f(xy)   he  in  general   regular  with  respect  to  x,  in 
R^(abafi),  fi  finite. 

1°.  Let  f  be  in  general  a  semi-uniformly  continuotLB  function  of 
gin9=ia,fi). 
2^  Let 


*^(y)=jr/(a:y)da; 


be  normally  convergent  in  ©. 

Then  J  is  integrable  in  C 

To  fix  the  ideas  let  a:  =  J  be  the  only  singular  line.-  Since  the 
singular  integral  is  normal  in  9,  it  is  uniformly  evanescent  in  any 
(«7)^  7  <  A  by  620,  2.  Hence,  by 
618,  1,  t/is  integrable  in  (a,  7). 

To  show  that  J  is  integrable  in 
O,  we  have  only  to  show  that 


P  :^ir 


/^-u 


-fi' 


/3--v<l3'<l3^'<l3, 


TV 


converges  to  0  as  17  =  0. 

But,  by  620,  4,  there  exists  a  V  such  that 

1 2^1  <  6/2,        i'<6, 
however  /S',  /8"  are  chosen. 

On  the  other  hand,  f^xg)  being  by  hypothesis  limited  in  any 


(a,b\a,fi\         b^<b. 

We  can  therefore  choose  17  so  small  that 

|2\|<£/2. 


ir^ 


Hence  1)  shows  that  for  each  €  >  0,  there  exists  an  17  >  0,  such 
for  any  pair  of  values  fi^ff*  in  (/8  — 17,  ^S*), 
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Inversion 

622.  1.  Let  f(xy^  be  in  general  regidar  with  respect  to  a:,  in 
Rr=(abafi). 

1°.  Let  the  singular  integrals  be  normal. 

2®.  Let  f(xy^  be  in  general  a  semi-uniforndy  continuous  function 
of  y  in  S. 

3®.  Let  inversion  of  the  order  of  integration  be  permissible  for 
any  rectangle  in  R  not  embracing  the  singular  lines. 

exists  and  are  equal. 

For  simplicity,  let  us  suppose  x  =  b  is  the  only  singular  line. 
By  V,  2°,  and  621,  the  integral  JT  exists. 

J  dy^^  fdx = J^  <*rj[  fdy.       b-B<b><b.    (1 
Hence  1),  2)  give 

IIT-^HIXI  <' 

<€,        by  620,  4 

if  S  is  taken  sufficiently  small. 
Now,  by  603,  2,  ^^  ^^ 

•/a  •/a  ^'s^tt/a   %/m 

Hence,  by  8),  ^^  ^ 

2.  Letf{xy)  be  simply  irregular  in  R  =  (aba/S)  with  respect  to  x 
Let  the  singular  integrals  be  normal.     Then 

exist  and  are  equal. 
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This  is  a  special  case  of  1.  For,  by  617,  3,  /  is  in  general  a 
regularly  continuous  function  of  y.  Thus  condition  2®  is  satisfied. 
That  condition  3**  is  fulfilled  follows  from  570,  1. 

653.  Example,     We  saw,  576,  Ex.  3,  that 

Hence  forO<a</3, 

We  can,  by  622,  2,  inyert  the  order  of  integration,  since 

fV-i<fx,      0<a 

is  uniformly  evanescent  in  (a,  /})  by  614. 
Thus  1)  gives,  inverting, 

^a     Jo     J«  '^      Jo       logjc  ^ 

For  a  =  1,  this  gives 

Jo      logx  "^ 

If  we  set  here  /}  =  2,  it  gives 

r^(te  =  log2.  (4 

Jo  log  a; 

654.  We  give  now  an  example  where  it  is  not  permitted  to 
invert  the  order  of  integration. 

We  have  for  all  points  different  from  the  origin, 

Thus 

Jo   Vo(aJi  +  ya)«  Jo   ^^Lai^  +  yaJo     Joi+ya    T 

Jo      >  (aJ«  +  ya)«   *^         Jo      Lx«  +  yaJo        Jol+a^        4 
Hence  A^  B  are  both  convergent ;  but  they  are  not  equal. 


INVERSION  487 

625.  1.  Up  to  the  present  we  have  supposed  that  the  points  of 
infinite  discontinuity  of  the  integrand  /(a?y)  lie  on  certain  lines 
parallel  to  the  y-axis. 

We  consider  now  a  more  general  case. 

Let  us  suppose  that  these  points  of  infinite  discontinuity  do  not 
lie  only  on  a  finite  number  of  lines  parallel  to  the  y-axis,  but  that 
it  is  necessary  to  employ  in  addition  a  finite  number  of  lines  par- 
allel to  the  :r-axis. 

To  fix  the  ideas,  let  these  lines  be 

x  =  a^,  '"  x^ar'y   y=ai,  •••  y=a,.  (1 

If  /(a:y)  is  otherwise  regular,  i.e.  if  properties  2**,  3**  of  610,  1 
hold,  we  shall  say  f(xy')  is  regular  in  R  except  on  the  lines  1),  or 
that  it  is  in  general  regular  with  respect  to  z,  y. 

2.  Similarly  we  extend  the  term  simply  regular^  viz. :  If  f(xy) 
is  continuous  in  R  except  on  a  finite  number  of  lines  parallel  to 
each  axis,  say  the  lines  1),  where  it  may  have  points  of  finite  or 
infinite  discontinuity ;  if,  moreover,  it  enjoys  properties  2®,  8®  of 
610,  1,  we  shall  say  f(xy)  is  simply  regular  in  R  except  on  the 
lines  1),  or  that  it  is  simply  irregular  with  respect  to  2^  y. 

3.  The  lines  y==ai9  ***  are  also  called  singular  lines,  and  the 
integrals 


X>y 


are  singular  integrals  relative  to  the  lines  y  =  a^,  m  =  1,  2  •••  «. 

4.  In  accordance  with  the  present  assumptions,  we  should 
modify  the  definition  of  normal  singular  integrals  given  in  620, 1, 
so  as  to  allow  a(jf)  to  have  singular  points  at  a^^  •••  a«. 

Ab  an  example,  consider 


V(x-6)(y-/>) 


Here  ereiy  point  on  fhe  lines  x  =  6,  y  =  ^  are  points  of  infinite  discontinuity. 

If  i?  s(a,  6,  a,  /}),  a  <  6,  a  <  ^,  we  see  at  once  that /is  continuous  in  B  except 
on  the  above  lines.  Obviously,  /  is  integrable  with  respect  to  x  or  y  in  J?.  Thus  / 
is  limply  regular  in  B  except  on  the  lines  x  =  &,  y  =  /3. 
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626.    1.  Let  fixy')  he  regular  in  It  =  (ohaP)^  except  on  the  line% 

1°.  Let  it  he  in  general  a  Bemi-uniformly  continvLOus  function  of  y 
in^^ia^y 

2°.  Let  the  singular  integrals  relative  to  the  Knee  x==a^^  •••  be 
normal  in  ©. 

3®.  Let  the  singular  integrals  relative  to  the  lines  y  =  €i^^  •••  be 
uniformly  evanescent  in  any  interval  <>/'  31  =  («J)»  not  embracing  the 
points  «!,  •••  a^. 

4^  Let  any  integral         j%£fdx 

admit  inversion  if  the  rectangle  (aJVJff)  does  not  embrace  one  of  the 
singular  lines. 

is  integrable  in  9. 

For  simplicity,  let  us  assume  that  there  is  only  one  singular  line 
a:  =  6,  and  one  line  y  =  /8. 

We  observe,  first,  that  J  is  integrable  in  any  (a/S^),  )8'</9by 
1%  2**,  and  620,  2,  621.  Therefore,  to  show  that  J  is  integrable 
in  JB)  it  suffices  to  prove  that,  for  each  € >0  there  exists  an  i7>0, 
such  that  ^g.. 

T=ljdy 

is  numerically  <  e  for  any  pair  of  numbers  /S'yS"  in  S  =  (yS  —  i?,  i8). 

But  by  2**  and  620,  4, 

if  V  is  taken  sufficiently  near  6.     Suppose  V  so  chosen  and  th^^x 
fixed. 

On  account  of  4%  y  ^  p'  n 

By  virtue  of  3**  we  can  take  17  >  0  sufficiently  small,  so  that 
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"'°*'*  \T,\<./2. 

Therefore  ^j,^^^^        for  any /3'/3"  in  g. 

2.  Let  f(xy')  he  simply  regular  in  R  =  (johaff)^  except  an 
a:=ap  •••  y=^a^^    .. 

1**.  Let  the  singular  integrals  relative  to  x^a^^^  -"  be  normal  in  ©. 
2**.  Let  the  singular  integrals  relative  to  y  =  ai,  •••  be  uniformly 
evanescent  in  any  interval  qffl  not  ewhracing  the  points  a^  ••• 
Then 

is  integrable  in  SS* 

For,  conditions  1%  2%  8**  of  1  are  obviously  fulfilled. 
That  4**  is  satisfied,  follows  from  570. 

627.   1.  Let  f{pcy)  be  regular  in  R^(ahaP)  except  on  the  lines 
x=a^,  ...  x  =  a^;  y=a^,   ..  y=a,. 

l^  Let  the  singular  integrals  relative  to  the  lines  x^a^t  -**  be 
normal. 

r.  LettheinUgral  £dx£fdy 

admit  invertion,  if  (c,  d)  does  not  embrace  the  pointt  Oj,  o^  ••• 

be  convergent. 

is  convergent^  and  K=  L. 

For  simplicity,  let  a:  =6,  y==fi  be  the  only  singular  lines. 
Then,  by  2**, 

SJdxfydy^jyyfjdx.       b^B<b'<b.  (1 

ssj  J  —J  J  ,      since  JT  is  convergent. 
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But,  however  small  e>0  is  taken,  we  may  take  S>0  so  small  that 

From  1),  2),  8)  we  have 

\££-  -S"! < e,         h-h<V<h. 

But  then  ^j  ^,         ^j.  -, 

L=\    I  =lim)     \    =K. 

2.  Letf^xy)  he  simply  regular  in  R  =  (^abal3^^  except  an  x^a^  ••, 

V.  Let  the  singular  integrals  relative  to  the  lines  x  =  a^  •••  be 
normal  in  SS. 

2°.  Let  the  singular  integrals  relative  to  the  lines  y  =  Oj  •••  he  uni- 
formly evanescent  in  any  interval  of  9(  not  embracing  the  points  a^  - 

Then  the  integrals 

are  convergent  and  equal. 

For  condition  2**  of  1  is  satisfied  by  622,  2  if  we  replace  xhj  y 
in  that  theorem.     Condition  3°  is  fulfilled  by  626,  2. 

628.    Example.    As  an  application  of  627,  2  let  us  consider 

The  singular  lines  are  x  =  0,  y  =  0. 
The  singular  integral  relative  to  x  =  0, 

'^^  Vxy 
is  normal  in  ©  =  (0,  /3).    For, 

setting 

^  Vx*  Vy 
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Here,  for  any  e  >  0,  there  exists  a  d  >  0  such  that  e'  <  e,  for  any  0  <  a  <  d.    On 
the  other  hand,  o-  is  integrable  in  ®. 
The  singular  integral 

relative  to  y  =  0  is  ODiformly  eTanescent  in  any  (a,  b),       a  >  0.    For, 

But  for  any  e  >  0  there  exists  an  Oo  >  0,  such  that 

j;'^<.A       0<a<«,. 

Hence  T<  t       for  any  a  <  Oo. 

Thus  the  conditions  of  627,  2  being  f alfilled,  both  integrals 

Jo    ^Jo  ^*       Jo      Jo  v^  ^ 

are  convergent  and  equal. 

This  result  is  easily  verified  by  actually  evaluating  these  integrals.    For, 


r*  da;  ^   1    ndx  ^2>/6 


Hence 


p  da;  ^   1    r' 
Jo  Va^     Vy  Jo 


IHfferentiation 

629.  ie^  /(a;y),  fyCp^v)  f>e  regular  in  R  =  (ahaff)^  except  an  the 
lines  x=  aj,  •••  a;  =  a^. 

V.  Letfy  he  a  semi-uniformly  continuous  function  of  y  in  SB  =  Qf'tfiy 
2**.  In  the  elementary  rectangles  (a^  —  t,  a^  +  t,  a,  )8), 
let 

\fyixy^\<4^Sj^\        t  =  l,2,  ...r, 

the  <l>^s  being  integrable  in  (a^  —  S,  a^  +  S). 


<ju: 
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Kor  simplicity,  let  a;  =  6  be  the  only  singular  line,  and  let^  be 
vuiaorttily  continuous  in  9  =  (a,  (),  except  at  b.     Then 

Ay     •/«  h  '    ' 

= J  /J(as  »7)rfx,        by  Law  of  Mean 

='S.A(^!/)'i='  +£\fy(x,i)  -fy(xy)\dx 

='£fy(xy^dx  +  D.  (2 

But  ph  /•b'     /•b 

Also,  by  2%  1^^^^^  _^^^^^^  I  ^  2  ^(:r). 

IAI<2XV^<|' 


Hence 


provided  V  is  taken  suflBciently  near  i. 

On  the  other  hand,^^  being  uniformly  continuous  in  H'  =  (a,  i'), 
we  can  take  B  so  small  that 

\AC^  v)  -fyix.  y)  I  <  2(jir^'      ^^  «'• 

Hence  |i>|<6,  for  any  |A|<S;  and  1)  follows  at  once  from  2). 

690.    Example,    As  an  application  of  620,  let  ns  consider  the  integral 

f  xi'-Mog^acdr,        n  §  0,  inte^ol, 
which  was  taken  up  in  614.    The  integrand 

/(Xy)  rrX^-Mog^X 

is  not  defined  for  x  =  0.    Let  us  give  it  the  value  0,  when  x  =  0.    Then 

/;(x,  y)  =  x^-i  log*+»  X        for  X  >  0 
=  0  for  X  =  0. 


K 
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Then  /  and/,  are  simply  regular  in  i?  =  (0,  1,  a,  /3),  ce>0  except  on  the  line 
X  =  0.  Moreover,  fi  is  a  uniformly  continuous  function  of  y  in  SB  =  (a,  /3),  except 
possibly  on  the  line  x  =  0.  It  is  therefore  a  regularly  continuous  function  of  y  in  SB. 
Thus  condition  l"*  of  629  is  fulfilled.  Condition  2''  is  also  satisfied,  as  614, 2}  shows. 
Hence  if  we  set 


we  get,  by  620, 

or  differentiating  n  times, 


*^=  Txi'-Mogxdx; 
dy     Jo 

*!*?=  fV-Mog«x<te.  (1 

dy*     Jo  "^ 


But,  by  676,  Ex.  3,  . 


Hence 

Comparing  1),  2),  we  get 


y 

dy*  y*»+i 


rxr-Uog-xeixrrC-l)--^,        y>0.  (8 

631.  1.  By  using  double  integrals,  we  can  obtain  more  general 
conditions  than  those  given  in  629,  for  differentiating  under  the 
integral  sign  in 

For  example,  the  following. 

Let  f(x^  y),  /i(a;,  y)  be  in  general  regular  with  respect  to  x  in 
Ji  =  Cabal3). 

V.  Let  fjixy)  he  a  aemi-unifarmlt/  contintums  function  of  y  in 
«  =  («,/8). 

2«.  Let  ^j 

he  uniformly  convergent  in  ©. 
3^  Let 


admit  inverrion. 
Then 
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But  by  1%  2%  and  618,  1,  ^(y)  is  continuouB  in  JB.     Thus  on 
passing  to  the  limit  A  =  0,  in  2),  we  get  1),  using  537,  2. 

2.  As  a  corollary  of  1  we  have : 

Let  f(xy)^  f^(xy)  he  regvXar  in  R^(ahap)^  except  an  the  line* 
X  =  a^,  •  •  •  a;  ^  d^ 

Letfy(zy)  he  contintums  in  R^  except  on  theee  linee. 
Let 


be  uniformly  convergent  in  :©  =(«,  /8). 
Then 


|^/(^y)*r:=j;/;(2^y)cfa,         in. 
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Definitions 

632.  1.  If  f(x)  has  no  points  of  infinite  discontinuity  in 
jl=s  (a,  oo),  and  is  integrable  in  any  partial  interval  (a,  i),  of  H, 
we  shall  say  that  /(a;)  is  regular  in  81.  If  on  the  contrary,  f(x) 
has  a  finite  number  of  points  of  infinite  discontinuity  Cj,  e^t  •••  in 
9,  but  is  integrable  in  any  partial  interval  (a,  i),  we  shall  say 
/(«)  is  in  general  regular  in  %.  The  points  c^,  c,,  •••  are  singular 
points. 

Let/(rr)  be  in  general  regular  in  %.    Let  us  consider 

liin£/(«)^  (1 

which  we  denote  more  shortly  by 

j/Cxydx,  (2 

and  which  is  called  the  integral  of  f(x)  from  a  to  +<»»  or  the 
integral  off(x)  in  H. 

If  the  limit  1)  is  finite,  we  say  the  integral  2)  is  convergent  or 
that /(a?)  is  integrable  in  8.  If  the  limit  1)  is  infinite,  the  inte- 
gral 2)  is  divergent.  If  the  limit  1)  does  not  exist,  i.e.  if  it  is 
neither  finite  nor  definitely  infinite,  the  integral  2)  does  not  exist. 

If  \f(x)  I  is  integrable  in  H,  /(a;)  is  absolutely  integrable  in  81, 
and  the  integral  2)  is  absolutely  convergent. 

2.  We  make  a  remark  here  which  will  often  enable  us  to  sim- 
plify our  demonstrations,  without  loss  of  generality. 

446 
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If  f(x)  is  in  general  regular  in  81=  (a,  oo),  we  can  take  I  so 
large  that /(a;)  is  regvlar  in  (6,  oo).     But  the  integral 

£f(ix)dx 

has  been  treated  in  Chapter  XIV.    We  have  thus  only  to  consider 

in  which  the  integrand  is  regular.  We  may  therefore  often  as- 
sume in  our  demonstration,  without  loss  of  generality,  that  f(x) 
is  regular  in  S. 


Ex.  1. 

For, 

Ex.  2. 

For, 

Ex.  8. 

For, 
does  not  exist. 


I    ^  =  1 ;       it  is  convergent. 

J    —  =  +  00  ;        it  is  divergent 
lim  1 '  —  =  lim  log  x  =  +  oo. 

XMoJl       X 

\    cos  x(ix       does  not  exist 
lim  r  cos  x(2x  =  lim  sin  x 


633.    1.   General  criterion  far  convergence. 
Letf{x)  he  regular  in  a  =  (a,  oo).     For 


to  he  convergent^  it  is  necessary  and  sufficient  that^for  each  €>0, 
there  exists  a  G>0^  such  that 


\Sydx\<,  (2 


far  any  pair  of  numbers^  «,  )8  >  fl^. 
This  is  a  direct  consequence  of  284. 
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2.  The  integral  2)  is  perfectly  analogous  to  the  singular  inte- 
grals considered  in  Chapter  XIV.  It  is  convenient  to  call  it  the 
nngvlar  inttgral  relative  to  the  point  a;  =  oo ;  and  also  to  call  this 
point  a  singular  paint. 

Instead  of  2)  it  is  convenient  at  times  to  call 

fjfdx^dx,        h>a,  (3 

the  singular  integral.     The  integrals  2)  and   8)   are  obviously 
equivalent. 

8.  Letf(x)  he  regular  in  31  =  (a,  oo).  Iff(x)  is  absolutely  inte- 
grable  in  %  it  is  also  integrable  in  9. 

For  by  hypothesis  ^ 

j  |/(a;)|(ia?<e,         a<a<fi. 

But  in  any  given  (a,  P\f(x)  is  integrable  by  hypothesis  and 
\jydx\<j\f\dx,        by  528,  1. 

4.  The  reader  should  note  that  an  integral  may  be  convergent 
and  yet  not  absolutely  convergent.     Thus 

converges  for  0  <  /a  <  1,  while 


|m££.I, 
is  divergent  for  these  values  of  y..     Cf.  646,  Ex.  2. 

634.   1.  The  symbol 

J]/(x)rfx  (1 

is  defined  as 

lim  I  f(x)dx^ 

and  is  called  the  integral  of  f(x)  from  —  oo  to  a. 
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The  symbol 

fj{x)dx  (2 

is  defined  as 

lim  I  f(x)dx. 

The  terms  introduced  in  632  have  a  similar  meaning  here. 
The  integral  1)  is  not  essentially  different  from 

and  requires  therefore  no  comment. 

2.  In  regard  to  2),  we  have  the  theorem : 

Let  /(x)  be  in  general  regular  in  (—  oo,  oo).     In  order  that 

x«oe 

he  convergent^  it  is  necessary  and  sufficient  that 

he  convergent  for  any  a.      When  J  is  convergent, 
liJia  convergent,  we  have 

Subtracting,  we  get 

\f:-£\<- 
\f:M<- 
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Hence,  by  638, 

/> 

is  convergent.    Similarly, 

is  convergent.     Therefore  when  J  is  convergent,  J^^^  J^  are  con- 
vergent. 

Conversely,  if  J^^  J^  are  convergent,  J  is  convergent. 

For,  let  a  be  fixed  and  a<a<fi.     Then 

For  a  Bufficientlj  large  (7,  and  e  >  0  arbitrarily  small, 

r=./,  +  €',        «<-(?,  |e'|<|. 

Hence  i  /•^ 

for  all  a  <  —  (?,  and  I3>&.     Therefore 

lira  J    =s  «7j  4-  J^. 
Hence,  when  e/j,  J^  are  convergent,  J  is,  and 

3.  As  a  result  of  the  foregoing,  we  see  that  the  integrals 

fjdx.  fjdx  (3 

do  not  differ  essentially  from 

For  convenience,  we  shall  therefore  study  only  this  last ;  the 
results  we  obtain  are  then  readily  extended  to  the  integrals  8). 
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Tests  for  Convergence 

(S6.   !•   The  /I  testa  for  convergence.    Let  f{jx)  he  regular  in 
fls(a,  Qo).     If  there  exists  a  fi>ly  such  that 

f(j[)  is  absolutely  integrahle  in  2. 
For  let  (?  <  a  <  ^  lie  in  V.     Then,  by  526,  2, 

<C  if  (7  is  taken  sufficiently  large. 

2.  Let  f(x)  be  regular  in  31  =  (a,  oo).     If  for  some  ft  >  1 

liraa:^!/(a;)| 

is  finite^  f(jxi)  is  absolutely  integrable  in  31. 

3.  As  corollary  of  2  we  have : 
/n  31  =  (a,  oo),  a  >  0,  let 

/(a:)=2l£2or5!2M,        X>1;  .>0, 
or  e"^ 

where  g  is  limited  in  31  and  integrable  in  any  (a,  6).     Then  f(x)  is 
absolutely  integrahle  in  8. 

636.    Test  for  divergence.     Let  f{x)  be  regular  in  81  =  (a,  ao). 
In  F(oo)  let  f  have  one  sign  cr,  and 

(T7f{x)>M,  M>0. 

Then  ^, 

«7'= J    fdx=s  a 'CO. 

For,  let  a<a<x;  while  a,  a;  lie  in  V. 
Now,  by  626,  2, 
when  a;  =s  4-  00. 
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637.  Logarithmic  test  for  convergence.     Let  f(x)  he  regular  in 
a  =  (a,  oo).     If  there  exists  a  |i  >  1,  and  an  «,  such  that 

xl^xl^  •••  l^_ixlj'x\f(x)\< M^        in  V(qc^^ 

f(x)  is  absolutely  integrahle  in  31. 

We  have,  by  389,  2),  for  a:>0  sufficiently  large, 

Xl^xl^  '"  l^^xxlj^x 
Hence,  if  0<(?<a<)8, 

C'       dx        _     1      f     1  1     1^0 

J  a  xi^x    itx    Ai  - 1 1  ?/-'«    ir^^  J     ' 

when  G^  =  4-00. 

<  €,  for  Q  sufficiently  large. 

638.  The  logarithmic  test  for  divergence.     Let  f(x)  be  regular  in 
31  =  (a,  00).     In  F(oo),  let  f(jx)  have  one  sign  cr,  and 

xl^xl^  •••  l^  '  af(x)>M>0. 

Then  ^» 

J   fdx  =  cr  •  00. 

But 


since  by  389, 1),  for  sufficiently  large  a;  >  0, 

As  ^ 

our  theorem  is  established. 
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639.    Ex.  1.  A  quarter  period  of  Jacobins  function  tii(«,  k)  is 

K=  C  ^         .        0<ir<l. 

•'^z*  V(l-a;*)(l-«*a:*) 

The  point  x  =  I/k  is  the  only  finite  singuUr  point  Applying  the  /i  test  of  670 
at  this  point,  we  see  that  we  can  take  m  =  i>  The  singular  integral  at  this  pohit  is 
therefore  evanescent    Consider  now  the  point  x  =  oo.    We  have 


V(l-aj«)(l-icax«) 


WR)F5) 


This  shows  that  the  fi  test  of  636  is  satisfied  for  any  m^2.    Hence  the  singular 
integral  relative  to  this  point  is  evanescent    Hence  K  is  convergent 

640.    Ex.  2.  A  half  period  of  Weieratrass*s  function  p(u,  gt,  gt)  is 

dx 


-j: 


/I  y/^x^  —  g^  —  gt 
where  ei  is  the  largest  real  root  of 

4x»-^8X-^t. 

The  point  ei  is  the  only  finite  singular  point.  Applying  the  /i  test  of  679  at  thit 
point,  we  see  that  we  can  take  m  =  }•  Hence  the  singular  integral  relative  to  this 
point  is  evanescent    Consider  the  point  x  =  oo.    We  have 

1  1 


^       x'-*     x« 
This  shows  that  the  ^  test  of  635  is  satisfied  for  any  m  ^  }*    Hence  w  is  conveigent 

641.     Ex.  3.    The  Beta  function, 

»-idx  ,, 


^(•'•')=r(n? 


«) 


•-Hr 


The  point  x  =  0  is  a  singular  point  if  u  <  1 .    Applying  the  tests  of  670, 680  at  this 
point,  we  see  that 

Jo  oTlo^-'     ^^^' 

is  convergent  when  u>0;  apd  divergent,  when  u^O.    Consider  the  point  x  =  oo. 
We  have 


(i+x)-+*-x-+i  fi+iy 
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Applying  now  the  tests  of  635,  636,  we  see  that 

converges  for  o>0,  and  diverges  for  v^O. 

Thus  the  integral  1)  has  a  finite  value  for  every  «,  v>0.    The  funotion  so  de- 
fined is  called  the  Eulerian  integral  ofthefirnt  kind  or  the  Beta  function, 

642.    Ex.4.    The  Chimma function, 

r  (u)  =  f  *«-«^K»-VlK.  (1 

The  point  x  =  0  is  a  singular  point  if  ti  <  1. 
Applying  the  tests  670,  680  at  this  point,  we  see  that 


i;.  ->«• 


is  convergent  when  ti  >0,  and  divergent  when  w^  0. 

On  the  other  hand,  applying  the  m  test  of  636,  3,  we  see  that 


r 


is  convergent  for  any  u.    The  integral  1)  therefore  defines  a  function  of  u  for  all 
If  >  0.   It  is  called  the  Eulerian  Integral  of  the  second  kind  or  the  Ckimma  function, 

643.   1.  Let  fix)  he  regvlar  and  integrable  in  any  partial  interval 
(a,  6),  o/«==(a,  oo). 

■^««  jfix)dx 

he  limited  in  %, 

In  F(oo),  let  g(x)  he  monotone^  and  g(jx>)  =  0. 

Thenf(x)g(x)  is  integrahle  in  81. 

We  apply  the  criterion  of  633.     Let  G<a</3  lie  in  F(oo). 
Then  by  the  Second  Theorem  of  the  Mean,  545, 

f%dx  =  gQa  +  0)fJfdx+gC/3  -  O^fjTdx,         a<^(</3. 

We  can  take  G  so  large  that 

are  numerically  as  small  as  we  please.     As  the  integrals  on  the 
right  are  numerically  less  than  some  fixed  number,  we  have 


IX 


fgdx\<€ 


for  any  pair  of  numbers  a^  p>Q-,     Hence  ^  is  integrable  in  X. 
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2.  Letf(^x)  be  regular  and  integrable  in  2  =  (a,  oo).  Letg(x)  he 
limited  and  monotone  in  2. 

Then  f (If  is  integrable  in  31. 

For,  by  545, 

fjffdx  =  gCa  +  0)fjfdx  +  gCfi  -  0) JjWa;.  (1 

Let  * 

Since/ is  integrable  in  21,  we  can  take  7  so  large  that 

Then  the  right  side  of  1)  is  numerically  <e.  Hence  fg  is 
integrable. 

3.  Let  f(x)  be  regular  and  absolutely  integrable  in  31  =  (a,  00). 
Let  g(jx)  he  limited  and  integrable  in  2.  Thenf(x)g(x)  is  absolutely 
integrable  in  31. 

We  have  only  to  show  by  633  that 

6>0,         (?>0,        j]fg\dx<e,  (1 

for  any  pair  of  numbers  a,  ff>  0^. 
Now  ^(x)  being  limited,  we  have 

\g(ix:)\<M,        in  81. 
Hence 

f]fg\dx<Mf]f\dx.  (2 

But  /(a;)  being  absolutely  integrable  in  31,  we  can  take  Q-  so 
large  that 

This  in  2)  gives  1). 

644.  Let  f(x)  be  in  general  regular  in  81  =  (a,  00),  but  not  inte- 
grable in  31.     Let 

£Kx)dx  (1 
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he  limited  in  81.     Let  g(x)  he  monotone  in  31  and  gQx>')  =O-=^0. 
Then 

£Ax)9ix)dx  (2 

is  not  convergent. 

For,  if  2)  were  convergent,  we  would  have 

But  this  is  impossible.     For 

S%dx  =  gCa  +  0)£fdx  +  gC/3  -  O^^f^^dx.  (3 

Let  the  integral  1)  be  numerically  <  M. 
We  can  take  6  so  great  that 

\g(x)-a\<a,         x>h, 

where  a  is  small  at  pleasure. 
We  can  therefore  write  3) 

^®°^®  I  /»^     I       4.4    ;!/■ 

1  fd^l  <  ^   ,  ^?^ —  < €^1       ^  small  at  pleasure, 

which  states  that /(a;)  is  integrable  in  81. 

645.  Ex.  1.    For  what  values  of  fi  does 

Jo     ajM 
conyeige  ? 
Set 

J,  =  f  •COi^dSe,  ^,  =  r°™£<te  ;         «  >0. 

The  integral  J2  is  convergent  by  643,  1,  provided  /*  >  0.    For  /*  ^0,  it  obviously 
does  not  converge.    The  integral  Jx  is  convergent,  as  we  saw,  686,  only  when  /ia<  !• 
Thus  J  is  convergent  when  and  only  when 

0<M<1. 


k 
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646.  Ex.  2. 


Jo     ^ 
j,=  f-?in£dr,       ^2=r«^cfe;        a>0. 


^0      3pM 

Set 


In  687,  we  saw  Ji  is  conyergent  only  when  m  <  2. 

By  648,  1,  Jt  is  convergent  when  ai  >  0.    When  /a  ^  0  it  obviously  does  not  con- 
verge. 

Hence  J  is  convergent  when,  and  only  when, 

0<M<2. 

That  J  does  not  converge  absolutely  for  0  <  ^  <  1,  is  shown  as  follows.    We  have 

Let 

x  =  y  +  (m  -l)r. 

Then 


Hence 


when  n  =  oo,  as  the  reader  probably  knows,  or  as  will  be  shown  later. 

Properties  of  Integrals 

Wt.    In  Chapter  XIV  we   established   the   properties  of  the 
improper  integrals,  ^^ 

by  a  passage  to  the  limit.  We  propose  now  to  develop  the 
properties  of  improper  integrals,  the  interval  of  integration  being 
infinite,  by  a  similar  method.  In  many  cases  the  reasoning  is  so 
similar  to  that  employed  to  prove  the  corresponding  theorems  in 
Chapter  XIV,  that  we  shall  not  repeat  it,  referring  the  reader  to 
the  demonstrations  given  in  that  chapter. 

648.    1.  Letf(x)  be  integrable  in  (a,  oo).     Then 


PROPERTIES  OF  INTEGRALS  457 

2.  Letf(x)  be  integrahle  in  (a,  oo).     Then 

3.  Letfy(x)  •••/m(^)  J«  integrahle  in  (a,  oo).     Then 

649.  1.  Letf(x)^  g(x)  he  integrahle  in  (a,  oo).  Except  po%nbly 
at  the  singular  points  let  f(x)  =  g(x) .     Then 

2.  L€tf(z)^  g(x^  be  integrahle  in  (a,  oo).  Except  possihly  at  the 
singular  points^  let  /(a:)  ^g{x^'  At  a  point  c  of  continuity  of  these 
functions^  letf(js)>g(c).     Then 

Jdx>j^  gdx. 

3.  Let  f{x)'^Q  he  integrahle  in  {a,  cci^.  At  a  point  e  of  continuity 
off,letf(e)>0.     Then 

J_/(x)rfx>0. 

4.  Letf{x)  he  absolutely  integrahle  in  (a,  oo).     Then 

\rfdx\<£\f\dx. 

5.  Let  >,, 

he  convergent.  We  may  change  the  value  of  f(x^  over  a  limited  dis- 
crete aggregate^  mthout  altering/  the  value  of  e7,  provided  the  new 
values  off  are  limited. 

650.  Let  f(x)  he  integrahle  in  21  =  (a,  oo).     Then 

J(x)=J  fdx        a<z. 
is  a  continuous  limited  function  of  x  in%. 
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For,  by  648,  2, 

But 
is  a  continuous  function  of  x  in  (a,  c),  by  603.     As 

is  a  constant,  J(^x^  is  continuous  in  2[. 

J  is  limited  in  a.  In  fact,  for  each  6>0,  there  exists  a  c  such 
that 

j   /(iz  <6. 

But 

being  continuous  in  the  limited  interval  (a,  c),  is  limited.     Hence 
e/is  limited  in  81. 

661.    Let  /(a:)  be  integrahle  in  21  =  (a,  oo).     Then 

/or  any  /?oint  x  of  ^.  at  which  f(^x)  is  continuotis. 
For,  if(?>a:,  ^«      ^^      ^« 

(7  being  a  constant.     By  604,  1, 

-7-  =  -  A*)' 

ax 
Hence  ^^  ^(JT+g)  ^  d^^  _  ... 

(fa  da:  da;  "^^  ^" 

652.  Jw  a  =  (a,  00 ),  let  /(a;)  6e  continuous  excepting  possibly  at 
certain  points  Cj  •••  (?„  wA«re  lY  7?iay  be  unlimited.  Let  it  be  inte- 
grdble  in  any  (a,  6). 
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Let  F(x)  he  one-valued  and  continuouB  in  31;   having  f(x)  as 
derivative  except  at  the  points  c. 
Then 

£  fdx  =  J'C  +  00)  -F(ia\  (1 

where  J'(4-oo)  is  finite  or  infinite. 

For,  by  605,  , 

I  fdx  =  F(h^^F(a\ 

however  large  h  is.     Passing  to  the  limit,  we  get  1). 

Theorems  of  ike  Mean 

653.  First  THieorem  of  the  Mean.     In  81  =  (a,  oo)  let  g(x)  he  inte- 
grahle  and  limited. 

Let  /(a;)  he  integrahle^  and  non-negative  in  8[.     Then 

fjfgdx^mfydx,  (1 

where  3K  is  a  mean  value  of  g  in  31. 
For,  by  602, 

mj  fdx<j  fgdx^MJ  fdx,        a<h.  (2 

where  ^    ^  \  ^  m- 

Let  J  =  4-  00 ;  since  all  the  integrals  in  2)  are  convergent,  by 
643,  3,  we  get  in  the  limit, 

mj  fdx<j  fgdx<MJ   fdx, 
which  gives  1). 

654.  Second  Theorem  of  the  Mean.     Jn  81  =  (a,  oo),  let  f(x)  he 
integrahle  and  g(x)  limited  and  monotone.     Then 

J^rf{x)g{x)dx  =  g{a  +  0)  Vf{x)dx  +  5^(00)  C f{x)dx,     (1 

a<r)<co. 
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If  5^(a4"0)  =  ^(4"<»)  the  theorem  is  obviously  true.  We  may 
therefore  assume  that  these  limits  are  different.  Next  we  observe 
that  the  integral  c7is  convergent,  by  599,  2  and  648,  2. 

To  fix  the  ideas,  let  g{x)  be  monotone  increasing. 

Let  I  be  arbitrarily  large.     Then,  by  608, 

jjgdx  =  gia  +  OOjTVcfo  +  g(h  -  0) j^/Ac  (2 

Let  us  add  ^» 

to  both  sides  of  2);  observing  that 

lim5  =  0.  (8 

We  get 

f^gdz  4-  5  =  5r(a  +  O^f^fdz  +  ^(6  -  O^f^fdz  4-  ^(  -f  oo^j^fax 
=-ff(ia-^0)fydx-^g(ia-\-0)fydx+g(^b^O}fydx 
-  5r(  J  -  0)  r7(ir  +  5r(  +  00)  f/dx 

+{5'(+«>)-KJ-o)}jf!/a* 

= K«  +  o)jr/a^  +  f^+  r.  (4 

Let  X,  /i  be  the  minimum  and  maximum  of 

fjdx 
in  9.     Then  obviously, 

X<  j   fdx<it^ 

\<f^fdx<iJL. 
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Hence 

j^(6_0)-^(a+0)|X<Cr<[5r(J-0)-Ka  +  0)}/i, 

{K+«')-K*-o){x<r<iK+«)-K*-0)i/*- 

Adding,  we  get 
}</(+Qo)-5r(a+0)}X<Cr+r<lfir(  +  «>)-K«  +  0)}/*- 

Hence  £/■+ r=aR'{^(+ oo)-^(a  +  0)j,  (5 

where  ,«». 

\<W<fi.. 

From  4)  and  5)  we  have 

Passing  to  the  limit  (  =  ao,  and  using  3),  we  have 

J-=^(a+0)jr/<fo:  +  a»{K  +  oo)-Ka  +  0)j;  (6 

^^^"  iima»'=an, 

The  integral  >,, 

being  a  continuous  function  of  x  in  (a,  oo),  must  take  on  the  value 
aw  for  some  point  x  =  ij,  finite  or  infinite,  in  this  interval.     Then 

m^f'fdx. 
From  6)  we  have  now, 

J=  gda  +  OyfJ/dx  +  j  <;(  +  oo)  -  <^(a  +  0)  }/ "/& 

= ffia  +  O^fydx +ffi+  00)/ /rf«, 
which  is  1). 
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Change  of  Variable 

655.  Let  ©  =  (a,  /8),  a  ^  /8  ;  either  a  or  fi  may  be  infinite. 

Let  X  =  '^(u)  have  a  contintwtLS  derivative. in  ©,  which  may  vanish 
over  a  discrete  aggregate^  but  has  otherwise  one  sign. 
Let  21  =  (a,  6)  be  the  image  of  ©,  where 

a  =  lim  y^Cu)^   b  =  lim  y^(u) ; 

and  b  may  be  infinite. 

Letf(jjc)  be  integrahle  in  any  (a,  J'),         V  <b. 
If  now ^  either 

e/,  ^Jjix)dx,  or  J,  =  £fi'^(u)W(y)du 

is  convergent^  the  other  is^  and  both  are  equal. 

There  are  various  cases.  Let  us  take  the  following  as  illustra- 
tion. Let  81  =  (a,  oo),  ©  =  (a,  oo).  By  virtue  of  403,  the  points 
of  21  and  ©  are  in  1  to  1  correspondence. 

Let  6',  /8'  be  corresponding  points  in  21,  ©.  Then  as  /8'  =  x, 
5'  sQo  also,  and  conversely. 

By  606,  2,  ,.  ^ 

J^  fix)dx  =  J^  /[^(tt)] V^'  (u)du.  (1 

Suppose  J^  is  convergent.  Then  1)  shows,  passing  to  the  limit, 
that  J^  is  convergent  and  e/^  =  J^.  The  supposition  that  J^  is  con- 
vergent leads  to  a  similar  conclusion  for  J^. 

656.  Ex.  1.    CoDsider  the  convergence  of 

«/=  r  sinz^dx. 
Since  the  integrand  is  continuous,  J  converges  if 

J,=  \   sinx^dx 

converges.    Let  ^ 

x  =  ^(ii)  =Vtt  ; 

and  a  =  (1,00),  ©  =  (1,  oo). 

Then  ^oo  ,«„  ., 

which  is  convergent  by  646. 

Hence,  by  656,  t/.,  and  therefore  </,  is  convergent. 
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Ex.  2.     We  found,  by  6S0,  3),  that 

j^'xr-Uog-x(te  =  il^li^,        y>0.  (1 

Let  OS  set 

Here  ^     .      , 

a  =  0,    6  =  1;      a  =  +oo,    /9  =  0. 

is  continuous  and  always  negative. 

Then,  by  666,  ,  .     ,.    T® 

is  convergent,  since  1)  is.    Hence  1),  2)  give 

657.   1.  Stoke"* 8  Integrals,    Let  us  consider  the  convergence  of  the  Integral 

J=:  \   X  sin  (3c«  —  xy)dx,  (1 

which  comes  up  In  the  theory  of  the  Rainbow. 

Let  us  set  .  «  . 

i«  =  3C»  --  xy  =  x{x^  —  y)  =  0(«).  (2 

The  graph  of  this  is  a  curve  which  crosses  the  axes  at  the  points  x  =  Oj  x=i±  y/y, 
if  y  >  0 ;  and  at  the  point  x  =  0,  if  y  =  0.  To  fix  the  ideas,  let  us  suppose  y  >  0 ; 
the  case  when  y^O  may  be  treated  in  a  similar  manner. 

Supposing,  therefore,  y  >0,  the  graph  of  2)shows  that  as  x  ranges  over  S=(Vy,  oo), 
u. ranges  over  8  =  (0,  oo),  the  correspondence  between  the  points  of  %  and  9  being 
uniform.    Thus  the  relation  defines  a  one-valued  inverse  function  x  =  ^(u)  in  9. 

Let  us  write  1) 

Jo  Jv^ 

and  denote  the  latter  integral  by  J,. 

The  corresponding  integral  in  ti  is  « 

setting 

We  can  now  apply  643, 1.  For,  x  =  +aoa8M  =  +  oD.  Hence  g(u)  is  a  monotone 
decreasing  function,  for  any  positive  y,  and  gr(oo)  =  0.  Thus  t/«  is  convergent. 
Hence  J^  is ;  and  therefore  the  integral  J  is  convergent. 

2.  The  same  considerations  show  dt  fortiori,  that 

jr=  f*co6(x«-xy)<lx  (8 

is  convergent  for  any  y. 
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3.   In  connection  with  these  integrals,  occurs  another  integral 

which,  it  is  important  to  show,  is  not  convergent.    In  fact,  effecting  the  change  of 
variable  defined  by  2),  in  ^ 

Z..  =  f  x«  cos  (OB^  -  xy)dx, 

sapposing  to  fix  the  ideas  that  y  >  0,  we  get 

J^  =  I     TT-^ cos  lldtt  =  \h(u)  COB  « dii. 

Jo  8x«-y  Jo    ^  "^ 

Here  h(u)  is  a  monotone  function,  and 

*(«)  =  *. 
Thus  Lu  is  divergent,  by  .644.     Hence  L,  is.    Therefore  L  is  divergent 

DfTBORALS  DBPENDDfO  ON  A  PARAMSTBR 

Uniform  Convergence 

668.    1.  Let  /(a;,  y)  be  defined  at  each  point  of  the  rectangle 
R  =z  (aooa/S),  /8  finite  or  infinite.     Let  9  =  (a,  oo),  J©  =  (a,  /8). 
We  shall  say  f(xy^  is  regular  in  R  when : 

1®.  f(xy)  has  no  point  of  infinite  discontinuity  in  R. 
2®.  f(xy)  is  integrable  in  8[  for  each  y  in  ©. 

At  times  we  shall  need  to  integrate  f(xy)  with  respect  to  y. 
In  this  case  we  shall  also  suppose : 

3®.  f(xy)  is  integrable  in  ©  for  each  x  in  9. 

2.  If  f(xy)  is  regular  in  iJ,  except  that  it  may  have  points  of 
infinite  discontinuity  on  certain  lines  a;  =  a^,  •••  a;=  a^  we  shall  say 
f(jty)  is  regular  in  R  except  on  the  lines  a;=  aj,  •••  or  that  it  is  in 
general  regular  tvith  respect  to  x, 

3.  Let  us  suppose  that  the  points  of  infinite  discontinuity  of 
/(a;y)  do  not  lie  all  on  a  finite  number  of  lines  parallel  to  the 
y-axis,  but  that  it  is  necessary  to  employ  in  addition  a  finite  num- 
ber of  lines  parallel  to  the  2;-axis.  To  fix  the  ideas,  let  these  lines 
be  a;  =  aj,  •••  a:  =  a^ ;  y  =  04,  •••  y  :=  a,.  If  /(ay)  is  otherwise  regu- 
lar in  JS,  i.e.  if  it  enjoys  properties  2^,  3^  of  658,  we  shall  say 
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/(^y)  is  in  general  regular  with  respect  to  x,  y,  or  f(xy)  is  regular 
except  on  the  lines  a;  =  a^,  •••  y  =  o^,  ••• 

4.  Let /(ay)  be  continuous  at  each  point  of  B  except  on  certain 
lines  a;  =  flp  •••  a;  ==  a^ ;  y  =s  a^,  ...  y  =  a,.  On  the  lines  a;  =  o^, ...  it 
may  have  points  of  infinite  discontinuity;  on  the  lines  y  =  c4i  ••• 
it  may  have  finite  discontinuities.  If  /(ay)  is  otherwise  regular 
in  iJ,  we  shall  say  it  is  simply  regular  with  respect  to  x  except  on  the 
lines  z=^ayt  •••  or  that  it  is  simply  irregular  unth  respect  to  x, 

5.  Let  f(xy)  be  continuous  at  each  point  of  R  except  on  the 
line8a;  =  ai,  ••  x^a^;  y  =  aj,  •••  y^o-t-  As  in  8,  let  us  suppose 
that  all  the  points  of  infinite  discontinuity  cannot  be  brought  on 
the  lines  x^a^^  .••  Let/(ay)  be  otherwise  regular.  We  shall  say 
f(xy^  is  simply  irregular  with  respect  to  a;,  y,  or  that  it  is  simply 
regular  except  on  the  lines  x=^ay,  •••  y^^a^^  ... 

6.  The  lines  a;  =  ai,  •••  y:=^a^^  ...  on  which  are  grouped  the 
points  of  infinite  discontinuities  of /(a;y),  are  called  singular  lines. 
To  each,  of  these  belong  right  and  left  hand  singular  integrals  as 
in  Chapter  XIV.     Cf.  666. 


7.  The  integral 


Sjixy^dx,        x^a,  (1 


where  Q-  is  large  at  pleasure,  is  called  the  singular  integral  relative 
to  the  line  x  =  oo. 

If  for  each  6>0  there  exists  a  Q-^  such  that  1)  is  numerically 
<  €  for  any  y  in  :©  and  every  a;^  (y,  we  say  1)  is  waiformly  evanes- 
cent in  J83* 

8.  If  the  singular  integrals  relative  to  the  lines  x^a^,  ••.  xss  a^ 
as  well  as  the  singular  integral  relative  to  the  line  i?=Qo  are  uni- 
formly evanescent  in  ©,  we  say  the  integral 

J^Sj^'^y^^  (2 

is  uniformly  convergent  in  ©. 

If  the  uniform  convergence  of  J  breaks  down  at  certain  points 
Yj,  ...  7^  in  Sdi  ^e  shall  say  J  is  in  general  uniformly  convergent 
in  «.     Cf.  666. 
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9.  As  in  Chapters  XIII,  XIV,  we  wish  now  to  study  the  inte- 
gral 2)  with  respect  to  continuity,  differentiation,  and  integra- 
tion. We  may  often  simplify  our  demonstrations  without  loss  of 
generality  by  observing  that  we  may  write 

fdx=j^  fdx^J^  fdx^J^  -h  J^. 

Here  we  may  take  h  so  large  that  none  of  the  lines  x  =  a^  — 
fall  in  (Jaoa^S). 

The  integral  J^  has  been  treated  in  Chapter  XIV. 

10.  In  this  article  we  have  considered /(a:y)  chiefly  with  respect 
to  X,  Evidently  we  may  interchange  x  and  y,  which  will  give  us 
similar  deflnitions  with  respect  to  y. 

We  wish  also  to  note  that  all  the  following  theorems  apply  to 
the  integral 

on  interchanging  x  and  y. 

659.  Let  f(xt/)  be  regular  in  R  =  Caooa^S),  fi  finite  or  infinite. 
Let  <f>(x^  be  integrable  in  8,  and 

l/(^y)l<^(^)'        i^  ^' 
Then  ^« 

j    Ax.  y)dx  (1 

j«  uniformly  convergent  in  48- 

<  r    <\>dx,         by  626,  2. 
Since  <f>  is  integrable  in  21,  we  can  take  b  so  large  that 

I      d>dx  <  € 

b' 

for  any  pair  of  numbers  6',  6"  >  6. 

Hence  1)  is  uniformly  convergent  in  ©. 


UNIFORM  CONVERGENCE  467 

660.    1.  Letf(xy')  he  regular  in  R  =  (^acoafi}^  fi  finite  or  infinite. 
Let 

where^  1®,  ^  w  absolutely  integrable  in  2.     2®,  5^(a?y)  w  limited  in  R 
and  integrable  in  any  (a,  b)^for  each  y  in  ©. 
Then 

is  uniformly  convergent  in  ©. 
For,  g  being  limited  in  22,  let 

By  1^,  there  exists  for  each  €  >  0,  a  i  such  that 

fj]<l>(ix)\dx<-^        b<b'<b".  (2 

Then  for  any  y  in  ©, 

<ilfj^*|<^|dx,        by  629. 

<€,        by  2). 

Hence  1)  is  uniformly  convergent  in  ^. 

2.  As  corollary  of  1,  we  have,  by  635 : 

In  R=^  (aoo«/8);  a>0,  fi  finite  or  infinite,  Ut 

<X/  e 

where  g  is  limited  in  J2,  arul  integrable  in  any  (a,  b}for  each  y  in  ©. 

is  untformly  convergent  in  ^, 
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661.    1.  Letf(xy)  be  regular  in  B=i(aoca/3y^  fi  finite  or  infinite. 

where  1®,  <f>(x)  is  integrable  in  %.     2®,  g{xy^  is  limited  in  Jt  and  a 
monotone  function  of  xfor  any  y  in  ©. 
Then  ^« 

is  uniformly  convergent  in  :©. 

For,  by  the  Second  Theorem  of  the  Mean,  546, 

r4>gdx=g(ib'+0,  y)  rV2:  +  ^(6''-0,y)  Ti^    J<J'<f<6". 
•/ft'  •/t'  *^t 

But  g  being  limited  in  i2,  and  ^  integrable,  the  right  side  is 
numerically  <  €  for  any  y  in  :©,  and  any  pair  of  numbers  6',  6", 
provided  b  is  taken  large  enough. 

2.  Letf(xy^  be  regular  in  R  =  (aooa/S),  /8  finite  or  infinite.    Let 

fQnf^^9(^xy)h(xy\ 

where  1%  h(ay)  is  limited  in  R  and  monotone  for  each  y  in  ©, 
and  2%  ^ 

y  9(j^^dz 

is  uniformly  convergent  in  ©. 
Then  ^. 

is  uniformly  convergent  in  J^. 
For,  by  545, 

r'fdx  =  A(6'  +  0,  y^f^gdx  +  A(6"  -  0,  y)  C' gdx.        0 

•^ft*  ^v  *^^ 

But  h  being  limited  in  i2. 

On  the  other  hand,  by  2^,  there  exists  a  b^  such  that  each  integral 
on  the  right  of  1)  is  numerically  <  e/2  -Jf  for  any  pair  of  numbers 
bW>b^. 


In. 
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iX*>'^ 


<€. 


662.   InteffTotian  hy  Parts.    Letf(xy)  he  regular  in  JJss  (aooa/8), 
fi  finite  or  infinite.     The  integral 

J=fjixy)dx 

is  uniformly  convergent  in  ©,  \f 

/(a;,y)(ia;=  J'(ar,y)4-J^  g(x,ff^dx;  (1 

where  both  expressions  on  the  right  are  uniformly  evanescent  for 

X=  00. 

For  then,  for  each  e  >  0  there  exists  a  b  such  that 


^(^'y)|<|  \SJff^ 


<h 


(2 


for  any  a:>6,  and  any  y  in  SQ. 
Hence  1)  and  2)  give 


<€. 


663.  Examples. 
1.  The  integral 


r(y)=yV-ar-i<to, 


defining  the  Gamma  function,  considered  in  642,  is  uniformly  conveigent   in 
«  =  (a,/9),        a>0. 

For,  consider  the  singular  integral  relative  to  x  =  0. 

We  have,  since  0  <  x  <  1, 


Hence 


in  8. 


Thus,  by  612,  the  singular  integral  relative  to  x  =  0  is  uniformly  evanescent  in  9. 
Consider  next  the  singular  integral  relative  to  x  =  oo.    We  have,  since  x  >  1, 


i-x/*-* 


ine. 


Hence  this  singular  integral  is  uniformly  evanescent  in  9.    Thus  1)  is  uniformly 
conveigent  in  9. 
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X 


This  is  uniformly  convergent  in  any  9  =  (a,  cx>),  which  does  not  contain  the 
point  y  =  0,  as  may  be  seen  by  662.    For,  integrating  by  parts, 

p8m^^^_rco8a;y-|*      pcofl^^ 
Jm      z  L   xy    J,     J*     x^ 

^co8^__/-co8a^^  (2 

xy        J*     x^ 

To  fix  the  ideas,  suppose  a  >  0 ;  then 

Icosxyl^  1 
I    xy    I  ~ax 

This  shows  that  the  first  term  on  the  right  of  2)  is  uniformly  evanescent  in  8. 
The  second  term  is  uniformly  evanescent  by  660,  1,  as  is  seen,  setting 

x^  y 

For  later  use,  let  us  note  that 

Ito  52i^  =  0,  Urn  1  f  525a!  di  =  0. 


P- 


'-^^  sin  \x  dx  (8 

X 

is  uniformly  convergent  in  53  =  (0,  oo),  by  661.     For,  in  the  first  place,  the  inte- 
grand f(xy)  is  continuous  in  i?  =  (0,  oo,  0,  oo).     For,  the  only  possible  points  of 
discontinuity  lie  on  the  line  a:  =  0. 
But,  the  Law  of  the  Mean  gives, 

e-*y  =  1  -  acy  4-  ^-^  e-^, 
21 

Hence  for  a;  #  0,  ^,    .  .    ,  «    .i_  .    .  ^      ^     , 

f(xy)=yRm\x-xy^e-^Bm\x,        0<^<1. 

This  shows  that  /  is  continuous  at  each  point  on  the  y  axis,  if  we  give  to  /  the 
value  0  at  these  points.  • 

This  fact  established,  we  can  apply  661  by  setting 

X 

Then  0  is  integrable  in  (0,  oo )  by  646  ;  while  g  is  obviously  limited  in  i?,  and  a 
monotone  increasing  function  of  x  for  each  y  in  ©.  Hence  3)  is  uniformly  conver- 
gent in  ^. 
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I dx  (4 

Jo  X  ^ 

is  uniformly  conyergent  in  53  =  (0,  »)  except  at  y  =  |  X  |. 

For,  in  tlie  first  place  the  integrand  f(Xj  y)  is  continuous  in  J?  =  (OaoOoo)  if  we 
give  to /the  value  y  at  the  point  (0,  y). 

For,  the  Law  of  the  Mean  gives 

a\nzy  =  xy ^  sin  toy,        0<^<1. 

Hence  for  ac^O, 

f(xy)  =  y  cos  Xx  — ^  sin  toy  cos  Xx. 

Thus 

lini/(a;,  y  +  A)=y. 

This  established,  we  have  only  to  show  that  the  singular  integral 

B  =  ^J{xy)dx,        b<b'<h'\ 
is  uniformly  evanescent  in  ^. 

Now  by  the  Second  Theorem  of  the  Mean,  645, 

\  a  1    r*" 

-B=-J    smxycoaXxdx-f-— I     sin  xy cos Xx <ix.  (6 

Butfory=^|X|, 

f  .  .     ,  cos  (y  —  X)     cos  (y  +  X)  ,^ 

I  sinan/cosXxdx= — ^^^—- — -•  f6 

J        ^  2(y-X)  2(y  +  X)  ^ 

Let 

ly-x|,      |y  +  x|>(r.  (7 

Then  6)  shows  that  each  of  the  integrals  in  5)  is  numerically  <2/0-. 
Let  therefore,  b>i/eff;  then 

|i5|<e, 

for  any  y  satisfying  7).    That  is,  B  is  uniformly  evanescent  except  at  y  =  |X| 
Hence  the  integral  4)  is  uniformly  convergent  except  at  this  point. 
We  may  arrive  at  this  result  more  shortly,  making  use  of  2. 
For, 

2  sin  xy  cos  Xx  =  sin  x  (y  +  X)  +  sin  x  (y  —  X). 
Hence 

/••  sin  xy  cos  Xx      _  f*  sin  ^Cv  ■\-'^)  ^   x  f  *  ^^^  ^g  (y  —  X) 
Jo  X  ~Jo  X  Jo  X 

Here  the  first  integral  is  uniformly  convergent,  if  ys^—X;  the  second  integral 
is  uniformly  convergent,  if  y  r^t  X. 


r*x8inxy 
Jo    i  +  x* 


dx 


Is  uniformly  convei^nt  in  (a,  qo),  a>0. 

For  ,  - 

X  sin  xy  _  sm  xy        1 

T+^"""F"*         1' 
^■*"xa 

We  have  now  only  to  apply  661,  2,  using  the  result  obtained  in  Ex.  2. 
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«•  j"*3^8in(x«-a:y)cto.  (8 

We  assign  the  value  0  to  the  integrand,  for  2  =  0. 

To  show  that  this  integral  is  uniformly  convergent  in  any  9  =  (0^)9  lot  us  use 
the  method  of  662.    If  we  set 

tt  =  -— ,        dv  =  (S  sfi  —  y)  ain  (pfi  —  xy); 

oZ 

_  cos  (s*  —  xy)  __  /••  cos  (as'  —  xy)  ^ 

Here  both  terms  are  uniformly  evanescent  in  9  by  660, 2.    Hence  8)  is  onifonnly 
convergent  in  9. 

7.  J    ^^  (^  "  xy)dx.  (9 

We  can  write 

The  second  integral  on  the  right  is  uniformly  evanescent  by  660,  2.    The  first 
integral  is  also  uniformly  evanescent.     For  integrating  by  parts, 

/••3x«-y       ,.        .,  sin(a^-a:y)  .2 /••sin(3x'~a^)  - 

Here  both  terms  on  the  right  are  obviously  uniformly  evanescent, 

664.    Let/(a;y)  be  regular  in  iJ=  (aooa^),  ^  finite  or  infinite. 
Let  ^„ 

converge  uniformly  in  ©,  except  possibly  at  «i,  •••  a^.  To  establish 
the  uniform  convergence  of  J  throughout  ©,  we  have  only  to  show 
that  J  is  uniformly  convergent  in  each  of  the  little  intervals 

«/=K-S,  «,-fS). 

That  is,  we  have  only  to  show  that  for  each  e  >  0,  and  for  some 
S  >  0,  there  exists  a  6,  such  that 

for  any  y  in  ©^  and  every  6'  >6^,  /c  =  1,  2  •••  m. 
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665.  Examples. 
1. 


is  uniformly  oonyergent  in  Q  =  (0,  ao). 

For,  in  the  first  place,  the  integrand  /(xy)  is  continnous  in  /2  =  (0,  oo,  0,  ao)  if 
we  set 

/(O,  y)=y8iny. 

We  haye  therefore  only  to  consider  the  singular  integral  relative  to  z  =  ao,  in  the 
intervals  ©i  =  (0,  «),  ©a  =  («,  oo).    Now  as  in  663,  2,  we  have  for  y  > 0, 

^^  psiny8inxy^^sinycosay_^^^     pcoszy^ 
J»  X  xy  Jx     x^ 

The  reasoning  of  663,  2  shows  that  iT  is  uniformly  evanescent  in  8f. 
As  to  9i,  we  note  first  that  jr=  0  for  y  =  0.    Also  that 

^^=1  +  V,       IVKn, 

y 

If  being  as  small  as  we  choose,  if  h  is  taken  small  enough. 
Hence  for  any  y  in  Bi, 

l^,<L±ir+(,  +  ,)^-|. 

which  shows  that  iTis  uniformly  evanescent  in  9i. 

f^-^      X>0  (1 

is  uniformly  convergent  in  9  =  (0,  /3). 

For,  the  integrand /(xy)  is  continuous  in  £  =  (0  oo  0  /3),  if  we  set 

Let  us  consider  therefore  the  singular  integral  relative  to  x = oo .  We  set  9i = (0,  d), 
9f  =  (di  00 ).    Obviously  1)  is  uniformly  convergent  in  9s- 
To  show  the  same  for  9i,  we  note  that 

sinay  =  xy  +  TxV,       |r|<l, 

by  the  Law  of  the  Mean.    Hence 

l/(«ld(<^  +  ^,       in(0.oD.O,a). 

Thus,  by  650,  the  integral  1)  is  uniformly  convergent  in  8i. 
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Continuity 

666.  1.  Letf{xy)  be  regular  in  R  =  (aoo  a/S),  fi  finite  or  infinite, 
except  on  the  lines  re  =  a^  •••  x  =  a^. 

V,  Let  /»• 

J=^J^fCxy)dx 

be  uniformly  convergent  in  35 . 

2®.  Let  liin/(a?y)  =  ^(a?),         tf  finite  or  infinite 

uniformly  in  any  (a,  J),  except  possibly  on  the  lines  a;  =  a^  ••• 
Then 

j  =  lim  I  f(jc,  y^dx        exists,  (1 

3**.  ie^  ^(2^)  be  integrable  in  any  (a,  5). 

lim  J"=  lim  I  f{xy^dx  =  I  ^{x)ix.  (2 

By  virtue  of  616  we  may  assume  that/  is  regular  in  R^  and  that 
/=^  uniformly  in  any  (a,  6). 

To  fix  the  ideas  let  1;  =  oo . 

We  show  first  that  j  exists ;  i.e.  for  each  €>0  there  exists  a  7 
such  that  « 

is  numerically  <  €  for  any  pair  of  numbers  y',  y"  >y. 
Now 

2)  =  fi/CV)  -f(.Tf/")ldx  +/>(a;y')<ia:-//(xy")<fa 

By  1°,  there  exists  a  b  such  that 

|A|,  \Ds\<e/i  (3 

for  any  y',  y"  in  ©. 

By  2%  we  can  take  7  such  that  for  any  x  in  (a,  6) 

l/(^y)-<^(^)l< ,,/    ^^      y>r 

4(0  —  a) 
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Hence 

|/(.,y)-/(.,y')l<2^, 

for  any  y',  y"  >7,  and  x  in  (a,  6). 

'^'"^  IAK^/2.  (4 

From  3),  4)  we  have  ,  ^j 

We  next  %ho%c  that  2)  holds ;  i.e.  for  each  €>0  there  exists  a  6^, 
such  that  I  ^j        . 

y—  j  <^da:  <€  (5 

for  any  6  >  Jq. 
From  1),  there  exists  a  7  such  that 

j=f}ixf,:^dx+€',     w\<i         (6 

for  any  y  >  7. 

From  1%  there  exists  a  Bq  such  that 

jjixy)dx=£f(xy^dx  -h  e",  |e"  |  <|        (7 

for  any  h  >  J^,  and  any  y  in  ©. 
From  2%  we  can  take  7  large  enough  so  that  also 

for  any  x  in  (a,  5),  and  any  y  >  7. 
Hence,  by  3°, 

Jy(ry)rf:c=J^^(a:)rfa;  +  €"',        |£"'|<|  (9 

for  any  h  >  6^,  and  any  y  >  7. 
From  6),  7),  8),  9)  we  have 

j  =  f(t>(x)dx  +  €^  \€^\<€ 

for  any  b  >  b^.     But  this  is  5). 

2.  The  reader  should  note  that  the  lines  «  =  a^,  •••  on  which  the 
uniform  convergence  of  f{xy)  to  ^{x)  breaks  down,  are  according 
to  617,  8  singular  lines,  whether  f{xy)  has  points  of  infinite  dis- 
continuity on  them  or  not.     If  the  integral «/  is  to  be  uniformly 


iimj=  r 

v^        Jo 
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convergent  in  JB,  the  singular  integrals  relative  to  all  these  lines 
must  be  uniformly  evanescent. 

667.  Example.    As  we  shall  show  in  676, 

J^         X  X 

The  application  of  666  gives  r  » /2       X  >  0 

'?!5L^(te=     0,  X  =  0.  (1 

[-ir/2,  X<0. 

That  the  conditions  of  Theorem  666  are  fulfilled  is  easily  seen.  For,  defining  the 
integrand  f{xy)  of  c/  as  in  663,  3,  it  is  continuous  in  i?  =  (0,  ao,  0,  ao).  We  also  saw 
that  the  singular  integral  relative  to  oe  =  ao  is  uniformly  evanescent  in  9= (0,  oo). 

Now  ,    ^ 

UmAx.y)  =  5^^ 

f-«  X 

uniformly  in  9  =:  (0,  oo)  except  at  x  =  0. 

The  line  x  =  0  is  therefore  a  singular  line  by  617,  3.    Bat 

j/-.l_ei28i„xxdi|<lf»-!«^<fal<e,        0<«<« 

IJ*        X  |  — iJo      X  I 

if  a  is  taken  safficiently  small.    This  singular  integral  is  therefore  uniformly  eva- 
nescent.   Hence  J  is  uniformly  convergent  in  9.    Thus  all  the  conditions  of  666 
are  satisfied. 
From  1)  we  may  deduce  the  following  relations : 

psin«xcospx^^Q 

J^  X  ^  ^ 

0<a</5. 
pcos«xsin/8x^^;^  (8 

Jo  X  2 

which  may  be  combined  in  a  single  formula 

r*sinXxcos/MX^_  f  Oi       0<X<m. 

J«  X  lirAO<M<X.  ^ 

In  fact,  shioe  a  +  /9  >  0,  a  -  /9  <  0,  we  have  from  1), 


i' 


'Ox  2  ^ 

But 

Bin  (a  +  fi)x  +  sin  (a  -  /9)x  =  2  sin  ox  cos /te,  (7 

sin  (a  +  fi)x  -  sin  (a  -  /9)x  =  2  cos  ox  sin  /to.  (8 

Adding  and  subtracting  5),  6)  and  ushig  7),  8),  we  get  2),  8). 
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That  the  relation 

lim  j  /(a^  y)dx  =  f  lim/(a^  y)dx  (1 

is  not  always  true  is  shown  by  the  following  example : 

From 

le-rgin  g(to  =  ^  g"'^(co6^+ y  Bin  x)^ 

we  have  for  y >0,  /•« gj^      _     i 

Jo       gcji    e^  Jo 


On  the  other  hand, 


does  not  even  exist. 

Thus  the  relation  1)  does  not  hold. 


669.    1.  Let  fixy)  be  regular  in  R^(a^ap)  except  possibly  on 


the  lines  rr=  a^,  •••  2;=  a^. 


Let  f(xyf)  be  a  uniformly  continuous  function  of  y  in  ^  except 
possibly  on  the  lines  rr  =  a^,  •••     Let 


J(.y^=£Axy)dx 


be  uniformly  convergent  in  ©. 
Then  J  is  continuous  in  ffl. 

For,  /(a;,  y  -I-  A)  converges  uniformly  to  /(a^  y),  A  =  0  in  © 
except  on  the  lines  a?  =  aj,  •••  We  have,  therefore,  only  to  apply 
666. 

2.  Letf(xy)  be  in  general  regular  with  respect  to  x  in  -B=  (^ax>afi^. 
Let  f  be  in  general  a  semi-uniformly  continuous  function  of  y  in  ffl. 
Let 

J<i!/)^fj<ixy^dx 

be  uniformly  convergent  in  ©. 

Then  J  is  limited  in  ©,  and  in  general  a  continuous  function  of  y. 
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For,  we  can  take  b  so  large  that 

for  any  t/  in  SB.     On  the  other  hand, 

is  limited  in  Sd  by  618,  1.     Hence  J  is  limited  in  ©.     That  J  is 
in  general  continuous  in  ©  follows  from  1. 

3.  In  this  connection  let  us  note  the  following  theorem  whose 
demonstration  is  obvious. 

Let  f{xy)  he  regular  in  ff  =  (aQoa/8),  )8  finite  or  infinite^  except 
an  the  lines  x  =  a^,  ••• ;  y  =  a^,  .-•     Let 


jji^y^dy 


be  uniformly  convergent  in  any  (a,  6)  except  at  a^t  a^  '*•     Then  ike 
points  of  infinite  discontinuity  of 


9i^y)  =  X  ^^^^^  ^*'       y  «»*  ©• 


must  lie  on  the  lines  a;=  a^,  ••• 

670.    1.  Letf{xy)  he  regular  in  It=  (oooayS),  except  onx^Oi*-; 
y  =  a^" 
1^    Let 


S'fdy 


converge  uniformly  in  any  (^a,  6)  except  at  x=ay^' 

2°.   Let  ^      ^^ 

Ky^=}^  dxjjdy 

converge  uniformly  in  ©. 
Then  ^  is  continuous  in  JB. 

This  is  a  direct  application  of  666,  1,  where 
9(xy)=-yf(xy^dy 
takes  the  place  of/ in  that  theorem. 
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In  fact,  by  669,  3,  g{xy)  has  no  points  of  infinite  discontinuity 
except  on  «  =  «!  ••• ;  and  is  therefore  by  2°,  regular  in  R  except 
on  these  lines. 

Also  g{x^  y  -h  A)  converges  uniformly  in  any  (a,  6)  to  g{x^  y) 
as  A  =  0,  except  at  a:  =  a^  ••• ;  since 

I    fdy 

V 

is  uniformly  evanescent  in  (a,  6)  by  1**. 
Thus  applying  666,  1,  we  have 

I    g(x,  y  -f  }i)dx  =  I    lim  g(x^  y  +  K)dx 

=  jr  dxjydy^f^{yy 

That  is,  ^(y)  is  continuous  at  y. 

2.  As  a  corollary  of  1  we  have  : 

Letf(xy^  he  in  general  regular  with  respect  to  x  in  It  ^  (acoaff). 

converge  uniformly  in  SQ.     Then  ^  is  continuous  in  9. 

Integration  and  Inversion 

671.  1.  Let  f(xy^  he  in  general  regular  with  respect  to  x  in 
R=:  (aooafi).  Let  f  he  in  general  a  semi-unifomdy  continuous 
function  of  y  in  ©.     Let 


«^(y)=X/('^)**^ 


he  uniformly  convergent  in  ©. 
ITien  J  is  irvtegrahle  in  ©. 

This  follows  at  once  from  500  and  669,  2. 

2.  As  a  corollary  of  1  we  have : 

Let  f (ay)  he  simply  irregular  with  respect  to  x  in  R^  (accaff). 
Let  J  be  uniformly  convergent  in  I&.     Then  J  is  integrable  in  9- 
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672.    1.  Let  f(xy)  he  in  general  regular  in  R^  (acoaff)^  with 
respect  to  x. 

l^   Let  ^ 

yjdx  (1 

he  uniformly  convergent^  and  integrahle  in  C 

r.Let  , 

I    dyj  fdxy        h  arhitrarily  large^ 

admit  inversion  in  JB. 

J,  fien  ^y       ^00  >%•        j%y 

\   dy\   fdx=\    dxi  fdy,        in «. 

We  set  ^aa  ^f,  j%m 

Since  1)  is  uniformly  convergent  in  ©,  there  exists  for  each 
c>0,  a  6q  such  that 

for  any  y  in  ©,  and  every  6  >  h^. 
Thus  2),  3)  give  for  any  y  in  ©, 


XT-XT 

IXT-XTI^*   »>»'       <' 


which  proves  the  theorem. 

2.  Let  f(xy^  he  simply  irregular  with  respect  toxin  B^  (aooajS). 

he  uniformly  convergent  in  ©. 
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are  convergent  and  equal. 

For,  by  671,  2,  the  integral  on  the  left  of  6)  exists. 
Moreover,  condition  2*^  of  1  is  fulfilled,  by  622,  2. 

3.  As  corollary  of  1,  we  have : 

Let  f(xy^  he  in  general  regular  in  R  =  (acoa^')  with  respect  to  x. 
Let 

he  uniformly  convergent^  and  integrable  in  ©. 
Let 

J    dy\  fdx^       h  arbitrarily  larjj^e, 

admit  inversion  in  ®. 

Then  ^«      ^y 

i$  uniformly  convergent  in  ©. 

This  follows  at  once  from  5),  since  this  inequality  holds  for 
any  y  in  ©. 

4.  From  the  relation  4)  we  have  also  the  following  corollary, 
setting  y  =  fi. 

Let  f{xy)  be  in  general  regular  in  It  =  (aoca)8)  unth  respect  to  x. 

Let  ^- 

be  uniformly  convergent^  and  integrable  in  ©.     Let 

J    ^yj  •^*^^'         ^  arbitrarily  large^ 
admit  inversion.     Then 

limj    dyj  fdx^J   dyj  fdx. 
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5.  As  a  special  case  of  4  we  have,  622,  2  and  671,  2  : 

Let  f{xy)  he  simply  irregular  unth  respect  to  x  in  It=s  (aooa^). 
Let 

he  uniformly  convergent  in  ©.     Then 

limj    dyj  fdx=J    dyj    fdx. 

673.    Let  fQzy)  he  regular  in  It  =  (aooa^),  except  on  the  line»^ 

1^  Let  ^00 

J    dy\   fdx 

he  convergent^  and  admit  inversion  in  any  interval  (X^fjk),  which  does 
not  emhrace  a^  •••  a,. 

2^  Let  ^00      ^^ 

he  a  continuous  function  of  y  in  ©. 

K^£dy£fdx,  L  ^sy^'Sy^y- 

Then  K  is  convergent  and  K=  L. 

For  simplicity,  let  y  =  y  be  the  only  singular  y-line;  a<7</8. 
Then  by  definition, 

dy\   fdx=  Vim  1     I     -h limj     I    .  (1 

a<w<7,         7<t;<)8. 

XX=XX'  '''••  <^ 

oimiiarly,         ^^  ^^       -,«  ^^      ^,0  ^^       >••  >•, 
since  i  is  by  2°,  convergent. 
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Now  by  2%  ,  ^„       ^«  ^ 

"■"X  S.'fJ.'  (* 

""■XT=XT-  (^ 

Hence  from  2),  4), 

■'"XT-XT'  <« 

also  from  3),  5) 

«-XT=XT-XT-TT        (' 

Hence  from  1),  6),  7)  we  have 

XT=XT-XT=XT 

674.    1.  Let  f{xy)  be  tsimply  regtUar  in  iJ  =  (aoc«^),  except  an 
the  lines  x  =  a^  •••  y  =  Oj  ••• 

1*".  Let  , 

converge  uniformly  in  ©,  except  on  y^^a-^  — 
2^  Let 

J^  K^y)dy 

converge  uniformly  in  any  (a,  6),  except  on  x^a^  ••• 

converge  uniformly  in  SB. 

K=£dy£fdx,        L  ^Sy^Sydy. 

Then  K  is  convergent  and  K=  L, 

This  follows  from  678.     For,  in  the  first  place,  condition  1®  of 
678  is  satisfied,  by  672,  2. 

Secondly,  condition  2°  of  678  is  fulfilled,  by  670,  1. 
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2.  As  a  corollary  of  1,  we  have  : 

Let  f{pcy)  be  nmply  irregular  unth  reipect  to  x  in  -Baa(aooa^). 
Let  >*• 

converge  in  general  untformlg  in  ®.     Let 

fa  ^^sy^^^^y 

converge  uniformly  in  ©.     Then 
675.  For  y>0,  we  have  from  668,  2), 


J^"=iiL£i±d^  =  . 


^0      e^  X«  +  y« 

The  integral  on  the  left  does  not  exist  for  y  =  0.    Let  us  therefore  set 

^    .      sinXa;  ^^ 

=  0,  y  =  0. 

Then  integrating  1),  from  0  to  y  we  get 

We  may  invert  the  order  of  integration  in  2)  by  674,  2.  For,  /  is  continuous  in 
2;  =  (OaoOy),  except  on  the  line  y  =  0,  and  limited  in  B,  It  is  therefore  simply 
irregular  with  respect  to  x.  The  integral  1)  obviously  converges  uniformly  in  8 
except  at  y  =  0.    The  integral 

j;-dx/>  =  j-;^p8lnXxrfx  (8 

Is  unifonnly  convergent  in  9  by  663,  3.    Hence  the  integrals  on  the  left  in  2),  3) 
are  equal,  and 

j — 8inXxdx  =  arctg^,        X^^O. 


676.  We  saw  in  667  that 


0,       y  =  o, 


(1 


Henx;e,  integrating  between  0  and  1,  we  get 
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We  can  invert  the  order  of  integration  by  674,  2.  For,  in  the  first  place,  the 
integrand,  not  being  defined  in  2),  we  can  make  it  continuous  mB  =  (0x01),  giving 
it  the  value  y  at  the  points  (0,  y).  Secondly,  the  integral  1)  is  uniformly  conver- 
gent in  8,  except  at  y  =  0,  by  663,  2.    Finally, 

Jo      Jo      X       '^     Jo         ac* 
is  uniformly  convergent  in  8,  since 

11  —  cosgyl^  2 

I       x^       |-x«' 

We  can  therefore  invert  in  2),  which  gives 

2     Jo    x  Jo         '  *     Jo        ifl 

Jo        a:8  Jo        u* 

setting  9B  =  2  ti. 

Thus  3)  gives 

Jo   -^-  =  \  (* 

677.  That  the  order  of  integration  can  not  always  be  inverted  is  shown  by  the 
following  examples. 

Ex.  1.  Let  us  consider 


The  integral  obtained  by  inverting  the  order  of  integration,  viz., 

r  dy  f    cos  xydx 


does  not  exist,  since 

I     cosa^ydx 


does  not    Inversion  In  the  order  of  integration  in  1)  is  therefore  not  permissible. 
Ex.  2.  Let 


Then 
Let 
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We  have  alao 


0(1*)  =  it*,  nil). 

where 

^(tt)=arctgu«. 

Thus 

and  hence 

2^(«)_d^ 

X        dx 

Hence 

On  the  other  hand 

w-«-')*=j:trS'^=X7'[«->]."=»- 

Thus  it  is  not  permissible  to  invert  the  order  of  integration  in 

678.    1.  Letf{xy)  he  regular  in  11  =  (aooaoo),  except  an  the  line9 

be  uniformly  convergent  in  ©. 

2".  Let  . 

be  uniformly  convergent  in  any  (a,  6),  except  a^  a^,  a,,  •••;  and  <nt«- 
^rai2e  in  (a,  6).     Then  >,,      ^oo 

J     da: J    fdy         exists^ 

This  is  a  direct  application  of  666,  1 ;  the  function 
gCxy^^fyCxy^y 

taking  the  place  of /(ary)  in  that  theorem.     For,  in  the  first  place, 
g  has  no  points  of  infinite  discontinuity,  except  on  the  lines  x  =  dp 
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•••,  by  669,  3.     Moreover,  g(xy^  is  integrable  in  3t,  by  1*.     Hence 
g(xy)  is  regular  in  72,  except  on  the  lines  x  =  a^  ••• 
Secondly,  «, 

•/a 

is  uniformly  convergent  in  Sd,  by  l^ 
Finally 

lim5r(a:y)=J   fdy=^(x), 

uniformly  in  any  (a,  6),  except  on  the  lines  x  =  ay,  •••;  moreover 
^  is  integrable  in  (a,  6).  Thus  all  the  conditions  of  666,  1  are 
satisfied,  and  the  present  theorem  is  established. 

2.  As  a  corollary  of  1  we  have : 

Letf{xy)  he  iimply  irregular  with  respect  to  y  in  R  =(aooaoo). 
Let 

Sj^Xfdg 

be  uniformly  convergent  in  ©.    Let 

ffdy  (2 

be  uniformly  convergent  in  any  (a,  6).     Then 

lira!  dxj  fdy=\   dxj  fdy. 

For  2)  is  integrable  in  any  (a,  J),  by  671,  2 ;  on  interchanging 
X  and  y  in  that  theorem. 

679.    If  the  conditions  of  678  are  not  satisfied,  the  relation 

may  be  untrue. 

Consider,  for  example, 

J—\   dx  J  coeasydy,       a>0. 
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Here  lim  J  =  0,        by  663,  Ex.  2. 

r-oe 

On  the  other  hand,  the  integral 

>«ce        /woo 

(   dx\   cos  xy  ^ 
does  not  even  exist,  since 

J    cos  xydy 

does  not.    Thus  the  relation  1)  in  this  case  Is  not  true. 

680.    1.  Let  f{xy^  he  %imply  regular  in  22  =  (aooaoo),  except  m 
the  lines  x  =  a^,  •••;  y  =  a^,  ••• 
r.  Let  „ 

be  uniformly  convergent  in  any  (a,  )8)  except  at  Oy^  — 
2'.  Let 

Sjdy 

he  uniformly  convergent  in  any  (a,  i)  except  at  o^,  •••;  morMver  let 
it  be  iwtegrable  in  (a,  b"). 

3°.  Xe<  ^«      ^„ 

Xdxffdy 

be  uniformly  convergent  in  ©. 

±ncn  ^ap      ^^  ^^       _^ 

Xdyjjdx,       Xdxjfdy 

are  convergent  and  equal. 
For,  by  674, 1, 


jr''iyX>-=X"'''r-^''y- 


But  by  678,  1,  we  may  pass  to  the  limit  )8  =  oo,  which  proves 
the  theorem. 

2.  Letfixy')  be  simply  regular  with  respect  to  y  in  R  —  (aooaoo), 
except  on  the  lines  y  =  o^,  ••• 
Let 
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be  uniformly  convergent  in  any  (a,  /3)  except  at  Oj,  ••• 
Let  >,, 

be  uniformly  convergent  in  any  (a,  6). 

be  uniformly  convergent  in  ©. 

are  convergent^  and  equal 

This  follows  as  in  1,  by  674,  1,  and  678,  2. 

3.  Let  /(a;,  y)  >  0  be  simply  regular  in  R  =  (aooa«)  except  on 
the  lines  x  =  a^  ••• ;  y  =  a^,  ••• 


••• 


be  uniformly  convergent  in  any  (a,  ^)  ea?<?ept  at  Oj,  •• 

be  uniformly  convergent  in  any  (a,  6)  except  at  a^^  — 

be  convergent.     Then 

is  convergent^  and  K=  L. 

This  is  a  corollary  of  1.  For,  condition  2®  is  satisfied  since  L 
exists.  That  condition  3**  is  fulfilled  follows  from  the  fact  that 
the  singular  integrals  of 

ft/a    ft/a 

are  <  the  corresponding  integrals  of  L  since  /^  0. 
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681.   1    We  saw  in  667,  1)  that 

^^r"8inxyco8Xx^^rO>       y<X.        ^^^ 
^  «  l»/2,y>V 

Multiply  by  c-*^»,  and  integrate,  m  >  0.    Then 


We  can  invert  the  order  of  integration  in  1)  by  680,  2.    For,  in  the  first  place 
...      fAnxy  cos  Xx 

is  gimply  regnlar  in  B  =(0oo03o),  if  we  set 

is  uniformly  convergent  in  53  =  (0,  »)  except  for  y  =  X  by  668,  Ex.  4. 
Thirdly, 

Cfdy  =  cos Xrc  P ^"^ ^ dy        forx>0 

is  uniformly  convergent  in  any  (0,  b)  by  665,  Ex.  2. 
Finally, 

is  uniformly  convergent  in  ©. 
For, 

f irsinxy  ,    _  T     ^_^ m sin gy  +  g cos xyly 

Jo  -^iir  «y  -  L"  *  '^       ;?T1^5      Jo* 

Hence 

_      f*co8Xx,,  ^^  .,  ^  f •  sin acy     cos X«  - 

=  Fi  +  Yt. 
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ri,  Fa  are  unifonnly  conYergent  in  53  by  650.    For,  ♦^ 

I  cos  Xx  ,,  ^  ^1  2 

I  sin  zy  cos  Xx  I  1 

Thus  all  the  conditions  of  680,  2  arc  satisfied. 
Inverting  therefore  in  1),  we  get 

Jo       X  Jo      eM*  .   ^ 

_  (••  cosXx      r  M8inzy  +  gco8zy"|* 

"Jo  ir'^l-''  '^       ;?+i^      Jo 

f  •  cos  Xx  ^ 

=  Jo  ^JTT^^' 

Comparing  with  1),  we  get 

f  *  cos  Xx,  w  ^  pz  A      ^  ^  .^ 

)^WT^^=Y1^       X50.M>0.  (2 

2.  Let  us  integrate  2)  with  respect  to  X.     We  get 

=  2^,(1 -«-*")•  (8 

We  can  invert  the  order  of  integration  in  the  integral  on  the  left,  by  674,  2. 
For, 


f*  cosXx  , 

Jo  ;r2T^^* 


is  unifonnly  convergent  by  669,  since 


I  cos  Xx  I  1 


l/i^  +  X'*!  — M*  +  X« 

In  the  second  place. 


f*     ^ar      fA       _     _^       r*     sinXx      , 

Jo  ;?T^Jo^^«^^^=Jo  io^nr^^ 


converges  uniformly  in  any  interval  (0,  /3)  by  661,  2  and  663,  Ex.  2. 
Inverting  therefore  in  3),  we  get 


Jo  xC/i^'  +  a^) 
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682.   Let  us  evaluate  ^^  ,„ 

^=1^  (1 

which  is  convergent  by  636,  3.  ^ 

We  change  the  variable,  setting 

t«  =  «y,       y>a  (2 

Then  ^    ^ 

Multiplying  by  «-»*  and  integrating,  we  get 

•^1^  =  1'^^  jo  J^i^ 

This  relation  ia  true  for  any  a  >  0,  by  2). 

Passing  to  the  limit  a  =  0,  we  have,  since  the  limits  exist, 

We  may  invert  the  order  of  integration  in  the  integral  on  the  right  by  680,  3. 

For,  in  the  first  place,  the  integrand  is  regular  and  continuous  in  £  =  (OooOoo). 

Secondly,  ^^       , 

•"  r*    ydx 

Jo  ei^(i+«*) 
is  uniformly  convergent  in  any  (a,  /3),  a  >  0  by  659,  since 

Thfardly, 

i*    ydy 
eir'(l+«") 

is  uniformly  convergent  in  91  =  (Ooo)  by  669,  since 


FfaiaUy, 

2  Jo   1  +  za     4 

is  convergent.    Thus  all  the  conditions  of  680,  3  being  fulfilled,  we  can  invert  in  3), 

which  gives 

J^  =  L  =  ir/4. 
Hence 

Here  we  must  take  the  positive  sign,  since  the  integral  1)  is  positive  by  649,  3. 

nonop.  finally,  _ 

>)  *•*       2  *• 
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Differentiation 

683.    1.  Let  f(xy)^  fyipi^y)  ^^  *w  general  regular  with  respect  to 
x^  y  in  B=  (ax>afi). 

V.  For  each  x  in  8  let  f  he  continiums  in  y,  while  fl  is  in  general 
continuous  in  y. 

2**.  For  each  y  in  ©,  let 

J  d^j  fv^Vt         ^  arbitrarily  large^ 
admit  inversion.     Then 

iJ/i^yy^^l^i^SM^^  (1 

provided  the  derivative  on  either  side  exists. 
For,  by  605, 


Hence 


and  therefore 


I  fdx  =  lira  I  dy  I  fLdx  +  I  /(a:,  «)&:. 


Differentiating,  we  get  1),  since  the  last  term  on  the  right  is  a 
constant. 

2.  As  corollary  of  1  we  have : 

Letf(xy^  be  regular  in  R  =  (^aoo afi)  except  on  the  lines  a:  =  a^,  ••• 
and  continuous  with  respect  to  y  for  each  x  in^. 

Letfy  be  regular  in  R  except  on  the  lines  a;  =  a^,  •••  and  uniformly 
continuous  in  y,  except  on  these  lines. 

Let  >,« 

j/,dx 

be  uniformly  convergent  in  ©. 

Then  ,    >,«  >,« 
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For,  condition  2**  of  1  is  fulfilled  by  622,  2. 
Hence  by  1), 

=  -T-f^ffydx,        by  672, 4,  and  671, 2, 

-Jfydx,        by  669,  1. 

684.   1.  When  ^«, 

\fydx 

is  not  convergent,  the  following  theorem  may  serve. 

Let  f(^xy)  be  in  general  regular  in  R=  (aooa^),  and  eontinuouf 
with  respect  to  y  for  each  a:  in  21. 

Letfy  be  simply  irregular  with  respect  to  x  in  R. 

r.  Let  , 

I  fldx^         b  arbitrarily  large^ 

be  uniformly  convergent  in  ©. 
2**.  For  any  6,  let 

Jf^b  r*h 

I  fydx^  I  g(xy)dx-{-h(b,  y),        where 
a  *^a 

3**.  g(xy)  is  simply  irregular  in  R  with  respect  to  x  and 

(  g(xy)dz 
is  uniformly  convergent  in  ©. 

4^ 


Then 


lim  I   A(J,  y')dy  —  0. 
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2.  As  corollary  we  have : 

Letfixy)  he  regular  in  R  =  (aoo  a/S),  and  cantintu>us  mth  respect 
to  y  for  each  x  in  31.     Letfy  he  continuous  in  R.     For  any  6,  let 

f'fydx^  rgCxy}dx+  h(h,  y), 

where  g  is  regular  in  R^  and 

is  uniformly  convergent  in  © ;  also 

lira  J   A(6,  y^dy  =  0. 


Then 


For,  condition  1**  of  683  is  obviously  satisfied,  while  condition  2" 
is  fulfilled  by  672,  2.     Hence 


But 

Hence  by  4**, 


J'^^WmCdyCfydx. 
dy  *=•  *^«       ^a 

pdyj/ydx  =  J'dyjjdx  ^^hdy,        by  2^ 
^^VdxCgdx,        by  3% 

dy^a         *^a 

=  J  gdx^         which  is  1). 


685.  1.  Let 
We  show  that 


EXAMPLES 

Jo     are* 


(1 


A/^pco8£|^^         y  arbitrary,  (2 

dy      Jo      e« 

ufling  6S3,  2.      For,  in  the   first  place,   the   integrand  f{v.y)   is  continuous  in 
B  =  (0co«p).ifwe8et  /(0,y)  =  ,. 


k 
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Obyiously  J  is  conveigent  in  8,  by  035,  3. 

Secondly, 

^_co8ay 

is  continaous  in  B  \  and 

J*      e* 

is  unifonnly  convergent  in  9,  by  660,  2.    Thus  683,  2  gives  2). 
By  means  of  2)  we  can  evaluate  1). 
For,  obviously, 

rso^ax  =  -L-. 

Jo      e*  1  +  »■ 

Hence  integrating  2),  we  get 

Since  J"  =  0,  for  y  =  0,  we  have  C  =  0.    Hence 

r-sinxg^^^  (8 

Jo      xe* 

2.  From  this  integral  we  can  also  show  that 

/••  sin  xy  ,      ir  ^ 

a  result  obtained  in  667,  by  the  aid  of  675.    For,  set 

«  =  -,       y>o, 
y 

in  3),  we  get  ^«  ,. 

f  •  sin  tt         _-  ^  ^  /r 

I    •  e  f  dtt  =  arc  tg  y.  Q«* 

We  now  apply  666,  1,  letting  y  =  ao. 
This  is  permissible,  since 

sin  u  _!f  ,  sin  u  ,.       , 

e  9  = ,        unifonnly 

H  u 

in  (0,  ao)  except  for  u  =  0.    The  integrand  /(u,  y)  is  continuous  in  1?  =  (Oaoaao),  if 

we  set 

/(O,  y)  =  1. 

The  only  singular  line  is  therefore  v  =  0. 

Obviously  the  singular  integral  for  this  line,  as  well  as  for  the  line  u  =  oo,  is 
unifonnly  evanescent,  by  615  and  659. 
Hence  passing  to  the  limit,  y  =  oo  in  5),we  get 

Jo      tt  2 

IfwesetttsaBy,  y>0,  we  get  4). 
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686.  Let  -     f  •  1  -  cos  ary  ^ 

Applying  083,  2,  we  get 

In  fact,  the  integnuid/(x,  y)  is  continnous  in  B  =(0aoa/3),  if  we  set 

/(0,y)  =  0, 

while  J  is  convergent,  by  636,  3. 

Moreover 

sin^f 

■^^-"■^ 

is  continuous  in  B^  and 

is  uniformly  convergent  in  9,  by  660,  2.    This  establishes  2), 
As  in  685,  we  can  use  2)  to  evaluate  1). 
For,  integrating  2),  we  get 


^=i^c>^'-'^^^''- 


Here  C  =  0,  since  J  =  0  for  y  =  0,  by  1). 

Thus 

i*l  —  cosary,       1,      ,-.*v 


687.   Let  us  evaluate  Fourier^ s  Integral 


Ushig  683,  2,  we  get 

A/^__2px8ln^a3^^^jj. 
dy  Jo        e»* 


(2 


For,  the  integral  1)  Is  convergent  by  636,  2 ;  while  the  integral  2)  is  uniformly 
convergent  in  any  (a/3),  by  600,  2. 

In  2),  let  us  integrate  by  parts,  setting 

tf  =  sin  2  ary,        (?v  =  -  2  xe-^dx. 

Then 

]•      /•• 
—  I    vdu 

=  -  2  y  f  €-**  cos  2  xy  (2z  =  —  2  yj. 

This  in  2)  gives,  shice  J=^0, 

^=-2ydy. 
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Hence 

log  J=-t/*+ a  (3 

To  determine  C,  take  y  =  0.    Then 

C  =  log.V^/2,  (4 

by  682,  4). 

Hence  1),  3),  4)  give 

pco82xy^^2^^^^ 
Jo        ^  2 


(1 


688.  In  681,  2)  we  found 

Jo   /i*  +  a;^  2fjLei^  ^^    ^ 

We  can  differentiate  under  the  integral  sign,  by  683,  2.    For,  denoting  the  inte- 
grand by/(ary),  we  have 

which  is  continuous  in  i?  =  (Ox a/3). 

Also 

i *___/••  sinxy      dae 
Jo       X       i"^ 

X* 

is  uniformly  convergent  in  9,  by  661,  2. 
Hence,  differentiating  1),  we  get 

689.  In  682,  4),  let  us  replace  x  by  xy\  y>0.     We  get 

J'%-r»»dx  =  :^y-i,        y>a>0.  (1 

We  can  differentiate  under  the  integral  sign,  by  683,  2,  getting 

f  *x2«-»»«dx  =  ^  jri  (2 

In  fact,  the  integral  on  the  left  of  2)  is  uniformly  convergent  in  9  =(a,  /3),  since 

We  may  obviously  differentiate  1)  n  times,  which  gives 

x«"e  »«•(&  =  — .-.-.. —y     ,    ,        y>0.  (8 
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690.   FresneVs  Integrals. 

Let  us  start  with  the  relation  689,  1), 

j^*c  ir««(te  =  :^H,        y>0.  (1 

Let 

/(^)=^»  for«>0; 

=  0,  forx  =  0. 

Then 

since  the  integral  on  the  right  is  convergent,  by  646.  We  can  invert  the  order  of 
integration  here,  by  680,  1.  For,  f{xy)  is  continuous  in  i?  =  (OooOoo),  except  on 
the  line  x  =  0.  It  has,  moreover,  no  point  of  infinite  discontinuity  in  B.  The 
integral 

is  uniformly  convergent  in  any  (0,  /3)  except  at  y  =  0.    The  integral 

i>^  =  fS^<'V.        x>0. 
is  uniformly  convergent  in  any  (0,  6),  except  at  x  =  0.    Finally, 

is  uniformly  convergent  in  8.    For 

Jo-'  ^     L        (l  +  a*)e'V   Jo  ^"^ 

Hence 

Jo   i  +  a:4     Jo      (i  +  a:4)e«»»  *      ^' 

Here  T\  is  uniformly  convergent  in  ^,  since  it  is  independent  of  y.    Likewise  7s 
is  uniformly  convergent,  since  its  integrand  is  numerically 

<1±^. 

Thus  all  the  conditions  of  680,  1  being  fulfilled,  we  can  invert  the  order  of  inte- 
gration in  2),  which  gives 

-fife'  <• 

as  is  seen  from  3),  on  passing  to  the  limit  y  =  oo.    But 

fdx    _T       1       ^    y    . 
1 4-2C*     4  Binv/4     2V^ 
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'nitoby2).4),glv«« 

U  instMid  of  molUidyliig  1)  by  dn  y,  we  had  mnhtpUed  liy  ony,  m  mmU  btn 
got  by  the  aune  raMonliig 

The  integrals  6),  6)  are  known  as  J^VetiMrt  <filesfrate.   Tlii^OQeiirl&tlieTlieoiy 
of  Light 

If  we  set  y  ssa^,  these  integrals  give 

j^sin  a^AB = j^*ooB  a^ite  =  J  V?7^ 

991.  1.  Let  OS  show  Uiat  Stoke*s  Integial 

iSf=  rco6(9B9-jqr)<te  (I 

satisfies  the  relation 

This  fact  will  enable  ns  to  oompate  5 1^  means  of  an  Infinite  saEiflB. 
We  have  in  the  first  place, 

^=j[lBsin(«^-ay)<i»  (S 

by  683,  2,  since  the  integral  8)  is  uniformly  convergent  In  any  9  =  (a,  fi). 
In  fact,  using  the  transformation  of  the  variable  employed  in  067 


tt  =  x(3^  -  y), 
f  X  sin  (x*  —  xy)dx  =  f 


^**^*^**  -  --xslntidu 


3xa-y  • 


where  6,  c  are  corresponding  values  in  4). 
But 

3x2 -y        „       3x«-y     ''Wy<<«»  y> 

We  can  now  apply  061,  1,  replacing  x  in  that  theorem  by  u.    Thus  there  eziits 
a  Co  such  that 

lie  -3l^rrirl<''     ^:^^ 

But  then  the  relation  4)  shows  that  there  exists  a  B  such  that 
Px  sin  (x*  —  xy)dx\  <  t, 
for  any  6  ^  £,  and  for  any  y  in  i6.    Hence  the  integral  8)  is  uniformly  convergent 


ELEMENTARY  PROPERTIES  OF  B(ti,  r),  T(u)  501 

To  find  the  second  derivative  of  Sy  we  cannot  apply  088  to  the  integral  3).     For 

f  05*  cos  (x*  —  xy)dz 

is  not  even  convergent,  as  we  saw  657. 
We  may,  however,  apply  684,  2.    In  fact, 

j^V  cos  (««  -  a:y)(te  =  j^*  ^^1=^  cos  (x«  -  a:y)dx  + 1  j^*c^ 

=  J[8in(x»-xy)]J+r 

=  J  sin  (6»  -  6y)  +  r. 

But  ^« 

i  cos  (x*  —  xy)dz 

is  uniformly  convergent,  as  we  saw  668,  7. 
On  the  other  hand, 

f'sin  (ft«  -  by)dy  =  cos(6»  -  6y)  -  cos(y  -  6a)^ 
which  =  0  as  6  :!:  X.    Thus  684,  2  gives 

J~  t  *  ®^"  ^*'  ~"  *y)^  ~  ""^  C  cos  (x»  —  xy)(i9B.  (6 

From  1),  8),  6)  we  have  2). 

2.  Before  leaving  this  subject,  let  us  show  the  uniform  convergence  of  the  inte- 
gral 8),  by  another  method. 

From  the  identity  8x«- y  ,  y  8x«  -  y  ,    y« 

8x         8     8x»        9x«' 
we  have 

f  xsln(x»-xy)(lx=  f  *  ^^J=Jf  sin  (x«  -  xy)(/x  +  ?  f  *  ?^^  sin  (x»  -  xy)(lx 

9  •/»  x» 

Obviously  Ts  is  uniformly  convergent  by  660,  2. 

That  7i  is  uniformly  convergent,  was  shown  in  668,  6.    That  Tt  is  uniformly 
convergent,  follows  from  661,  2 ;  since  Ti  is  uniformly  convergent 

Elementary  Properties  of  B(w,  v),  T{u) 
692.    1.  In  641  we  saw 

is  a  one-yalued  function  whose  domain  of  definition  is  the  first 
quadrant  in  the  ii-,  i;-plane,  points  on  the  ii-,  v-axes  excepted. 
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In  642  we  saw  /»• 

r(w)  =  J   e"7^-^dx  (2 

is  a  one-valued  function  whose  domain  of  definition  is  the  positive 
half  of  the  u-axis,  the  origin  excepted.  We  wish  to  deduce  here 
a  few  of  the  elementary  properties  of  these  functions. 

2.  By  a  change  of  variable,  the  integrals  1),  2)  take  on  various 
forms.     Thus  in  1)  set 

1-y 

We  get  /•! 

B(«,t»)=J  y«-'(l-y)'-'iy.  (3 

If  we  set  here  - 

y  =  1  -  2, 

we  get  /»i 

B(ii,  t;)=J  ^''-^(l-g)-*^.  (4 

In  3)  let  us  set  y  =  sin*  0 ;  we  get 

B(ii,  v)  =  2j''sin2-^  e  cos'-i  6  d0.  (6 

If  we  set  11/ 

rr  =  logl/y 

in  2),  we  get  /•!       /i\i»-i 

r(«)=jriog(i)     rfy.  (6 

3.  We  establish  now  a  few  relations  for  the  B  functions.      In 
the  first  place  the  comparison  of  3),  4)  gives 

B(ii,  V)  =  B(t;,  w),  (7 

which  shows  that  B  is  symmetric  in  both  its  arguments. 

As  addition  formulas  we  have  the  three  following  8),  9),  10), 

B(u  + 1,  v)  +  B(w,  v  + 1)  =  B(m,  v)  (8 

For,  /•! 

B(tt,  t;)=  1  2f"Hl-xy'\l-x-\'X)dz 

=  J'  a:«(l  -  xy-^dx  -\-J^x^'Xl  -  xydx, 

which  is  8). 

vB(u  +  1,  v)  =  uB(i*,  v  -h  1).  (9 
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For,  /•! 

B(u  -h  1,  v)  =  I  3f(l  -  xy-^dx ; 

integrating  by  parts,  =[-  ^lLl^'T+  «  ra--»(l  -  a;)'rfa; 

L  ^       Jo    ^  "^ 

=  -B(M,  t>  +  l), 
which  is  9).  " 

From  8),  9)  we  have 

B(t«,»)  =  ?i:ti:B(«,v  +  l)  =  ^^^^B(M +  !,»).  (10 

V  u 

We  can  show  now  that  B(w,  w)  =  B(n,  w)  is  a  rational  function 
°f«'^'=  B(«,l)  =  l/«.         ^  (11 

B(«,„)  =  l        12.  ..._«^.  (12 

M    M+1     mH-2         w-hn— 1  ^ 

B(ii,  1)  =  raf"'dx  =  ['^l  =  -, 

which  proves  11).     From  this  we  get  12),  using  10). 
4.  We  establish  now  a  few  relations  for  the  F  function. 

r(ti  +  l)  =  wr(w).  (13 

For,  integrating  by  parts, 

T(u  +  1)  =f  T^f'dx  =  r -  h-'tA    -h  n^  e''2f-^dx 

=  M  1    e'^af^'^dx. 
We  observe  next  that        rri^  —  1  n4 

"  or,  ^ao  p  -loo 

r(i)=X^-'''-=[-^-'].=i- 

From  13),  14),  we  get 

T(u  +  n)=  w(w  4- 1)  ••  (w 4-  w -  l)r(ti);  (16 

and  this  gives     r.^  \     i    o    o  i  i»  i-i« 

r(n)=l  •  2  •  3  •••  n  — l  =  n  — II,  (16 

on  replacing  n  by  w  —  1  and  u  by  1. 
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A  formula  occasionally  useful  is 

"^-«r^-l^^  (17 


1  ^  1   r 


It  is  obtained  from  2)  by  replacing  x,  by  ax. 

5.  The  r  function  is  continuous  for  any  ti>0.  This  follows 
from  669, 1  and  663,  Ex.  1. 

The  derivative  is  given  by 

r  (u)  =£  e''3f-^  log  xdx,        V  >  0.  (18 

This  follows  from  683,  2.     Similarly 

r"(w)  =  J^  e-'af'^ lo^xdx,        u>0.  (19 

We  can  now  get  a  good  idea  of  the  graph  of  r(tt).     In  fact,  the 
expression  2)  shows  that  r(u)  > 0  for  all  u>0. 
From 

we  see  that  iJlim  r(u)=+ao. 

From  18)  we  see  that 

lim  r(u)  =  +  00. 

From  19)  we  see  that  r"(tt)>0,  and  hence  the  graph  of  r(u) 
is  concave. 

Since  r(l)  =  r(2),  the  curve  has  a  minimum  between  1  and  2. 
Its  value  is  1.46168... 

6.  We  establish  now  the  important  relation  connecting  the  B 

and  r  functions,  _ .  .  _, ,  ^ 

nr,.  „N  _  r(tt)r(t>)  ,„„ 

From  17)  we  have 


(1 


+  ify*'    r(M +«)•'• 
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Hence  by  1) 


We  may  invert  the  order  of  integration,  by  680,  8. 
For,  in  the  first  place 


is  continuous  in  i2  =  (OooOx),  except  on  the  lines  a; »  0,  y  =  0. 
Secondly, 

is  uniformly  convergent  in  any  (a,  fi),  a  >  0,  by  663,  Ex.  1. 
Thirdly, 

is  uniformly  convergent  in  any  (a,  6),  a  >  0. 
Finally, 

exists.     For  in       *  _  fV^ 

set  2:y  =  ^  rr  >  0.     Then 

=  e-'a;-"r(u). 
Hence  for  a  >  0, 


But 


lim  r  ^-'af-*(fa=r(t;). 
Hence  i=  limi;,=:r(M)r(»).  (22 

Thus  all  the  conditions  of  680,  8  being  fulfilled,  we  have  L^K. 
From  21),  22),  we  have  18). 


CHAPTER  XVI 
BfULTIPLE   PROPER  INTEGRALS 

Notatixm 

693.  1.  In  Chapters  XII  and  XIII  the  theory  of  proper  inte- 
grals of  functions  of  one  variable  was  developed.  We  now  take 
up  the  corresponding  theory  with  reference  to  functions  of  several 
variables. 

2.  We  begin  by  explaining  a  notation  which  we  shall  system- 
atically employ  in  the  following,  and  which  is  similar  to  that  used 
in  the  earlier  chapters. 

Let  9  be  a  limited  point  aggregate  in  an  m-way  space  St^.  Let 
/(ajj,  •••  a:„),  or  as  we  shall  often  write  it,/(rr),  be  a  limited  func- 
tion defined  over  21.  Let  us  effect  a  rectangular  division  D  of 
space  of  norm  d.  To  simplify  matters,  we  shall  suppose  d  is  not 
taken  larger  than  some  arbitrarily  large  but  fixed  number.  Those 
cells  which  contain  points  of  9,  as  well  as  their  volumes,  will  be 
denoted  by  dy^  d^  •••,  or  by  a  similar  notation.  Let  3f^^  m^,  be  the 
maximum  and  minimum  oif(x)  in  d^.     We  shall  set 

]Sj,  =  23f,(i„        Si,  =  2m,rf,.  (1 

It  sometimes  happens  that  we  are  considering  points  of  two  or 
more  aggregates  81,  ©,  •••     Then  we  shall  write 

where  the  subscript  indicates  that  the  sums  1)  are  taken  over  the 
aggregates  21,  ©,  •••  respectively. 

3.  We  shall  denote  the  maximum  and  minimum  of  /  in  8  by 
M  and  m  respectively.  The  greater  of  \M\  and  |i»|  we  shall 
denote  by  F^  so  that 

M5 
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4.  The  oscillation  of /(a^j,  •••  x^')  in  the  cell  d^  is 

The  sum  ^    ^     ^     ,       r^ 

is  the  oscillatory  sum  of  f  for  the  division  D. 

Upper  and  Lower  Integrals 

694.  The  sums  Sj^  Si,  form  a  limited  aggregate^  D  representing 
any  division  of  norm  <  d^ ;  moreover 

^^^  m<m,<M,<M. 

"®°^®  2mrf,  <  2m,d,  <  2 JK;d.  <  23fd,, 

^^  mld^<Si,<  So<  M^d^.  (1 

Since  9  is  limited,  the  cells  d^  are  all  contained  in  some  cube. 
Hence  2(2,  is  less  than  some  fixed  number,  and  the  theorem  follows 
at  once  from  1). 

695.  1.  Let  /(a?!,  •••  a;^)^  0  in  21.  Let  D  and  A  he  any  two  rec- 
tangular divisions  of  space.  Let  E  he  the  division  of  space  formed 
by  superimposing  the  division  A  on  D,  or  what  is  the  same^  the  divi- 
sion D  on  A.     Then 

For,  let  (2,  be  one  of  the  cells  of  D  which  is  subdivided,  on  super- 
imposing A. 

Let  J       ^ 

denote  the  cells  of  E  in  d^  containing  points  of  8*     Then,  to  the 
term  M^d,  in  Sjy,  corresponds  the  term 

Hence  ^M„d^<2M,d^<M,d,. 
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2.  Similar  reasoning  shows  that: 

696.  1.  Letf(x^^  •••  a;„)5  0  be  limited  in  the  limited  aggregate  8. 
Let  ^  _ 

with  reepect  to  all  rectangular  divisions  D.     TT^en 

lira  Sj,  =  S.  (1 

Let  us  employ  the  graphical  representation  of  281.  The  points 
of  91  lie  in  a  certain  cube  S  of  edge  0.  The  representation  of  S  is 
formed  of  m  segments  Sj,  •••  €,»  on  the  o^j,  •••  a:,^  axes.  We  shall 
suppose  S  taken  so  large  that  no  coordinate  of  any  point  of  91  is 
at  a  distance  <  2  d^^  from  the  ends  of  these  segments.  This  insures 
that  the  cells  d^  of  any  D  of  norm  Kd^  lie  within  (£«  and  therefore 
that  2rf,  <(?"•. 

Since  aS'  is  the  minimum  of  all  S/^  there  exists  for  each  €  >  0  a 
division  A,  such  that 

^<S^>'S+€/2.  (2 

Let  D  be  an  arbitrary  division.  Let  us  superimpose  A  on  D, 
forming  a  division  B. 

The  division  U  is  formed  by  interpolating  certain  points,  let  us 
say  at  most  fi  points  in  each  of  the  segments  S^i  •••  S^*  The  inter- 
polation of  one  of  these  points  may  be  interpreted  as  passing  a 
plane  parallel  to  one  of  the  sides  of  (S*  Its  effect  is  to  subdivide 
certain  of  the  cells  of  (S*     The  volume  of  the  cells  so  affected  is 

<dC^-K 

Hence  the  superimposition  of  A  on  D,  being  equivalent  to  pass- 
ing at  most  m/i  planes  parallel  to  the  sides  of  (S,  affects  cells  of  £ 
belonging  to  the  original  division  D,  whose  volume 

VKmfJtdC^'K  (3 
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Let  A  subdiyide  d^^  a  cell  of  2>  containing  points  of  %^  into  the 
cells  ,       , 

containing  points  of  91,  and  into  the  cells 

Sa,   S^  ••• 
containing  no  point  of  91. 

where  It  denotes  the  sum  of  those  terms  common  to  ^p  and  ^^, 
corresponding  to  cells  of  D  unaffected  by  the  division  A. 

IJC  Mt 

Hence  — 

Sp  =  l,M,d,,  +  2,Mfi^  4-  B. 

Therefore  _ 

<mfidFC''-\    by  8). 
If  we  take 


^®^*^®  ^i,<,S^  +  €/2,        foranyrf<rf'.  (4 

But  regarding  H  as  formed  by  superimposing  D  on  A, 

Hence  2),  4),  5)  give 

^<So<S^  +  €/2<S  +  €; 

which  proves  1). 

2.  A  similar  line  of  reasoning  shows  : 

Let  f(x^  •••  a:^)5  0  he  limited  in  the  limited  aggregate  8.     Let 

with  respect  to  all  rectangular  divisions  2>.     TT^en 

Urn  Sji=S. 
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697.  Let  /(a^i  •••  x^  he  limited  in  the  limited  aggregate  8.     Then 

the  limits  v      o 

lim  Sj^        lim  So 

exists  and  are  finite. 

Let  us  take  c>0  bo  large  that 

is  positive.    Let  JK^,  iV[  be  respectively  the  maxima  of  /  and  g  in 
the  cell  d^.     Obviously, 

We  have  seen  in  696,  1  that 

lim  2i\7[<i^,        lim  led^ 
exist.     Hence 

lim  Sj,  =  Um  ^M^d,  =  lim  2(iV;  -  (?)<i, 

==  lim  2iV[<i^  —  lim  "Zed^ 
exists,  and  is  finite. 

To  show  that  lim^^ 

exists  and  is  finite,  we  introduce  the  auxiliary  function 

and  determine  (?>0  so  large  that  A  is  always  negative  in  81. 

698.  The  limits  S^  S^  whose  existence  was  established  in  697, 
are  called  the  lower  and  upper  integrals  of  f(x^'"X^  aver  the 
field  at.     They  are  denoted  respectively  by 


(1 


When  the  lower  and  upper  integrals  1)  are  equal,  we  denote 
their  common  value  by 

Jg/(^i  ••  ^m)^  =  J^(^i  •••  ^m)dx^ '"  dx^l  (2 
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it  is  called  the  integral  of  f  over  the  field  21.  In  this  case 
/(^i  •"*  ^m)  *•  *^*<^  ^^  ^^  integrable  in  31.  VVe  also  say  the  inte- 
gral 2)  exists. 

The  integrals  1),  2)  are  called  m-tuple  or  multiple  integrals. 


1.  Let  f{x^ '"  ^m^  ^^  limited  and  integrable  in  the  limited 
field  21.  Let  D  he  any  rectangular  division  of  norm  d,  and  f  ^  any 
point  of  21  in  the  cell  d^.     Then 

lini2/(fX  =  X-^'^-  <1 

<i=o  *^a 

Conversely^  if  this  limit  exists^  however  the  L's  and  f '«  be  chosen^ 
the  upper  and  lower  integrals  of  f  are  equals  and  f  is  integrable, 

2m,(i,  <  2/(f  ,)d,  <  SilfA.  C2 

lim  2w,d,=J  , 


Hence 

As 


lim  tMA^S 


are  equal,  we  get  1)  on  passing  to  the  limit  d  =  0  in  2). 

The  reader  will  observe  that  this  reasoning  is  precisely  similar 
to  the  first  half  of  the  demonstration  in  493.  The  second  half  of 
our  theorem  is  proved  by  a  reasoning  exactly  similar  to  the  second 
half  of  the  demonstration  of  493.  Instead  of  the  interval  i  —  a, 
we  have  here  a  cube  of  volume  C^. 

2.  The  theorem  1  shows  us  that  we  may  take 

lim  ^(f.)rf. 

<i=o 

when  it  exists  as  a  second  definition  of  the  integral  of  f  over  21. 

700.  1.  The  theorems  of  495,  496,  497,  and  498  may  now  be 
extended  without  trouble  to  functions  of  several  variables.  For 
convenience  of  reference  we  restate  them  here  for  this  general 
case. 


512  MULTIPLE  PROPER  INTEGRALS 

2.  In  order  that  the  limited  function  f(z^  •••  x^  he  integrable  in 
the  limited  field  H,  it  is  necessary  and  sufficient  that  the  oscillatory 
sum  iluf  =  0,  as  the  norms  of  the  divisions  D  converge  to  0. 

3.  If  the  limited  function  f(x^  •••  x^  is  integrable  over  the  limited 
fisld  a,  it  is  integrable  over  any  partial  field  of  31. 

4.  In  order  that  the  limited  function  f(x^  •••  x^  be  integrable  in 
the  limited  field  81,  it  is  necessary  and  sufficient  that  for  each  €  >  0, 
there  exists  a  division  I)  for  which  the  oscillatory  sum 

6.  In  order  that  the  limited  function  /(rcj  •••  x^  be  integrable  in 
the  limited  field  9,  it  is  necessary  and  sufficient  that^  for  each  pair 
of  positive  numbers  a>,  a  there  exists  a  division  D,  such  that  the  sum 
of  the  cells  of  D  in  which  the  oscillation  off  is  >«,  is  <  or. 

EXAHPLB8 
70L  1.  Let  K  be  the  square  (0,  1,  0,  1). 
Let  /(as,  y)  =  0,        for  a:,  or  y  irrational; 

=  -,       for  X  =  — ;  myn  relative prime^  y  rational. 
n  n 

Then /is  integrable,  by  700,  5.  For,/  is  >-  only  on  the  lines  x  =  1,  },  |,  },  \, 
i«  h  h  h  f«  "*t  ^^®  denominators  of  the  fractions  being  ^q.  On  eaxh  of  these 
lines  the  oscillation  in  any  little  interval  is  >-.  On  all  other  lines  the  oscillation 
is  <-.  Obviously  there  exists  for  each  <r  a  division  for  which  the  sum  of  the 
squares  in  which  the  oscillation  is  ^  -  is  <(r  ;  and  the  integral  is  zero. 

2.  Let  K  embrace  the  points  x,  y  of  the  square  (0101)  for  which  z  is  rational 

1  fit 

Let  /(x,  y)  =  -,       for  X  =  — ;  nt,  n  relative  prime. 

n  n 

Then /is  integrable  in  K,  as  the  above  example  shows. 

Content  of  Point  Aggregates 

702.  1.  We  extend  now  the  notion  of  content,  etc.,  considered 
in  514  seq.,  to  limited  aggregates  in  9t^.  Let  us  effect  a  rectan- 
gular division  of  space  of  norm  S.     Let 

^11    ^y    ^    "• 
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be  those  cells  containing  at  least  one  point  of  the  limited  aggre- 
gate «;  while  «     ^     „ 

d{,   (^,   d\   — 

denote  those  cells,  all  of  whose  points  lie  in  9. 

Then  the  limits 

l  =  lim2rf.,        «  =  lim2rfi  (1 

exists  and  are  finite. 

For,  let  us  introduce  the  auxiliary  function  f(x^  ••  rr^),  whose 
value  shall  be  0  in  JR„„  except  at  the  points  of  21,  where  its  value 
is  1.  Then,  using  the  notation  and  results  of  the  previous  articles, 
we  have : 


But  by  697, 


exist,  and  are  finite. 


lim  «/>,         lira  ^ 


2.  The  numbers  91,  9  are  called  the  upper  and  lower  content  of  91. 
We  have  thus : 


a=//d«,        «=//d«. 


When  ?[  =  ?[,  their  common  value  is  called  the  content  of  51. 

We  denote  it  by 

Conta, 

or  when  no  ambiguity  arises,  by  81. 

To  be  more  explicit  it  is  often  convenient  to  set 

a  =  C6nt«,        «  =  Cont«. 

A  limited  aggregate  having  content  is  measurable. 
Thus,  when  31  is  measurable. 


Conta=  ffdm. 


The  content  of  a  measurable  aggregate  in  St,  ^  called  its  area; 
in  Stg  the  content  is  called  volume.  We  shall  also  use  the  term 
volume  in  this  sense,  when  n  >  3. 
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3.  As  immediate  consequence  of  the  reasoning  of  1,  we  have : 
Let  Sd  be  a  partial  aggregate  of  31.     Hien 

703.  By  the  aid  of  the  auxiliary  function  employed  in  702 
we  can  state  at  once  criteria  in  order  that  21  is  measurable. 

1.  For  21  to  be  measurMe^  it  is  necessary  and  student  that  the 
sum  of  the  cells  containing  both  points  of  ^,  and  points  not  in  %  eon- 
verge  to  0,  as  the  norm  of  the  division  =  0. 

This  follows  from  700,  2. 

2.  In  order  that  21  be  measurable^  it  is  necessary  and  sufficient 
that  for  each  €  >  0,  there  exists  a  division  such  that  the  sum  of  the 
cells  embracing  both  points  of  21  and  not  of  %  is  <  €. 

This  follows  from  700,  4. 

Frontier  Points 

704.  1.   The  frontier  g  of  any  aggregate  21  is  complete. 
For,  let  ^  be  a  limiting  point  of  5. 

Then  in  any  i>j*(jt?),  there  are  points  of  5«  If  f  is  such  a  point, 
there  are  points  not  belonging  to  2[  in  any  -D,*(f).  We  may  take 
17  so  small  that  2>^  lies  in  D^     Hence  ^  is  a  frontier  point  of  21. 

2.    Let  2(  and  SS  be  two  point  aggregates.     Let 


D  =  Dist  (a:,  y)  =  V^x^  -  y,y  4-  •••  +  (i^^ -  y^)« 

be  the  distance  between  a  point  a:  of  ^  and  a  point  y  of  9.  Let  S 
be  the  minimum  of  D,  as  x  runs  over  21,  and  y  runs  over  ©.  Then 
S  5  0,  and  is  finite.     We  say  S  is  the  distance  of  21  from  S,  and 

"^^^  S  =  Di8t(2l,«). 

In  certain  cases,  21  may  reduce  to  a  single  point  a. 

3.    jff  21,  ©  are  limited  and  complete^  there  is  a  point  a  in  21,  and 
a  point  b  in  SSj  %uch  that 

Dist  (a,  6)  =  Dist  (21,  »). 

If  Dist  (21,  ©)  >  0,  the  two  points  a,  b  are  frontier  points. 


^ 
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For,  we  may  regard  ajj  •••  a;^,  Jfi"-  ym  as  the  coordinates  of  a 
point  2;  in  a  2  w-way  space  SRam*  We  form  an  aggregate  S  whose 
points  z  are  obtained  by  associating  with  each  x  of  ?(,  every  y  of 
©.  Then  the  domain  of  definition  of  Dist  (a;,  y)  in  2,  considered 
as  a  function  of  2  m  variables,  is  precisely  S.  To  represent  S  we 
may  employ  2m  axes,  as  in  231.  Obviously  S  is  limited  and  com- 
plete, since  ?(  and  ©  are. 

Then  by  269,  2,  there  exists  a  point  (aj  •••  a^,  6j  •••  6^)  in  S,  at 
which  2)  takes  on  its  minimum  value.     Then 

are  the  points  whose  existence  was  to  be  proved. 

The  points  a,  6  scve  frontier  points  of  ?(  and  ©  respectively.  For, 
if  they  were  inner  points,  the  distance  between  -Da(a)  and  -Dj(6) 
equals  jjj^^  (a,  6)  -  2  S  <  Dist  (a,  6). 

4.  Let  ©  be  a  partial  aggregate  of  ?(.  If  the  distance  between 
the  frontiers  of  9  and  ©  is  not  0,  we  say  ©  is  an  inner  partial 
aggregate  of  81 ;  also  31  is  an  outer  aggregate  of  ©. 

Discrete  Aggregates 

705.    1.  Definition.     An  aggregate  of  content  0  is  discrete. 
Obviously,  if  Cont«  =  0, 

%  is  discrete. 

2.  JEvery  limited  point  aggregate  of  the  first  species  is  discrete. 
Let  81  embrace  at  first,  only  a  finite  number  of  points,  say  n  points. 
Let  us  effect  a  cubical  division  of  space  of  norm 


B< 


^n 


such  that  the  points  of  8(  lie  within  their  respective  cells.     Then 
the  sum  of  the  cells  containing  the  points  8(  is 

Thus  81  is  discrete,  and  the  theorem  is  true  for  aggregates  of 
order  0.  Let  us  therefore  assume  the  theorem  is  true  for  aggre- 
gates of  order  n  —  1  and  show  it  is  true  for  order  n. 
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By  265,  9[^"^  embraces  only  a  finite  number  of  points,  say 

a^  aj  •••  a,. 

We  can,  as  just  seen,  inclose  these  within  cells  of  total  volume 
<  6/2.  The  points  of  %  not  in  these  cells  form  an  aggregate  9 
of  order  n—  1.  By  hypothesis  we  can  effect  a  division  of  space, 
such  that  the  total  volume  of  the  cells  containing  both  points  of 
Sd  and  not  of  ®  is  <  e/2.  Thus  the  division  formed  by  superim- 
posing these  two  divisions,  is  such  that  the  volume  of  the  cells 
containing  both  points  of  9(  and  not  of  9[  is  <  e. 

706.  Let  ^  be  a  limited  aggregate  whose  frontier  points  ff  form  a 
discrete  aggregate.     Then  3(  is  measurable. 

For,  using  the  notation  of  702,  the  volume  of  those  cells  of  a 
division  2),  containing  both  points  of  %  and  not  of  91,  is 

where  ^2>  is  the  volume  of  those  cells  containing  at  least  a  point 
of  $.     But,  as  ^  is  discrete, 

S/>  =  0. 

Hence,  by  708,  1,  St  is  measurable.  . 

707.  1.  Let  9?^  be  an  wi-way  space.  Let  us  give  certain  of  the 
coordinates  of  a;  =  (xi,  •••  a;^)  fixed  values.  For  example,  let 
x^i=:a^i,  ...  a;^=a«.  The  aggregate  of  points  x=Cx^,  -- x^  a^i, 
...  a„)  may  be  regarded  as  constituting  a  p-way  space^  9?p  Ij/ing 
in  9?m*  I'h^  point  x^  when  considered  as  belonging  to  9tp,  may  be 
denoted  more  shortly  by  x  =  (x^^  .••  a;^). 

2.  Let  ^be  a  limited  aggregate  lying  in  9?^.  If  we  consider  9  as 
lying  in  an  m-way  space  9?^,  m  > jt?,  it  is  discrete. 

For,  let  9  lie  in  a  cube  (7,  of  volume  (7,  in  9?,„  so  large  that  none 
of  the  points  of  %  come  indefinitely  near  the  sides  of  C.  Then  the 
upper  content  of  H,  relative  to  9?p,  is  <  C.  We  can  efifect  a  division 
D  of  S^M  o^  norm  d  such  that  the  points  of  9  lie  within  the  cells  of 
D.  Then  the  volume  of  all  the  cells  containing  points  of  K  is  less 
than 
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708.  1.  Let  y=f(xy^  ...  x^  be  defined  over  an  aggregate  St. 
Let  rr  =  (rri,  ...  xj)^  2/  =(rri-f  Ap  -••  x^-k-h^  be  two  points  of  9. 
The  increment  that/  receives  when  x  passes  to  2/  we  have  denoted 
bj  4f.     Let  us  set 

Aa:==  Dist  (x,  2/)  =  VAi»4- -  +  AJ, 
and  call  .  ^ 

the  totoZ  difference  quotient  of  /.  The  point  2/  may  or  may  not  be 
restricted  to  remain  near  x\  if  so,  it  will  be  stated. 

2.  Let  the  limited  functions 

Aav6  limited  total  difference  quotients  in  the  limited  discrete  aggre- 
gate St.     Then  C  the  y-image  of%is  also  discrete. 

For,  let  us  effect  a  cubical  division  of  the  2^.space  of  norm  d. 

Since  the  difference  quotients  are  limited  in  SI,  there  exists  a 

fixed  Q^  such  that  .       ^  ^   ^ 

|4/:i<d6?,        i  =  l,2,  ...n, 

as  X  ranges  over  any  one  of  the  cells  d^  of  D.  Hence  each  coordi- 
nate y,  remains  in  an  interval  of  length  <  dG  as  x  ranges  over  the 
points  of  81  in  d^.  Therefore  y  =  (y^  •  •  y^)  remains  within  a  cube 
of  volume  d^Cf^.     Hence  the  points  of  Sd  have  an  upper  content 

<  Sd»flt»  =  d^a^Sd^  =  d^GH^i). 

8.  As  a  corollary  of  2  we  have : 

* 
In  the  region  R  let 

have  limited  first  partial  derivatives. 

Let  ^he  a  limited  inner  discrete  aggregate.  Then  9,  the  image 
of^is  discrete. 
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4.  Let  the  limited  functions 

yi=/i(^r   ••  ^m)»   ••  Vn^fnC^v  '"  «m)         n  =  m  +  p > m 

have  limited  total  difference  quotients  in  the  limited  aggregate  % 
except  at  points  of  a  discrete  aggregate  A.  In  the  cells  of  any  cubical 
division  of  norm  d<dQ^  let  at  least  m  of  these  difference  quotients 
remain  limited.     Then  the  image  Sdof^is  discrete. 

For,  consider  one  of  the  cells  c?^,  containing  a  point  of  A.  At 
least  m  of  the  coordinates  of  a  point  y  remain  in  intervals  of  length 

<ad. 

All  we  can  say  of  the  other  coordinates  of  y  is  that  they  remain 
in  intervals  of  length  2  jP,  where  |/J  <  jP,  i  =  1,  2,  •••  n.  Thus  the 
image  of  the  points  of  ?( in  the  cells  d^  has  an  upper  content 

<  S(ff  rf)'"(2  Fy  =Gh2^  F'ld"^  =  2^  F^GhRo  <  e/2, 

if  dQ  is  taken  small  enough. 

The  content  of  the  image  of  the  other  cells  d^  is 

<td^G'<(P'G^o. 

As  />  >  1,  we  can  take  d^  sufficiently  small,  so  that  the  content  of 
these  cells  is  <  c/2. 

709.  An  important  class  of  discrete  aggregates  is  connected 
with  functions  having  limited  variation,  which  we  now  define. 
Cf .  609  seq. 

Let  /(a?!  •••  a;^)  be  limited  in  the  limited  aggregate  St.  Let  D 
be  a  cubical  division  of  space  of  norm  dKd^.  Let  the  oscillation 
of  /  in  the  cell  d^  be  a>^.     If  there  exists  a  number  &  such  that 

2o),(?»-^<«,  (1 

however  D  is  chosen,  we  say  that  f(x^  •••  a;^)  has  limited  variatian 
in  31 ;  otherwise  it  has  unlimited  variation. 
From  1)  we  have 

2a,.  <^,  (2 
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710.  Let  the  limited  functions 

yi=/i(^i- -^m)    •yn-i=/n-i(a;i-a;^)         n^m  +  p>m 

have  limited  total  difference  quotients  in  the  limited  aggregate  SI. 
Let  r.  .  V 

have  limited  variation  in  31.     As  x  =  (x^  ''-  a:„,)  ranges  over  31,  let 
y  =  (jfi '"  Ifn)  range  over  ©.     27ien  ©  is  discrete. 

For,  let  us  effect  a  division  of  the  a:-space  of  norm  d.  Then 
ffv  '"  yn-i  remain  in  intervals  of  length  <dG  us  x  ranges  over  the 
points  of  21  in  one  of  the  cells  d^.  Thus  if  ©^  is  the  oscillation  of 
/,  in  d^,  the  point  y  remains  in  a  cube  of  volume 

when  X  ranges  in  d^.     Thus  the  upper  content  of  ©  is 

<d^O^-^(o,    by  709,  2). 
As  this  converges  to  0  as  c?  =  0,  ©  is  discrete. 

Properties  of  Content 

711.  1.  Let  3(  be  a  limited  aggregate.  With  the  points  of  21 
let  us  form  the  partial  aggregates  2li,  •••  21^  such  that  the  aggre- 
gate of  the  common  points,  or  of  the  common  frontier  points,  of 
any  two  of  these  aggregates  is  discrete.  We  shall  say  that  we 
have  divided  21  into  the  unmixed  aggregates  2li,  •••  3t,.  Also,  21  is 
the  union  of  2li,  •••  21,. 

2.  Let  the  limited  aggregate  21  he  divided  in  the  unmixed  aggre- 
gates 2li,  31a,   ••  2l*-     2%en 

For,  let  2)  be  a  rectangular  division  of  norm  S.  Let  g^j  be 
the  volume  of  all  those  cells  of  2)  which  contain  points  of  more 
than  one  of  the  aggregates  Slj,  •••  81,.  Let  21^,/)  be  the  volume  of 
those  cells  containing  points  of  21^,  t  =  1,  2,  •••  s.     Then 

«/>^ii^+-4-2l,,^<2r^  +  «^/>.  (1 
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Now,  by  hypothesis,  _ 

lim  g2>  =  0. 

Hence  passmg  to  the  limit  in  1),  we  get 

The  other  half  of  the  theorem  is  similarly  proved. 

8.  If  the  aggregate  9[  can  be  divided  into  the  measurable  unmixed 
aggregates  Sl^,  ***  9l«i  it  is  measurable^  and 

Cont  a  =  Cont  a^  +  •••  -h  Cont  %,. 

This  follows  as  corollary  of  2. 

4.  Let  2li,  •••  81,  be  limited  aggregates  whose  frontiers  are  discrete. 
Let  %  be  the  union  of  these  aggregates.     Then  3(  is  measurable^  and 

Cont  a  =  Cont  a^  +  •••  -h  Cont  a,. 

For,  we  may  divide  a  into  a^,  •••  a„  and  these  latter  agg^gates 
are  unmixed,  by  hypothesis.  The  aggregates  ai^  -*-  a«  are  also 
measurable  by  706. 

712.  1.  Connected  with  any  limited  complete  aggregate  a  of 
upper  content  a  >  0  is  an  aggregate  ©,  obtained  from  a  by  a  pro- 
cess of  sifting  as  follows : 

Let  Dj,  Dy  •••  be  a  set  of  rectangular  divisions  of  space,  each 
formed  from  the  preceding,  by  superimposing  a  rectangular  divi- 
sion on  it.     Let  the  norms  of  these  divisions  converge  to  0. 

The  division  D^  effects  a  division  of  a  into  unmixed  partial 
aggregates.  Let  ai  denote  those  partial  aggregates  whose  upper 
content  is  >  0.     Then,  by  711,  2,  I^  =  a. 

Similarly,  the  division  D^  defines  a  partial  aggregate  of  9}  and 
hence  of  a,  such  that  a^  =  a,  etc.  Let  us  consider  the  cells  of  2>. 
which  contain  points  of  a^.  As  n  =  oo,  these  cells  diminish  in 
size,  and  in  the  limit  define  a  set  of  points  J^.  The  upper  content 
of  the  points  of  a  in  the  domain  of  any  point  of  :0  is  >  0.  Thus 
each  point  of  JJB  is  a  limiting  point  of  a,  and  hence  a  point  of  a* 
We  shall  prove,  moreover,  that  ©  is  perfect. 
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For,  suppose  b  were  an  isolated  point  of  9.  Let  C  be  a  cube 
whose  center  is  (  and  whose  volume  is  small  at  pleasure.  Let  a 
be  the  points  of  %  in  0.     Let  us  divide  0  into  smaller  cubes,  say 

of  volume  -a.     The  points  of  3(  in  at  least  n  of  these  new  cells 

must  have  an  upper  content  >  0.  Thus  there  are  other  points  of 
jO  in  (7  besides  (.  Hence  Sd  has  no  isolated  points.  To  show 
that  ©  is  complete,  let  ^  be  a  limiting  point  of  © ;  it  is  therefore 
a  point  of  3(.  The  upper  content  of  the  points  of  %  in  any  domain 
of  ^  is  >  0.  13  will  therefore  lie  in  one  of  the  cells  of  2),,  n  =  1, 
2,  •••.     Hence  it  is  a  point  of  Sd' 

For,  any  cell  of  D.  which  contains  a  point  of  Sd  contains  a  point 
of  Sl»,  and  conversely  any  cell  which  contains  a  point  of  ?(«  con- 
tains a  point  of  J^,  or  is  at  least  adjacent  to  such  a  cell. 

2.  The  aggregate  ©  may  be  called  the  sifted  aggregate  of  8. 

713.  1.  We  shall  find  it  useful  to  extend  the  terms  cells^  division 
of  space  into  cells^  etc.,  as  follows  : 

Let  us  suppose  the  points  of  any  aggregate  9[,  which  may  be 
9?M  itself,  arranged  in  partial  aggregates  which  we  shall  call  cells^ 
and  which  have  the  following  properties : 

1°.  There  are  only  a  finite  number  of  cells  in  a  limited  portion 
of  space. 

2^.  The  frontier  of  each  cell  is  discrete. 

8®.  Each  cell  lies  in  a  cube  of  side  ^  S. 

4®.  Points  common  to  two  or  more  cells  must  lie  on  the  frontier 
of  these  cells. 

We  shall  call  this  a  division  of^of  norm  S. 

2.  Let  A  be  such  a  division  of  space.  Let  9  be  a  limited  aggre- 
gate. As  in  702,  8^  niay  denote  the  content  of  all  the  cells  of  A 
which  contain  at  least  one  point  of  31 ;  while  9^  may  denote  the 
content  of  those  cells  all  of  whose  points  lie  in  %. 
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3.  Let  91  be  an  aggregate  formed  of  certain  of  these  celU^  Slj,  •••  H,. 
Then  31  is  measurable  ;  and 

Cont  31  =  Cont  3li  +  -  -f  Cont «,. 

This  is  a  corollary  of  711,  3. 

714.  Let  ^  be  a  limited  point  aggregate^  and  A  a  division  of  space 
of  norm  S,  not  necessarily  a  rectangular  division.     Then 

iima^  =  a,      iima^  =  a.  (i 

Let  us  prove  the  first  half  of  1);  the  other  half  is  similarly 
established.  .. 

For  each  e  >  0  there  exists  a  cubical  division  D  of  norm  c?,  such 

^^**  a<a/><a  +  e/2.  (2 

Let  D'  be  another  cubical  division  of  norm  d'. 
Let  ^[y  denote  the  volume  of  all  those  cubes  containing  points 
of  S/).     We  can  choose  d'  so  small  that 

Then  2)  gives  _  ^  _        _ 

^  3l<«/>'<3l  +  e.  (3 

Let  A  be  any  division  of  space,  not  necessarily  cubical,  of  norm 

h<\d'._ 

Then  31^  contains  every  point  of  91 ;  and  is  a  part  of  ©|y,  since 
the  distance  of  91  to  ©2)'  is  <  d'.     Hence,  by  702,  8,  and  713,  3, 

This  gives  with  8)  _     _       _ 

^         *  91<91a<91  +  € 

for  any  S<Jrf'. 

715.  1.  Let  91  be  a  limited  aggregate.  If  91  is  not  complete^  let 
us  add  to  it  its  lacking  limiting  points.  The  resulting  aggregate 
35  may  be  called  the  completed  aggregate  of  91. 

A  limited  aggregate  91,  and  its  completed  aggregate  ©,  have  the 
same  upper  content. 
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For,  let  U8  efifect  a  rectangular  division  D  of  norm  d.  The  cells 
containing  points  of  ©  fall  in  two  classes :  l^  those  cells  dj,  dj,  ••• 
containing  points  of  21 ;  2%  those  cells  ej,  ej,  •••  containing  no  point 
of  3[.  Each  of  these  latter  cells,  as  e,,  is  contiguous  to  at  least  one 
cell  d^.  If  e^,  •••  are  contiguous  to  c?^,  we  will  join  them  to  c?^,  to 
form  a  new  cell  S^,  in  such  a  way  that  each  «-cell  has  been  joined 
to  some  one  d-cell. 

The  cells  Sj,  S^  •••  together  with  the  cells  rfj,  dj*  •••  which  remain 
unchanged  by  this  process  of  consolidation,  define  a  division  A 
of  the  kind  considered  in  713.  The  norm  i  of  this  division  is 
evanescent  with  d. 

Now,  for  the  division  A, 

By  714,  the  left  side  =  «.     Hence 


2.  The  lower  contents  2,  ©  do  not  need  to  be  equal. 

For  example,  let  ?( =  rational  points  in  the  interval  «/*=(0,  1). 
Then  «  =  */; 

^^^  «  =  0,        «  =  1. 

3.  Let  at  he  measurable.     Then  21,  and  its  completed  aggregate  35, 
have  the  same  content. 

For,  we  have  just  seen  that 

«  =  !  =  «.  (1 

On  the  other  hand,  every  inner  point  of  31  is  an  inner  point 
of  ©.     Hence  ^       ^ 

Hence,  passing  to  the  limit, 

2l  =  a<«<«.    ^  (2 

Hence  1),  2)  give  ^^^^^^ 
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i.  If  %  i$  measurable^  the  content  of  81  and  it$  derivative  V  are 
equal. 

For,  let  ©  be  the  completed  aggregate  of  ?(.  Since  every  inner 
point  of  31  is  an  inner  point  of  a',  and  every  point  of  %'  is  in  :©, 
we  have  for  any  cubical  division  2),  of  norm  d!, 

?/><?i<«i<«z,. 

Passing  to  the  limit  (2  =  0,  this  gives,  since  9  is  measurable, 

«<«'<«'<«.  (8 

But,  by  8,  a  =  ©.     Hence  8)  gives 

a  =  «'  =  w. 

716.  Let  %  be  a  limited  aggregate  whose  upper  corUent  is  X.  Let 
^  be  a  partial  aggregate  depending  on  u  such  that 

lim  S  =  a. 

Let  D  be  a  rectangular  division  of  norm  d.  Then  for  each  e>0 
there  exists  a  pair  of  numbers  Mq,  rf^,  su^h  that 

«/>-««./><€  (1 

for  any  0 < m < m^,  0 <  rf< d^. 

For,ifrf^(io,  a<a^<a  +  e/2; 

and,if«<Mo,  l-e/2<«.. 

©tt,z)^ax). 

Tbus  «-e/2<«^<«„,^<«^<a  +  e/2, 

which  establishes  1). 

Plane  and  Rectilinear  Sections  of  an  Aggregate 

717.  1.  Let  a  be  an  aggregate  in  9?^.  As  a;  =  (ajj  •••  x„)  ranges 
over  a,  x^  will  range  over  an  aggregate  f ^  on  the  aj^-axis,  which  we 
call  the  projection  of%on  this  cuds. 
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The  points  of  di^  for  which  one  of  the  coordinates  as  x^  has  a 
fixed  value  x^  =  f  j,  lie  in  an  m  —  1  way  plane,  which  we  shall  say 
is  perpendicular  to  the  x^-axie.  We  may  denote  it  by  P^^  or  more 
shortly,  by  P^.  The  points  of  %  in  P^  form  a  plane  section  of  SI 
corresponding  to  the  point  f  ^  in  jr^,  which  we  denote  by  ^^^  or  ^^. 
We  also  say  ^^  is  a  plane  section  of  ?l  perpendiciUar  to  the  x^-axis. 

2.  As  a;=  (^i*"^m)  ranges  over  the  points  of  8,  the  point 
(2?!,  •••  x^_i,  0,  2;,+!,  ••  x^)  ranges  over  an  aggregate  J^  in  the  plane 
z^  =  0,  which  ma}^^  be  called  the  m—1  way  plane  11^  of  the  axes  per- 
pendicular  to  x^.     We  call  J^,  the  projection  of^on  IX^. 

8.  Let  us  fix  all  the  coordinates  of  a;  =  (Xj  •••a;^),  except  x^. 
Then  x  describes  a  right  line  parallel  to  the  x^-axis.  Let  o^  denote 
the  points  of  9  on  one  of  these  lines.  We  shall  call  it  a  rectilinear 
section  of  8,  parallel  to  the  x^-axis. 

4.  Let  %  be  limited  and  complete.     Then  the  ^,  and  the  a,,  also 

the  jCj  and  J^,  are  complete. 

Let  us  show  that  the  %  are  complete.     Let  jp  be  a  limiting  point 

in  one  of  the  $,.     Let  ,- 

Pv  P2  '"  (1 

be  a  sequence  of  points  in  this  plane  which  =p.  Then  1)  is  a 
sequence  in  31,  and  as  3(  is  complete,  p  lies  in  ?l,  and  hence  in  ^^. 

Let  us  show  that  jc,  is  complete.  In  fact,  let  q  be  one  of  its 
limiting  points.  Let  q^^  q^  "-  he  sl  sequence  in  jc,  which  =  q.  In 
each  plane  section  ^^  ,  take  a  point  r^. 

This  gives  a  sequence 

whose  limiting  points  lie  in  3(,  since  %  is  complete.  Moreover,  the 
projection  of  these  limiting  points  is  q. 

718.    1.  Let  Hi  be  a  measurable  aggregate. 

Let  j^  denote  those  points  of  f ^,  for  which  the  upper  content  of  the 
frontier  points  of  ^^  is  ^  <^«     Then  f ^  is  discrete. 

For,  let  us  effect  a  cubical  division  D  of  9t„  of  norm  d.  This 
effects  also  a  division  of  norm  d  of  the  2;,-axis.  Let  d^^  d^"-  denote 
those  intervals  on  this  axis,  embracing  at  least  one  point  for  which 
the  frontier  points  of  the  corresponding  plane  section  have  upper 
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content  >(r.     If  ^j,  denote  the  volume  of  those  cells  containing 
frontier  points  g  of  31,  we  have 

g2>  >  <r2rfj,         for  any  2). 

Let  c?  =  0.     As  St  is  measurable, 

a  CoiTt  j^  =  0. 

As  <r  >  0,  Coat  f ^  =  0. 

2.  In  a  similar  manner  we  prove : 

Let  3£^  denote  those  points  of  the  projection  of  the  measurable  aggre- 
gate %  on  the  plane  x^  =  0,/or  which  the  content  of  the  frontier  poinU 
on  the  corresponding  rectilinear  sections  is  >  <r.     Then  3£^  is  discrete, 

3.  Let  j^  he  the  projection  of  the  measurable  aggregate  ?l  on  the 
x^-aans.  Let  D  be  a  division  of  9?^  of  norm  d.  Letfy^  f^  '"  <^^ote 
those  intervals  on  the  x^-axis  containing  frontier  points  of  f ^.  Let 
7>0,  <r>0  be  taken  small  at  pleasure.  If  f\^  fi  •••  denote  those 
f 'intervals  containing  points  of  j^,  for  which  the  upper  content  of  the 
corresponding  plane  sections  ^  is  ^  7,  we  can  take  d^  so  small  that 

2/;<<r,         dKd^. 

For,  in  the  contrary  case,  the  upper  content  g  of  the  frontier 
points  of  a  is  =^^  ^1 

But  31  being  measurable,  g  =  0,  which  contradicts  1). 

Classes  of  Integrahle  Functions 

719.  1.  Let  f(x^ '"  x^)  be  continuous  at  the  limiting  points  of  the 
limited  complete  field  21.      Thenf  is  integrahle  in  %, 

For,  reasoning  similar  to  that  of  352  shows  that  we  can  efifect  a 
cubical  division  2),  such  that  the  oscillation  of  /  in  each  cell  of  D 
containing  points  of  21  is  <  ©.     Then  by  700,  4,  /  is  integrahle. 

2.  In  the  limited  complete  aggregate  21,  let  the  limited  function 
f(x^  •••  x^  be  continuous^  except  at  the  points  of  a  discrete  ctggregate 
©.     Thenf  is  integrahle  in  21. 

Since  ^  is  discrete,  there  exists  a  cubical  division  2>  such  that 
the  volume  of  those  cells  containing  points  of  9  is  <e. 
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Let  S/)  denote  those  cells  which  contain  points  of  %  but  do  not 
contain  points  of  ©.  Since  /  is  continuous  in  6/,,  we  can  efifect  a 
cubical  division  jy  of  £/),  such  that  the  oscillation  of  /  in  any  cell 
of  ly  is  <  <». 

Then  by  700,  4, /is  integrable  in  3. 

3.  Let  f{x^'"  x^  have  limited  variation  in  the  limited  field  3t. 
Then  f  is  integrable  in  21. 

<d&,        by  709,  2). 
Hence  ij^  ^^f^  q, 

and /is  integrable,  by  700,  2. 

720.  As  in  504,  505,  507,  and  508,  we  may  establish  the  follow- 
ing theorems': 

1.  Letf(x^  '"^nd  i^  (^  limited  integrable  function  in  the  limited 
field  31.     Then  \f{x^  •••  a:^)|  i%  integrable  in  21.     [507.] 

2.  Let  fy,  f^^  "'fr  he  limited  integrable  functions  in  the  limited 
field  21.     ij^Cp  c^y  '"  Cf.  denote  constants^  then 

^1/1  +  ^2/2+ -+^/r         and        /i-/a-/r 
are  integrable  in  21.     [504,  605.] 

3.  The  converse  of  1  is  not  necessarily  true.     For  example,  in 

a  rectangle  iJ  let  ^-^     x      1  r  *•       i 

/(a:y)  =  1,  for  a:,  y  rational ; 

=  —  1,         for  other  points  in  iJ. 

Obviously /is  not  integrable  in  R. 

On  the  other  hand,  |/|  obviously  is  integrable. 

4.  The  product  /  •  g  may  be  integrable  without  either  f  or  g 
being  integrable  in  21.  For  example,  in  a  rectangle  R  let  /(a:y) 
be  defined  as  in  3 ;  while 

g(xy^  =  —  1,         for  a;,  y  rational ; 

=  1,  for  other  points  of  R, 

Then^  =  —  1  in  iJ,  and  is  hence  integrable  in  R. 
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721.  Let  f(xi'"X^  he  inbegrable  in  the  limited  complete  field 
8.     Let  (5  be  the  points  of%at  which  f  ie  continuous.     Then  (5  =  9. 

For,  if  %  is  discrete,  the  theorem  is  true,  even  if /has  no  points 
of  continuity  in  8.  Let  us  therefore  suppose  8  >  0.  Let  ©  be 
the  partial  aggregate  formed  from  9  by  the  process  of  sifting, 
considered  in  712. 

Let  2)  be  a  rectangular  division,  and  d  one  of  its  cells  containing 
points  of  9 ;  we  can  choose  D  so  that  no  cell  has  points  of  9  only 
on  its  sides.  Let  a  be  the  points  of  9  in  d.  Since  a  is  a  partial 
aggregate  of  ?l,/(a;i  •••  x^  is  integrable  in  o.  The  reasoning  of 
508  shows  now  that  /  must  be  continuous  at  one  point,  at  least, 
of  a  and  hence  at  an  infinity  of  points  of  a. 

Among  these  points,  lie  points  of  ©.  Thus  every  cell  of  the 
division  2),  which  contains  a  point  of  JJB,  contains  a  point  of  (5. 

Hence  S  =  H« 
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722.  Letf{x^  •••  x^  be  limited  in  the  limited  field  8.  Let  A  be 
any  division  of  space  of  norm  S  into  cells  Sj,  8^,  •••,  not  necessarily 
rectangular.  Let  3R^,  m,  be  respectively  the  mammum  and  minimum 
off  in  h^.     Then  _ 

lim  S^  =  lim  22RA  =  f/^.  (1 

lim  8.  =  lim  2m  S  =  f/da.  (2 

iMi  iMi  •^a 

Let  D  be  a  cubical  division  of  norm  d.  Let  d!|,  d^  •••  be  the 
cells  of  2)  containing  points  of  ?l.  We  may  denote  their  volumes 
by  the  same  letters.  Let  M^  =  Max/,  in  d!^;  also  F^  Max  |/|  in 
9[,  and  ^  1.     Then  for  each  e  >  0,  there  exists  a  d  such  that 


^-/J<i' 


(3 


where,  as  usual,  ^ 

Is  a  =  zMfl^. 
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Furthermore  we  may  choose  d  so  small  that 


where  %j,  =  Xd,. 

Consider  now  the  division  A.  Those  of  its  cells  containing 
points  of  9(  fall  into  two  classes :  1^,  those  lying  in  only  one  cell 
of  D;  2**,  those  lying  in  two  or  more  cells  of  D.  Let  S^^,  S^,,  •••be 
the  cells  of  the  1^  class  lying  in  d^.  Let  Si,  S,,  •••  be  all  the  cells 
of  the  2^  class.  Then  the  content  of  all  the  cells  of  A  containing 
points  of  9  is 

But  since  the  frontier  of  9i>  is  discrete,  there  exists  a  Bq  such 
that 


2«:<T^.        8<8o-  (6 


16  jP 
As  moreover  S^  =  %  by  714,  we  may  suppose  that 


From  5),  6)  we  have 


81a     8l<jg^, 

s<v 

|2«„    IKgV 

(6 


This  with  4)  gives  finally 

Now  -^^ 

where  iIR„,  3R(  are  the  maxima  of/  in  £„,  £|  respectively.     Hence 

S^^lMfi„  + FI.Sf,,  (8 

wnce  SW^^iK".,        W,<F. 

Thus  5),  8)  give 

^^<Sif^  +  |.  (9 
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Now 

|^^-2if.8J  =  |2ilf.((i.-p. 

Jl 

<^|2(i,-2S„| 

=  J'|f^- 

tsj 

<J,        by  7). 

(10 

Thus 

9),  10)  give 

(11 

In  the  same  way  we  may  show  that  for 
cal  division  S, 

a  properly 

'  chosen  cubi- 
(12 

From  3),  11),  12)  we  have 

This  proves  1).     In  a  similar  manner  we  may  demonstrate  2). 

723.  Letf(x^  •••  x^)  be  limited  in  the  measurable  field  51.  Let 
A  be  an  unmixed  division  of  21  of  norm  8,  into  the  cells  Sp  S,,  — 
As  usual  let  __ 

Let  m  be  the  maximum  of  S^^  and  30?  the  minimum  of  S^  for  all 
divisions  A,  8  =  0.     TTien 

m=ffd%,     a»=r/a8i. 

Let  us  divide  one  of  the  cells  as  S^  into  two  unmixed  cells  S[, 
S'J.  This  gives  a  new  division  A'.  Then  the  term  mJS^  in  S^  is 
replaced  by  the  two  terms 


m[8[  +  m['8['>m,S,, 

in  *8^/.     Hence 

S^<Sj,.. 

Similarly 

S^.SS^' 
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The  theorem  follows  now  from  722.    For,  there  exists  a  division 

A,  such  that  ^  o  ^  ^-i 

Tn-€<#y^<Tn.  (1 

Let  us  now  take  a  sequence  of  divisions  A',  A",  •••  whose  nonns 
=  0 ;  each  A^"^  being  formed  by  subdividing  the  cells  of  A^""^^ 
Then  ^ 

From  1),  2),  we  have   .  ^  . 

J/cm-m  <€; 


hence 


etc. 
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724.  Let  /(a?!  •  •  •  x^)  be  limited  and  integrahle  in  the  limited  field 
%.  Let  SS  be  a  partial  aggregate  depending  an  u,  9tu;h  that  :@  =  $[, 
09  u^O.     Then 

Since  /  is  integrable  over  31, 

ilJ'<€/2  (2 

for  any  division  D  of  norm  d<d^  by  700,  2. 

Moreover,  by  716,  if  d^  and  u^  are  taken  small  enough, 

«i>-»«.i><€/21',  (3 

where  |/|<l'in5l. 

Let  rfj,  c?3,  •••  be  the  cfells  of  D  containing  points  of  S^,  and 
c?i,  dj,  •••  the  cells  containing  only  points  of  31.     Then 

s^^^i.MA^tmd[, 

S^^^^=lN,d, 

where  N^  =  Max  /  for  points  of  ©  in  d^. 
Hence  _        — 

<e,     by  2),  3).  (4 
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Let  now  c?  =  0.     Then  4)  gives 

Hence 

which  gives  1). 

725.  1.  Let  f(^Xi '"  Xj^^  be  limited  in  the  measurable  field  %,  Let 
Sd  be  an  outer  field  of  31.  Let  g(x^  •••  2;^)=  0  tw  ©,  except  at  the 
points  of  a,  where  it  =^f(x^  •••  x^.     Then 

For,  let  2>  be  a  division  of  space  of  norm  (2,  not  necessarily 
rectangular.  Let  the  inner  cells  of  21  be  rfj,  dj,  •••  while  rfj,  d^,  •• 
denote  cells  containing  frontier  points  of  9[*  Let  M^^  N^  denote 
the  maxima  of  /,  g  in  d,,  while  itfj,  i\^  are  the  maxima  of  /,  g 
in  df[.     Then  ^      ^  ,^ ,      ^  ,^.  « 

Hence,  since  M^  =  iV,,  we  have,  setting  \f\<F\n%^ 

\Sn-%\<F^d[. 

Let  now  (2  =  0.  Since  91  is  measurable,  we  have  the  first  part 
of  our  theorem.     The  second  part  follows  likewise. 

2.  In  a  similar  manner  we  establish  the  following  theorems : 

Let  f(x^  '"  a;^)  be  limited  in  the  measurable  field  31.  Let 
g(x^  •••  x^  =  f  at  inner  points  of  31,  and  =0  at  frontier  points, 

3.  Let  /(xj  •••  x^),  g(x^  •••  x^  be  limited  in  the  measurable  field 
31.     I^t  them  be  equal  except  at  the  points  of  a  discrete  aggregate. 
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726.  1.  Let  f(xy  •••  a;,^)  he  limited  and  integrable  in  the  limited 
field  %.     Let  ^  bea  partial  aggregate  of  81, 9uch  that  81  =  $•     Then 

Let  D  be  a  cubical  division  of  space  of  norm  5.  Let  d[  denote 
those  cells  containing  points  of  :@,  and  d'l  denote  the  cells  con- 
taining points  of  9[,  but  not  of  :@.  Then  emplojring  the  usual 
notation, 

Since  %d^^  =  0  as  S  =  0,  we  have  1)  on  passing  to  the  limit. 

2.  Letf(xi  •••  x^  he  limited  and  integrahle  in  the  limited  complete 
field  3(.  Let  S  denote  the  points  of  ^  at  which  f  is  continuous. 
Then 

This  follows  from  1  and  721. 


727.    Letf(x^  •••  a;„)  he  limited  in  the  limited  field  8.     V  for  any 
cubical  divisions  2),  of  norm  d<d^ 

^<S/^<Jj'd%<B.  (1 

For,  in  each  cell  df,  there  are  points  2:(,  a//,  such  that 

/(x:)<«.,  +  «r,   /(x'/)>iK;-<r, 

however  small  cr  >  0  is  chosen. 
Hence 

A<lf(af,)d^<Sj,-\-aldr.    B^lfC2/!:fd,>Sj,^aXd,.      (2 

Let  ^ 

o.< ! 

Conta  . 
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Then  passing  to  the  limit  (2  =  0  in  2),  we  get 

From  this  we  conclude  1)  at  once. 

728.  Letf(x^  •••  x^)  be  limited  in  the  limited  field  %*  Let  81  he 
divided  into  the  unmixed  Jields  Slj,  •••  51,.     Then 

For,  let  j/l  <F  in%.  Let  D  be  a  rectangular  division  of  norm 
d.  As  in  711,  2,  let  9[i,/),  •••  21,,/)  be  the  cells  containing  points  of 
Sip  •••21,,  respectively;  while  5/)  constitute  the  cells  containing 
points  of  more  than  one  of  the  fields  2lx  •••     Then 

Letting  d  =  0  in  this  relation,  we  get  the  first  part  of  the 
theorem.    The  rest  is  proved  likewise. 

729.  As  in  604 ;  489,  4 ;  626,  2 ;  631,  we  may  prove  the  follow- 
ing theorems. 

1.  Xe^/j,  •••/,  ie  integrable  in  the  limited  fi^ld  21.  Let  <?p  •••  ^,  be 
constants  and  ^         -  .. 

Then  r  r  r 

J  FdHi  =  cj  /i^m  4-  •••  4-  c,J  /,d2l.  [504] 

2.  Letf(xi  •••  x^  be  integrable  in  the  limited  field  2li  and  numer- 
ically  <M.     Then 

J  /d2l  <  ilf  Cont  21.  [489,  4] 

3.  Letf(x^  •••  a;^),  g(x^  •-.  ar^)  be  integrable  in  the  limited  field 
21,  and  letf<g.     Then      ^  ^ 

jf<^<J  ffd*.  [526.2] 
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4.  Letf(x^  '"  a;„),  ff(x^  •••  a:^)  be  integrable  in  the  limited  field 

^.     Let  _ 

f^  0 ;         ©  =  Mean  ^,        in  31. 

Then  ^  ^ 

J/(/d?l=»J/da.  [631] 

5.  The  following  theorems  are  readily  proved : 

Letf(x^  •••  a;^)  be  limited  in  the  limited  fi^ld  8[.    Iff(xi  •••  2J„»)>X 
in  %,  _ 

f/dSl^Xl. 

6.  Let  f(x^  •••  a;„)  6e  limited  in  the   limited  field  8,  and  >0. 
If  SS  is  a  partial  field  of  31, 

For,  'Sa,>^».. 

7.  Letf^y  '"fn^^  limited  in  the  limited  field  31.     2%en 

jr(/i+  -  +/»)da  >J^/id9i  +  •••  +J^/.da. 

For,  in  any  cell  <i,  of  the  division  2), 

Max(/i  +  ...  +/,)<  Max/,  + ...  +  Max/^ 
Min(/i  +  •••  +/,)^  Min/i  +  ••  +  Min/,. 

8.  X«t/,  ^  6e  limited  in  the  limited  field  %.     Then 

Jcf-g^cm^Jfd^  -fj<m. 


^« 


/(/-  5^)^  ^//d«  -fffcm. 


•/«  ^« 
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For,  in  any  cell  d^  of  the  division  2), 

Max(/—  g)  ^Max/—  Max  g, 
Min(/— ^)<  Min/—  Min^. 
9.  Let  /,  g  be  limited  in  the  limited  field  51,  and  let  f<g.     Then 

730.  Let  f{x^  •••  2:,^)  he  limited  in  the  limited  field  9[.  Let%^ 
denote  the  points  of  81  at  which  |/|  >cr.  If  %^  is  discrete  for  any 
«r>0,  _ 

For,  let 

«r<£/8l,         \f\<F. 

Let  2>  be  a  division  of  norm  h.  Let  d'^  denote  the  cells  in  which 
I/I  >«r,  while  <f/  denotes  the  cells  in  which  |/|  <  v.    Then 

Let  8  =  0.     The  right  side  is 

<crConta<€, 
which  establishes  the  theorem,  by  727. 

731.  Letf(x^  <•<  :r^)  ^0,  he  limited  and  integrahle  in  the  limited 
fields.    If  ^ 

the  points  21^  at  which  f(x)  >  cr,  an  arbitrarily  small  positive  number ^ 
form  a  discrete  aggregate.  Let  3  denote  the  points  at  which  /=  0. 
If  %  is  complete^  __     _ 

For,  _      _ 

0=J>J,        by  729,  6. 
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But 

S^>'^-^        by  729,  6. 

Hence  — 

Since  IT  >0,  „  ,       ^ 

a^  must  =  0. 

To  prove  the  second  part  of  the  theorem,  let  ft  be  a  point  of  JjJ, 
the  sifted  aggregate  of  31,  at  which /is  continuous.     Cf.  712. 

Then  if  />0,  we  can  choose  8>0  so  small  that  />X>0  in 
Fi(ft).  But  the  upper  content  of  the  points  a  of  a  in  Fi  is  a>0. 
Hence 


ffM^ffda>Xa>0. 


Hence/=  0  at  every  point  of  continuity  of  31  in  SS>  Let  now 
2>  be  a  rectangular  division  of  space.  The  reasoning  of  721  shows 
that  every  cell  which  contains  a  point  of  SB  also  contains  a  point 
of  continuity  lying  in  SB.     Hence, 

which  gives,  _     _  _     _ 

35«i     or      3  =  «. 
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732.  1.  Let  f(x^  •••  a:^)  be  limited  in  the  limited  field  31.  Let 
je,  be  the  projection  of  3(  on  the  2;,-axis.  Let  $,  be  a  plane  section 
of  31  perpendicular  to  the  a^^-axis.  Then  the  (m  —  l)tuple  upper 
and  lower  integrals         _ 

are  one-valued  limited  functions  of  a:,,  defined  over  jr^.  For,  let  % 
lie  in  a  cube  of  side  C.  Let  \f(x^  •••  x^\<F,  Then  both  inte- 
grals are  numerically 

for  any  x^,  in  j^. 
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2.  Each  of  the  integrals  1),  considered  as  functions  of  :r,  defined 
over  y^,  have  therefore  upper  and  lower  integrals  in  y^,  viz. : 

fdxCfd%        Jdxjfd^,; 
For  brevity  these  may  also  be  written 

//  //•  //•  //• 

^,i^v  ^%,^%  ^?y?i  •^ry?* 

733.  1.  Let  f(x^"'  x^)  be  limited  in  the  measurable  field  2. 
Let  f^  be  the  projection  of  %  on  the  x^-axis.  Let  ^^  be  the  plane 
sections  of  81  corresponding  to  the  points  of  jc^.     Then 

ffd&<  fdx,  ffd^,  <  fdx,  ffd^  <  ffdH;  (1 

jr/da<^dx^^.<^rfz.jr/a^.<^da.  (2 

Let  us  establish  the  relation  1) ;  the  demonstration  of  2)  is 
similar. 

Let  9  lie  in  an  outer  cube  9,  whose  projection  on  the  x^-axis  is 
6,  and  whose  plane  sections  perpendicular  to  this  axis,  we  denote 
byO. 

We  introduce  an  auxiliary  function 

ffC^i'"  ^m)  =/(a^i  •  •  •  ^m)^        at  points  of  « ; 
=  0,         at  other  points  of  ©. 

Let  D  be  a  cubical  division  of  9t«  of  norm  d.  This  divides  SS 
into  cells  which  we  denote  by  S.  It  also  divides  the  planes  Q  into 
cells  which  we  denote  by  S' ;  and  the  segment  6  into  intervals 
which  we  denote  by  S". 

Let  ilf,  ]lf  denote  the  maxima;  and  w,  m'  the  minima  of 
5^(2^1  ••  ^m)  ^^  tJ^®  cells  S,  8'.     Let  (3^,  G  be  the  upper  and  lower 
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integrals  of  g  in  the  field  «.     Let  \f(x^  •.  a;„)|  <i^  in  «.     Then 
for  each  £>0,  there  exists  a  d^  such  that 

g-€<SwiS<2ilfS<6?  +  €,        d<d^.  (3 

Moreover,  we  note  that  for  each  x^  of  b, 

Or,  since  ^    ,         Turt  ^  tut 

l.mS'<fgd€l<lMB'. 
Multiplying  by  8",  and  summing  over  b,  we  have,  since  S=S'  •  S", 

Making  use  of  3),  this  gives 
for  any  i  <  do-     Thus,  by  727, 

Or,  since  e  is  small  at  pleasure, 

€Kff<ff<^-  (4 

But,  by  725,  ^  _      75 

Let  ^«  denote  the  upper  content  of  the  frontier  points  of  ?,. 

Then  ,  ^ 


\S,f^V-S^9dQ 


J^" 
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Let  c 

K^^  =  J /<i^ci        for  points  of  y, ; 

=  0,        for  other  points  of  b. 
Then,  by  718, 1 ;  780,  and  6), 

yh{x:)dx,  ^£dx,j^ffdS:x. 
But,  by  718,  8, 

£hcx,)dx,  =£h(ix:)dx,  =  X^cjjya^.. 

In  the  same  way,  we  show 

Thus  1)  has  been  proved. 

2.  In  a  similar  manner  we  may  demonstrate  the  following 
theorem. 

Let  jXx^  •••  x^  be  limited  in  the  mecuurable  field  9.  Let  X^  be  the 
prqjeetion  of  ^  on  the  plane  x^  =  0.  Let  a^  be  the  rectilinear  eeetians 
of  9  parallel  to  the  x^-axie.     Then 

734.    1.  As  corollaries  of  788  we  have : 

Letf{x^  •••  x^  be  integrable  in  the  measurable  field  9.     TJien 

For,  in  this  case,  ^      -^ 

Hence  the  upper  and  lower  integrals  of  J  and  L  are  equal. 
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2.  Letf(x^  •••  x^  he  integrable  in  the  measurable  field  8,  as  well 
as  in  each  of  its  plans  sections  ^.     Then 

If  f  is  integrahle  in  each  of  the  rectilinear  sections  a,  we  also  have 

EXAMPLE 
735.   Let  us  find  the  volume  Vol  the  ellipsoid  E^ 

??  +  i?4-^  =  L 
a«     6«     (J« 

By  708,  4,  the  surface  f onus  a  discrete  aggregate ;  hence  E  has  a  Yolume. 

By  702,  2,  - 

F=  i  dxdydz 

where  ^  is  a  quadrant  of  the  ellipse 


Hence  ,^    .)/:^ 


Thus 


736.  Let  f(x^  •••  x^  he  limited  and  integrahle  in  the  measurable 
field  a.  Let  <r>Q  he  arhitrarily  small.  Let  j,  denote  the  points 
off,  for  which  ^ 
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Then  f^  is  discrete.  If  %  i%  complete^  the  upper  content  of  the 
points  where  this  difference  vanishes  is  f  ^.  A  similar  theorem  holcU 
for  the  differences  -^ 

jfdx-J/dx, 

For,  by  734, 1,  r  r      r  /- 

The  theorem  follows  now,  by  731. 

737.  1.  Let  %  be  a  complete  measurable  field.  Let  y^  be  its  pro- 
jection on  the  x^'Oxis,  Let  Xj^  be  the  points  of  f^  for  which  the 
corresponding  plane  sections  are  measurable.     Then  §^  =  y^. 

A  similar  relation  holds  for  the  projection  3£^. 

'  /(^i  •••  ^m)  =  1?  at  frontier  points  fj  of  ?l; 

=  0,  at  other  points  of  31. 
Then,  by  702,  ^ 

Since  9  is  measurable,  ^  is  discrete,  and  hence  measurable. 
Hence,  by  734,  1,  -^ 

0=ldxi  fd%. 

Hence,  by  731,  the  points  Xj^  at  which 

have  the  same  upper  content  as  f  ^. 

2.  Letf{x^  •••  x^  be  iniegrahle  in  the  measurable  complete  field  S. 
Let  ^^  denote  those  points  of  f ^  for  which  the  integrals  over  the  corre- 
sponding plane  sections  ?j  exist.  Let  ^^  dcTiote  the  points  ofTl^tf^^ 
which  the  integrals  over  the  corresponding  rectilinear  sections  a^  const. 
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Let  U8  prove  the  first  half  of  1) ;  the  other  half  follows  similarly. 
By  734, 1 

=/''^.X^'^"        by  726,  737, 


since 

at  the  points  ^,. 


Application  to  Inversion 
738.    1.  In  570  we  saw  that 

admits  inversion,  if /(a;,  y)  is  limited  in  the  rectangle  i2=  (aba/S^^ 
and  continuous  except  on  a  finite  number  of  lines  parallel  to  the 
X  and  y-axes.     We  can  generalize  this  result  as  follows : 

Letf(^x,  y)  be  limited  in  the  rectangle  R  =  (abafi^.  Let  the  points 
of  discontinuity  A  in  R  he  discrete.  Let  the  points  of  i^  on  any  line 
parallel  to  either  axis  form  a  discrete  aggregate  on  that  line.     Then 

exist  and  are  equal. 

For,  by  719,  2,  the  double  integral 

SjdR 

exists.     The  theorem  now  follows  from  734,  2. 

2.  If  the  points  of  discontinuity  of /(a:y)  on  any  line  parallel  to 
the  X  or  y-axes  do  not  form  a  discrete  aggregate,  we  may  apply 
the  following  theorem : 
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Letf(xy)  he  limited  in  the  rectangle  R  =  (ahafi). 
If  the  points  of  discontinuity  of  f  in  R  form  a  discrete  aggregaUy 
we  have 

739.  1.  Letf(x^  y,  z)  he  limited  in  the  rectangular  paraUelopiped 
R,  bounded  by  the  planes  x—a,x=^b;  y=a^  y=^  P\  z^  A^  z^B. 
Let  it  be  continuous  in  -B,  ea^ept  at  the  points  of  a  discrete  aggre- 
gate A.  Let  the  points  of  A  on  any  line  or  plans  parallel  to  the  axe9 
be  discrete  with  respect  to  that  line  or  plans.  Then  the  triple  iterate 
integral 

J  dzj  dyj  f{xyz)dx 


exists^  and  admits  unrestricted  inversion. 
For, 


J/ixyz^^dR 


exists  by  719,  2.     Let  P  denote  a  plane  section  of  R  parallel  to 
the  x^  y-plane.     Then  the  double  integrals 

( f<ixyz^dP,        A<z<B, 

also  exist  by  719,  2.     Hence  by  734,  2, 

^  fdR  =  Cdz  ffdP. 

But  by  738,      ^  ^^      ^^  ^^      ^^ 

j^fdP  =  j  dy^  fdx  =  J^  dx^  fdy. 

iience,  ^^  ^^  ^^      ^^  ^^  ^^ 


exist,  and  are  equal.     In  the  same  way  we  may  treat  the  four 
other  inversions. 
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BXAMPLS8 


740.   1.  Let  £  =  (0101).    Let 

/(x,  y)  =  0,  for  irrational  «,  or  y ; 

=  -  for  X  =  ^ ;  m,  ft  relative  prime,  and  y  lationaL 

91  ft 

Then  ^ 

j/ixy)dB 

exists  by  701,  Ex.  1.    Its  value  is  easily  seen  to  be  0,  by  780. 
We  have  now ; 

J/cte  =  0,   J/dy  =  0. 


Also 

Hence 
and  therefore 

On  the  other  hand, 
Hence 


ifdx  =  0,  for  irrational  y,  obviously; 

=  0  for  rational  y,  by  780. 
f  fdx  =  0,        for  any  y ; 

/;dyjj;Vdx=o. 

i/ay  =  l,        for«  =  25. 
91  II 

does  not  exist  for  rational  x ;  i.e.  for  a  point  set  which  is  not  discrete. 
However , 

j^/dy  =  0 

for  any  x.     Hence,  by  734,  1, 

which  is  obviously  true. 

This  example  illustrates  the  theorem  of  736. 
For,  the  points  x  at  which      _ 

are  the  rational  points  p/q  whose  denominators  q<n. 

Bemark.    Let  B^  denote  the  content  of  those  points  of  B  for  which  /(xy)  ^  ff 

Obviously 

5^  =  0.     Hence  lim  B^  =  0. 

It  would  therefore  be  wrong  to  infer  that 

Cont3l  =  0, 

^^"^  Cont«,  =  0, 

for  any  0'>O. 
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2.  Let  E  be  the  rectangle  (0101).  Let  us  suppose  the  coordinates  of  its  points 
x,  y  expressed  in  the  dyadic  system.  Cf.  144.  We  define  now  a  partial  aggregate 
9[  of  i?  as  follows.  All  its  points  lie  on  certain  lines  parallel  to  the  y-azis,  viz.  z  =  a, 
where  0<a<l  is  any  number  having  a  finite  representation.  Let  a  particular 
value  of  a  embrace  p  digits  in  its  representation.  Those  points  of  the  line  z  =  a 
belong  to  9,  whose  ordinate  is  expressed  in  p  digits.  Obviously  this  set  of  points  is 
symmetrical  with  respect  to  x  and  y.  If  the  representation  of  a  is  not  finite,  there 
is  no  point  of  ^  on  the  line  x  =  a,  or  on  y  =  a.  In  any  case,  there  are  but  a  finite 
number  of  points  of  %  on  any  line  parallel  to  the  x  or  y-axis.  Not  so,  for  lines 
passing  through  a  point  of  9,  making  an  angle  of  45*^  with  the  x-^kxis.  Obviously, 
any  little  segment  of  such  a  line  has  an  infinity  of  points  of  9  in  it.  Thus  %  is 
dense. 

Let  us  define  now/Xxy)  as  follows : 

f(xy)  =  0,  for  any  point  of  % ; 

=  1,  for  a  point  of  B  not  in  9. 
Since  the  oscillation  of  /  in  any  cell  of  i?  is  1,  the  double  integral 

r  /d^,      does  not  exist. 
However, 


Hence  both  iterated  integrals 


exist  and  are  equal.    (^Pringsheim.) 

3.  In  the  rectangle  B  =  (0101)  let  us  define  another  aggregate  9  as  foUowa.  As 
before,  the  x  of  every  point  of  9  must  have  a  finite  representation.  If  the  repre- 
sentation of  a  embraces  p  digits,  all  the  points  of  the  line  x  =  a  belong  to  f6  whose 
ordinates  are  expressed  by  p  or  less  digits. 

Thus  on  any  given  line  x  =  a,  are  only  a  finite  number  of  points  of  9.  On  the 
contrary,  on  any  little  segment  of  the  line  y  =  a,  lie  an  infinity  of  points  of  9.  If 
the  representation  of  a  or  5  is  not  finite,  there  is  no  point  of  9  on  the  lines  x  =  a, 
or  y  =  6,  as  in  Ex.  2. 

Let  U8  define /(xy)  as  in  Ex.  2. 

/(xy)  =  0,  for  any  point  in  © ; 

=  1,  for  a  point  of  B  not  in  S. 

Then  as  before,  the  doable  integral 

does  not  exist. 


J«-^'» 


k 
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The  Integral  ^^ 

does  not  exist  for  any  y  whose  representation  is  finite,  sinoe 

On  the  other  hand,  ^^ 

i    fdy  =  1,      for  any  «. 


Hence 


f  dx  r  fdy  =  1.        {Pringsheim.) 


4.  Let/(xy)  be  limited  in  the  rectangle  B  =  (0101).    Let 

exist    The  reader  might  be  tempted  to  conclude  that  therefore 

(^yj^f^f       0<a</3<l,        0^a<6<l, 

exists.    To  show  this  is  not  always  so,  let  us  set  with  Du  Bois  Bf^mond, 

f(pcy)  =1,  for  rational  y ; 

=  2  z,        for  irrational  y. 
Then  ^, 

(  fdz  =  X,  for  rational  y ; 

=  z^,         for  irrational  y. 
Hence  ^i 

J^/dx  =  l,  for  any  y; 

and  therefore  ^i      ^, 

On  the  other  hand,  ^^      >•( 

j^dyj^/dx,        0<6<1, 

does  not  exist,  since  — 

j;dyj->  =  6»,       />J>  =  5. 

Transformation  of  the  Variables 

741.   1.  Let 

T;  ui  =  (^i(«i ..  Q,  ..  i^«.  =  (^«(«i ...  U  (1 

be  defined  over  an  aggregate  9.  These  equations  may  be  re- 
garded as  defining  a  transformation  T,  which  transfers  the  points 
^=s  (t^  ...  t^  of  31  to  the  points  u=  (v^  •••  u^).     The  points  t,  ii 
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may  be  regarded  as  lying  in  the  same  space,  or  in  different  spaces. 
What  we  have  called  the  image  of  9  defined  by  the  equation  1). 
may  now  be  regarded  as  the  transformed  aggregate  of  X,  and 
may  be  denoted  by  9r> 

2.  If  the  correspondence  between  the  points  of  9  and  S^  is 
oniform,  the  equations  1)  admit  as  solutions  the  one-yaloed  iz^ 
verse  functions 

The  equations  2),  regarded  as  a  transformation,  couTert  the 
points  of  9r  back  to  9.  For  this  reason  it  is  called  the  tmrnerwe 
tran»formation  of  Ty  and  denoted  by  T"^. 

S.  The  transformation 

«,  =  ^,     •«««  =  ^« 

is  a  special  case  of  1).  As  it  leaves  every  point  of  9  easentiallT 
unaltered,  it  is  called  the  identieai  tranrformation^  and  is  dmocai 
byl 

4.  Let 

be  another  transformation  defined  over  9y>  which  we  denote  by  U. 
The  transformation  resulting  from  the  successive  application  of  T 
and  U  is  called  their  produetj  and  is  denoted  by  TU.  The  trmzu- 
formation  which  is  applied  first  is  written  first. 

The  result  of  effecting  7,  and  then  its  inverse,  is  to  leave  every 
point  of  9  at  rest.  Hence  TT'^  is  the  identical  transformatioa : 
in  symbols  yy_,  ^  ^ 

5.  If  9r  goes  over  into9rc  on  applying  ITto  9^^  we  may  regard 
%„  as  the  image  of  9»  afforded  by  the  equations  1),  when  we  eon- 
aider  the  ^*8  as  functions  of  the  z*s  through  the  u\  as  gi voi  by  3\ 

6.  The  functions  ^  '^r  being  one-valued,  to  any  point  in  9  cor- 
rec^MMids  one  point  in  9r»9fT^  Suppose  the  correspondence  betw«ei 
9,  9fv  ^  uniform.  Then  the  correspondence  between  %  9r  *°^ 
between  9f»  %ru  ^  nniform. 
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For,  suppose,  for  example,  that  to  the  point. u  of  %j.  correspond 
two  points  t^  tf  of  S.  If  now  x  corresponds  to  u ;  to  the  point  x 
will  correspond  at  least  the  two  points  t,  (f.  The  correspondence 
is  thus  not  uniform  between  S,  %to^ 

7.  If  the  functions  ^  have  first  partial  derivatives  in  S,  we  call 


c7^r  = 


B(<l>l-<l>n.)_ 


diti     -    U 


the  determinant  of  the  transformation. 

If  the  first  partial  derivatives  of  the  ^'s  are  continuous  in  a 
region  5,  while  the  first  partial  derivatives  of  the  -^'s  are  con- 
tinuous in  a  region  containing  Itj,^  we  have,  by  direct  multiplica- 
tion of  the  determinants  Jpy  Ju>  and  using  480,  6), 


J  TV  ~  ^T 


'Ui 


(4 


which  we  may  state  roughly  thus : 

2%«  determinant  of  the  product  of  two  trantformeUiont  it  the  prod- 
uct of  their  determinantt. 


742.   1.  Let 


T; 


»1  =  ^lih  -  tm%  •••  »m  =  «^»(<1  •  •  <m) 


(1 


have  continuous  first  partial  derivatives  in  the  region  B.  Let  the 
correspondence  between  R  and  Rr  be  uniform.  Let  the  determi- 
nant of  the  transformation  Jj,^0  in  R,  In  this  case  we  shall  say 
the  transformation  T  defined  by  the  equations  1)  is  regular  in  R. 

2.  Let  T  he  a  regular  tranrformation  in  R.  Let  t  be  a  point  of 
R^  to  which  corresponds  the  point  u.  Let  JE  be  the  image  of  D«(0' 
There  exists  an  17  >  0,  such  that  D^(u)  lies  in  JE.  Furthermore^  if 
t  runs  over  an  inner  aggregate  %of  R^the  rfs  do  not  sink  below  some 
positive  number  tjq. 

For,  suppose  there  exists  no  1;  >  0,  such  that  I>^(u)  lies  in  JE. 
Then  there  exists  a  sequence  of  points  Ui^u^  —  which  sic,  and 


t  ^•■ni*r  «    Itf  JL  -7-,  "  .    UliL  TUUf  lb»  a^  ^    --    ^HiS"  j±-   ZL   i    T-^^::! 


7^ui  iuLiinn  K  uii!!^  imiL  ^4A  aoil  "-^-^  -f  . 
k  sins'  afnrfaa>  •f  IL  mat  >•  ^  i>  i>  nMur*.      Jr  -er"*?-  t  •»-  5^ 


1   l«e:  T  III:  fc  szTuic  TrgmdiriMCJiiL 


omifiK.     Ti  ±x  sifc  : 


3L   &   ?*W-MTr    nimafcTT 
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We  show  now  how  T  can  be  expressed  as  the  product  of  two 
special  regular  transformations.  The  first  transformation  we  define 
thus: 

2i ;  ^  =  ^.  -  tt«-i  =  ^«.i.  •*•  =  4>m(.h  -  O-  C8 

By  virtue  of  2)  this  system  may  be  inverted,  giving 

t^  =  Up  ...  t._i  =  u._„  e„  =  e(u^ ...  w.). 

Here  0  is  one-valued,  and  has  continuous  first  partial  deriva^ 
tives  in  a  certain  domain  D^(u).  If  S'<S  is  taken  sufBciently 
small,  the  image  CTof  D^(0  li^  i°  -^^C**)- 

We  define  the  transformation  T^  over  U  by 

where  0  is  the  above  one-valued  function  of  the  u's. 
We  see  at  once  that 

when  ^  ranges  over  Dg(t). 

it  follows  that  e/i-.'^O  in  CT.  Since  the  correspondence  is  uniform, 
and  the  functions  ^,  -^  have  continuous  first  derivatives  in  the 
respective  domains,  the  two  transformations  2\,  T^  are  regular. 

2.  Let  %le  a  limited  inner  aggregate  of  the  region  R.  We  can 
effect  a  cubical  division  of  the  t-space  of  norm  d  such  that  for  the 
points  of  a  in  each  cell  d,,  there  exist  two  transformations  2j^\ 
T^^  of  the  type  just  considered^  stich  that 

For,  we  can  take  d  so  small  that  not  all  the  first  partial  deriva- 
tives vanish  in  any  cell.  For  if  they  did,  reasoning  similar  to 
that  of  264  shows  that  they  must  then  vanish  at  some  point  of  J2, 
which  would  require  J'=  0  at  that  point.  Thus  these  cubes  may 
be  taken  as  the  domains  D^CO  ^^  1-  ^7  reasoning  similar  to  that 
of  352,  we  show  that  the  norms  i;  of  the  domains  D^(u)  considered 
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in  1  do  not  sink  below  some  positive  number.  The  same  reasoning 
applied  to  the  norms  S'  of  the  Dg(t')  above,  shows  that  the  norms  S' 
of  the  above  D^(JOt  are  all  greater  than  some  positive  number. 
Thus  if  (2  is  taken  small  enough,  the  relation  4)  will  hold  in  each 
cell  containing  points  of  S. 

744.   Let 

define  a  regular  transformation  of  determinant  J  in  the  region  R, 
Let  %  be  any  inner  measurable  perfect  aggregate  of  R^  and  let  I  be 
its  image.     Letf{x^  •••  x^  be  continuous  in  I.     Hien 

f/C^i  -  ^nddx,  •..  dx^  =f^\J\fdt,  ...  dt^.  (1 

For  ?n  =  l  the  relation  1)  is  easily  seen  to  be  true,  taking 
account  of  direction  in  Z.  Let  us  therefore  assume  it  is  correct 
for  t»  —  1,  and  show  it  is  so  for  m.  Let  2>  be  a  cubical  division  of 
the  t  space,  such  that  in  each  cell  containing  points  of  %  the  trans- 
formation Tc&n  be  expressed  as  the  product  of  two  transformations 

2l  ;  U^  =  «i,  ;••  ^m-l  =  ^m-li  Wm  =  <f>mOi     -  O  ; 

^a ;        a?!  =  <f>i(u^   ••  w«-i5),  •  •  x^-i  =  <^m-i(Wi  -  ti^-i^),  x^  =  w«, 

of  the  type  considered  in  743, 

Let  c/j,  J^  be  their  determinants.     Then 

If  the  relation  1)  holds  for  each  of  the  partial  aggregates  into 
which  2:  falls  after  effecting  2),  it  obviously  holds  in  5t,  by  728. 
We  may  therefore  assume,  without  loss  of  generality,  that  the 
same  transformations  T^^  T^  may  be  employed  throughout  3E- 

Let  the  image  of  I  in  the  u  space  be  U.     We  have  now 

ffdx^  ...  dx^  =  fdx^  ffdx^  ...  (fo«_i,  by  787,  2, 

=  r  *'"••  LFilf'^'^  -  <'««-i»      by  hypothesia, 
where  ^,  $!„  ^^^  ^I^^  transformed  \f^^  $»,  respectively. 
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Since  X  is  measurable,  U  is  so,  by  742,  5.     The  same  is  true  of 
^[.     Hence,  by  737,  2, 


f^fdx^  •••  **^m=^| J^al/^^i  •  •  d^m 


Applying  the  transformation  T^  to  the  integral  on  the  right, 
similar  considerations  show  that 

f^fdx,  ...  eir»=jr|Ji||Ji|/de,  ...  dt^ 
which  is  1). 
745.    Let      ^^  ^  ^^^^^  _  ^^^^  _  ^^  ^  ^^^^^  _  ^^^ 

define  a  regular  transformation  of  determinant  «7,  in  the  region  R, 
To  a  rectangular  division  D  of  norm  d  of  the  t-spaee  into  cells  rf^, 
corresponds  a  division  A  of  norm  B  of  the  x-space  into  cells  8^,  Let 
%  be  any  inner  region  of  R,  and  I  its  image.  The  cells  of  A  falling 
within  3E  are  unmixed^  and  their  contents  are 

K=\J\d.  +  ^A^        <inrf.  (1 

where  |€«|  <€  uniformly^  on  taking  d  sufficiently  smaU. 

For,  %  being  an  inner  region,  to  each  inner  rectangular  cell  d^ 
of  I,  corresponds  a  measurable  cell  8^  of  I  by  742,  6.  Hence  the 
cells  h^  within  3E  are  unmixed,  limited,  perfect,  and  finite  in  number 
for  any  A. 

Since  the  determinant  J  is  continuous  in  !£,  we  can  take  d^  so 
small  that  in  any  d,  in  X^ 

\J\  =  \'^rJ+<r,;-  (2 

where  t^  is  any  point  rf^,  and 

for  any  division  D  of  norm  <  rf^. 

From  702,  2  and  744, 1),  we  have  for  divisions  of  norm  ^d^ 

Cont  8.  =  JdTi  •■■  dx„=fjJ\dti ...  dt„ 

=  \Jr,\fdti ...  dt„+fa^dti ...  dt„,  by  (2, 

where  I  «,!<«• 
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746.    1.  Let 

define  a  regular  transfomuUion  of  determinant  J",  in  a  region  R. 
Let  %  be  any  inner  aggregate  of  By  and  let  I  be  its  image.  Let 
f(xi  •••  Xjn)  be  limited  in  I.      Hien 

J/<:x,...x„-)dx=f^\j\d%  (1 

f/ix,-x^)dX=£/\J\dX.  (2 

For,  let  us  effect  a  cubical  division  of  the  ^-space  of  norm  d. 
To  it  corresponds  a  division  of  3E  into  cells  of  norm  S. 

Let  us  consider  the  integral  on  the  left  of  1).  Using  the  cus- 
tomary notation,  we  have,  letting  J[  denote  the  value  of  J^at  some 
point  in  d,  ^^g^  ^  2^^!^  I  ^  ^^^ ^        ^y  ^4g^  ^^^ 

=  l]^f^J^d,-^-le,M,d,.  (8 

Butif  |/|<J'inI, 

I  ie,M,d,  I  <  6F(Cont  a:  +  e) = 1,.  (4 

Let  us  now  consider  the  integral  on  the  right  of  1).     In  the 
^^^  ''"       Max/.  Min  |J|<Max  ./|J-|<Max/.  Max|J-|, 
if  Max /is  positiTe ;  while  the  signs  are  reversed,  if  it  is  negative. 
Let  us  set  Jtfl  =  Max  ./|  J'l,        in  rf, 

'^^*°  M[  =  MX\JJ  +  <:>,        K I <«  uniformly, 

since  the  oscillation  of  J"  in  any  d^  is  uniformly  <e.     Thus 

lM',d,  =  tM,\J,\d,  +  l^^M,d,,  (5 

where,  as  in  4),  \l^M^dA<r,.  (6 

Thus  3),  5)  give  in  connection  with  4),  6), 
which  establishes  the  relation  1).     Similarly  we  may  prove  2). 
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2.  From  1  a  great  variety  of  theorems  may  be  deduced  by  a 
passage  to  the  limit.     We  note  here  only  the  following : 
Let 

he  continiums  in  the  measurable  aggregate  5t,  containing  oil  its 
frontier  points  g ;  and  regular  in  any  inner  measurable  aggregate  U. 
Let  the  determinant  of  T  be  limited  in  %.  Let  I,  the  image  of  I, 
he  measurable  also;  and  let  its  frontier  be  the  image  of  %.  Let 
f{Xi  •••  a:^)  be  limited  in  J.      Then 


f/(.x,...xJdi^f^f\J\dX, 


provided  either  integral  exists. 
For,  let  g  be  the  image  of  U.     Then,  by  1, 


Let  now  U  =  I,  then  2)  =  I. 
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Addition  of  inequalities,  23,  55. 
Adjoint,  integral,  405. 
Archimedean  number  systems,  21,  53. 

Branch,  219. 

principal,  138, 139. 
point,  219. 

CelU,  157,  521. 
Content,  352,  513. 

upper,  lower,  353,  513. 
Continuity,  208. 

uniform,  215. 

uniform  with  respect  to  a  line,  388 ; 
except  for  certain  points,  390. 

uniform  in  an  interval,  388. 

semi-uniform,  431 ;  in  general,  431. 

regular  in  an  interval,  431 ;  in  gen- 
eral, 431. 
Convergence,  absolute  (of  an  integral), 
405, 445. 

normal  (of  an  integral),  433,  437. 

uniform,  199. 

uniform  with  respect  to  a  line,  388 ; 
except  at  certain  points,  390. 
Correspondence  1  to  1  or  uniform,  133. 

m  to  n,  133. 
Curve,  221. 

arc  of,  221. 

closed,  221. 

multiple  points  of,  221. 


Derivative  of  a  point  aggregate,  162. 
Determinant  of  a  transformation,  549. 
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Difference  quotient,  222. 

total,  517. 
DifferentialM,  first  order,  269. 

higher  order,  277. 
Discontinuity,  211. 

finite,  212. 

infinite,  212. 

removable,  212. . 
Distance    between    two    points,    149; 
between    two    point    aggregates, 
514. 
Division  of  an  aggregate  or  space,  157. 
521. 

unmixed,  519. 
Domain,  deleted,  154. 

of  definition  of  a  function,  120. 

of  a  point,  153, 195. 

of  a  variable,  119. 

Evanescent,  singular  integral,  401. 

uniformly,  201. 
Extreme,  of  a  variable,  or  rectilinear 
domain,  165,  166. 

isolated,  166. 

point  of  (functions),  317,  322. 

relative  (functions),  329. 

Field  of  integration,  510,  511. 

Forms,  definite,  indefinite,  semidefinite, 

324. 
Frontier,  124. 
Function,  algebraic,  123, 142. 

Beta,  422. 

Cauchy's,  205. 
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Function^  composite,  145. 
decreasing,  132. 
Dirichlet's,  204. 

Dirichlet's  definition  of,  120,  143. 
Gamma,  453. 
implicit,  282,  283. 
increasing,  132. 

integrable,  336,  400,  404,  445,  511. 
inverse,  133,  135. 
iterated,  160. 

limited,  147 ;  in  general,  399. 
limited  variation,  349,  518. 
monotone,  132. 
primitive,  380. 
totally  differentiable,  269. 
transcendental,  125. 
univariant,  132. 

Ideal  points,  172,  194. 

numbers,  173. 
Image,  of  a  number,  21,  79. 

of  a  domain,  146. 
Infinite,  function  is,  213. 
Infinitary,  313. 
Infinity  of  a  function,  213. 
Integrate  (integrand  limited),  336, 856, 
511;  absolutely,  405. 

(integrand  infinite),  400,  404 ;  abso- 
lutely, 405. 

(interval  infinite),  445;  absolutely, 
445. 
Integrals,  adjoint,  405. 

convergent,  400, 445 ;  absolutely,  405, 
445. 

definite,  381. 

Euler's,  453. 

Fourier's,  497. 

Fresnel's,  499. 

generalized,  356,  528. 

improper,  361,  399,  400,  404. 

indefinite,  381. 

iterated,  394,  537,  544. 

lower,  337,  510. 

normally  convergent,  433,  437. 

proper,  361. 


Integrals,   uniformly  convergent,   425, 
465 ;  in  general,  465. 
Stoke's,  463. 
Integration  with  respect  to  a  parameter, 

394. 
Iteration,  160. 

Jacobian,  297. 

Limits,  iterated,  198. 

upper  and  lower,  205. 

right  and  left  hand,  172. 

unilateral,  172. 
Limited  functions,  147. 

integrand,  in  general,  399. 

Maxima  and  Minima,  isolated,  166. 

of  a  variable  or  rectilinear  domain, 
165,  166. 

points  of  (functions),  317,  322. 

relative,  329. 
Mean,  law  of,  248. 

first    theorem    of,     366,    417,    459, 
535. 

second  theorem  of,  377,  421,  459. 

value,  167. 
Multipliers,  undetermined,  330. 

Norm,   of   a   division,   167,   336,   506. 
521. 

of  a  domain,  153. 

of  a  vicinity,  155. 
Normal  form  of  a  number,  93. 

singular  integral,  433,  437. 

Order,  of  infinities,  infinitesimalB,  Sid, 
314,  316. 
of  a  point  aggregate,  163. 
Oscillation  of  a  function,  341,  507. 
Oscillatory  sum,  341,  507. 

Parameter  of  an  integ^,  387. 
Parametric  form  of  a  curve,  220. 
Partition,  82. 
Period,  127. 
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Points,  at  infinity,  172,  194. 

fxtjntier,  154. 

limiting,  157 ;  proper,  improper,  158 ; 
bilateral,  unilateral,  158. 

ideal,  172, 194. 

isolated,  158. 

outer,  154. 

within  =  inner. 
Point  aggregate,  complement  of,  149. 

complete,  167. 

completed,  522. 

configurations  of,  149. 

content  of,  352,  513;  upper,  lower, 
354,  513. 

dense,  167. 

derivative  of,  162. 

difference  of  two,  149. 

discrete,  355,  515. 

distance  between,  514. 

finite,  156. 

frontier  of,  154. 

limited,  156. 

limiting  points  of,  157, 158. 

inner,  515. 

isolated,  167. 

measurable,  353,  513. 

outer,  515. 

partial,  148. 

perfect,  167. 

projection  of,  524,  525. 

section  of;  plane,  525;  rectilinear, 
525. 

sifted,  521. 

sub,  148. 

sum  of,  149. 

union  of,  519. 

unmixed,  519. 
Poles,  123,  142. 
Projection  of  point  aggregates,  524, 525. 

Region,  167 ;  complete,  167. 
Regular  (integrand  limited),  387. 
(integrand  infinite),  424. 
in  general,  or  except  at  certain 
points,  400. 


Regular  (integrand  infinite),  in  gen- 
eral, or  e](cept  on  certain  lines, 
424,  437. 
simply,   except  on  certain   lines, 
424,  437. 
(interval  infinite),  445,  464. 
in  general,  or  except  on  certain 

points,  445. 
in  general,  or  except  on  certain 

lines,  465. 
simply,   except  on   certain  lines, 
465. 
Rolle's  theorem,  246. 

Scale,  of  infinities,  infinitesimals,  812. 

exponential,  315. 

logarithmic,  314. 
Section  plane,  rectilinear,  525. 
Sequence,  24,  61. 

convergent,  25. 

decreasing,  68. 

increasing,  68. 

limited,  68. 

monotone,  68. 

partial,  65. 

regular,  35,  62. 

univariatit,  68. 
Singular   Integrals,   relative   to    finite 
points,  401 ;    ideal  point,  447. 

relative    to   finite    lines,   425,   437; 
ideal  line,  465. 

evanescent,  401. 

normal,  433,  437. 

uniformly     evanescent,     426,     437, 
465. 
Singular  Linesi  finite,  425,  437;  ideal, 

465. 
Singular    Points,    finite,    399 ;     ideal, 

447. 
Species  of  point  aggregates,  345. 
Successive  Approximation^  method   of, 

284. 
System  ofNuwberSy  base  of,  92. 

dense,  20,  54. 

dyadic,  triadic,  m-adic,  92. 
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Total  difference  quatienty  517. 
Totally  differentiahle  funcHony  269. 
Trans/ormatioriy    of  an    aggregate    or 
space,  547. 

inverse,  548. 

determinant  of,  549. 


Variation,  of  a  function,  349. 

functions  having  limited,  849,  518. 
Vicinity  of  a  point,  155,  195. 

Within  an  interval,  119;    an    m-way 
sphere,  150. 


INDEX  OF  SOME   SYMBOLS  EMPLOYED 

(Numbers  reftr  to  pages.) 


(a,  6),  (a*,  6),  («,«),  etc.,  119. 
/>(a),  Dp(a),  Df,*(a),  /)(«),  etc.,  153, 

154, 195. 
r(a),  Vf,(a),  Vt,^(a),  r(oo),  etc.,  155, 

195. 
Dist  (a,  (),  149 ;  Dist  (%  8),  514. 
Max,  165;  Min,  166. 
Mean,  167. 

Cont,  Cont,  Cont.  353,  513. 
iim,  lim  sup,  Um,  lim  inf,  205,  206. 
sgn,  203. 


R,  right  or  righlrhanded,  155, 172,  206. 
Z,  left  or  left-handed,  155, 172,  206. 
U,  unilateral,  172. 
=,  25,  62,  171, 195. 
>,  <,  '^,  313,  314. 
l^,  /^,  ^,  ...  243. 

f ,    f ,  337,  510. 

Sm  Sn%  337,  506. 
Id,  Id,  354,  513. 
Sa,  1a»  ^21-     (^  general  division.) 
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